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PREFACE 


This book, entitled Flight Mechanics, is an outgrowth of the lessons on 
the theory of flight taught by the author at the Polytechnic Institute of 
Brooklyn, Purdue University, and the University of Washington. Its 
principal topic is the analysis of trajectories of aircraft, missiles, satellites, 
and spaceships subjected to gravitational forces (uniform or central), 
aerodynamic forces, and thrust. Its main purpose is to illustrate the wealth 
of new problems in applied mathematics which have arisen in the last two 
decades and to show that the solution of these problems can be of con- 
siderable assistance in vehicle design. 

Because of the extent and complexity of the subject matter, Flight 
Mechanics is divided into three volumes. Volume 1 is concerned with 
foundations plus flight in a uniform gravitational field and contains the 
following major parts: (a) general principles of kinematics, dynamics, 
aerodynamics, and propulsion which are necessary to the analytical de- 
velopment of the theory of the flight paths over either a flat or spherical 
Earth; (b) quasi-steady flight over a flat Earth with applications to air- 
craft powered by turbojet, turbofan, and ramjet engines flying at sub- 
sonic, transonic, and supersonic speeds; and (c) nonsteady flight over a 
flat Earth with applications to rocket vehicles operating in the hyper- 
velocity domain. Volume 2, now in preparation, is concerned with the 
theory of the optimum flight paths and contains the following major 
divisions: method of Lagrange multipliers, extremization of linear integrals 
by Green’s theorem, indirect methods of the Calculus of Variations, direct 
methods, and numerical methods. In each of these divisions, aircraft and 
rocket applications relative to flight in a uniform gravitational field are 
presented. Finally, Volume 3, also in preparation, deals with flight in a 
central gravitational field. The following classes of flight paths are in- 
vestigated with both classical methods and variational methods: trajec- 
tories of hypervelocity vehicles, trajectories of space vehicles reentering 
the atmosphere at elliptic, parabolic, and hyperbolic velocities, and space 
trajectories. 

A characteristic feature of this book is that it makes more extensive 
use of advanced mathematical techniques (vectors, differential equations, 
matrices, Lagrange multipliers, theory of linear integrals by Green’s 
theorem, numerical methods, and indirect methods of the Calculus of Vari- 
ations) than other books in the same area of problems published in the 
past. It is a fact that the most significant advance of the last ten years 
has been the utilization of variational methods; the vista is now beginning 
to widen on this promising application, and it seems possible that, with the 
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progress of high-speed digital computing machines, the Calculus of Varia- 
tions will become the standard, rather than the specialized, tool of optimum 
performance analyses of aircraft and missiles. In order to achieve the 
greatest economy of thought, extensive use is made of dimensionless vari- 
ables in the representation of physical results. Finally, with regard to the 
two possible points of view in engineering, the precision approach and the 
feasibility approach, the following position is taken. Concerning precision 
studies, general equations are presented which can be solved only by 
digital computing equipment. Nevertheless, electronic computers can 
never replace mathematical and physical reasoning. Analytical solutions 
are of great interest to the engineer, provided that the range of applica- 
bility of these solutions is clearly understood. Since the greatest con- 
ceptual advances in the engineering applications of Flight Mechanics must 
be expected from feasibility studies, analytical solutions are emphasized. 

Flight Mechanics is a textbook for engineering students as well as a 
reference book for engineers. As a textbook, it is designed for graduate 
courses in the general area of performance analysis. However, it is the 
experience of the author that the material covered in the first volume can be 
taught also at the senior level. The exercises at the end of each chapter are 
all of the analytical type and are conceived as an integral part of the text. 
While they are intended to demonstrate the use of the techniques outlined 
in the text, they are essentially employed as a means to include additional 
results and equations which would have made the basic text unwieldy. 
For the engineer who uses Flight Mechanics as a reference book, applica- 
tions are presented in a general form, since, at the present rate of progress 
of the aeronautical and astronautical sciences, a handbook-type of volume 
would become obsolete in a relatively short time. Where possible, design 
considerations are included; however, as a general rule, basic understanding 
is emphasized while design is not. In fact, the design of aircraft, missile, 
satellite, and spaceship systems is partially a science and mostly an art; 
it is a compromise of so many contrasting requirements, that it is simply 
impossible to obtain clear-cut conclusions which are unrestrictedly valid 
for every case and subcase. 
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Part I 


FOUNDATIONS 


INTRODUCTION TO PART I 


Before specific performance problems can be analyzed, it is necessary 
to build a foundation and derive general equations which are valid for 
every problem. In this connection, the basic elements of kinematics and 
dynamics are reviewed in Chapters 1 and 2 and then applied in Chapter 3 
to derive the equations of motion for rocket-powered vehicles as well as 
vehicles propelled by air-breathing jet engines. Special effort is devoted 
to clarifying the basic concepts of thrust and aerodynamic force. 

It is well known from Classical Mechanics that the translational motion 
of a body is described by the equation of linear momentum while the 
rotational motion is governed by the equation of angular momentum. 
Although stability and control analyses require that the translational 
and rotational motions be considered simultaneously, trajectory studies 
can be simplified by means of engineering hypotheses whose effect is to 
uncouple the equation of linear momentum from the equation of angular 
momentum. In this connection, after the vectorial equations governing 
the trajectory of a vehicle in both an inertial reference frame and a 
reference frame rigidly associated with the Earth are established, the cor- 
responding scalar equations are derived in Chapter 4 with reference to a 
uniform gravitational field and in Chapter 5 with reference to a central 
gravitational field. Although Volume I is concerned with the flat Earth 
model only, the equations pertaining to flight over a spherical Earth are 
included in order to make the general discussion complete. 

From the analysis of Chapters 4 and 5, it is apparent that, prior to 
solving any specific performance problem, a considerable amount of in- 
formation on the characteristics of the vehicle and the engine is needed. 
Consequently, the aerodynamic forces acting on the vehicle (the drag, the 
side force, and the lift) in both continuous flow and free-molecular flow 
are discussed in Chapter 6. Analogously, the main characteristics of 
propulsion systems (the thrust and the specific fuel consumption) are 
presented in Chapter 7 with emphasis on rocket engines as well as air- 
breathing jet engines. It must be noted that these two chapters provide 
only the basic information needed for the analytical development of the 
theory of flight paths. Thus, no attempt is made to include the systematic 
data which are necessary for the estimation of the aerodynamic charac- 
teristics of arbitrary configurations or the propulsive characteristics of 
arbitrary powerplants. 


CHAPTER 1 


ELEMENTS OF KINEMATICS 


1. INTRODUCTION 


In this chapter, a survey of those kinematical properties which are es- 
sential to the analytical development of the theory of flight paths is 
presented. First, some elements of differential geometry are reviewed, 
and the concepts of velocity, acceleration, angular velocity, and angular 
acceleration are introduced. Then, the distribution of velocities and ac- 
celerations inside a rigid body is calculated. Finally, relative motion is 
considered, and the theorems of composition of velocities and accelera- 
tions are derived. 


2. ELEMENTS OF DIFFERENTIAL GEOMETRY 


In this section, a review of some elements of differential geometry is 
presented, and the tangent, principal normal, and binormal vectors are 
introduced. To do so, an arbitrary curve C referred to a Cartesian ref- 
erence system Oxyz is considered; its generic point P is characterized by 
the curvilinear abscissa or arc length s, which is measured from an arbi- 
trary origin on the curve (Fig. 1). The geometric properties of such a 
curve can be described by the scalar, parametric equations 


r= xs), y= ys), z= z(s) (1) 





Fig. 1. Principal trihedral associated with a given curve. 
5 
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where the curvilinear abscissa has been chosen to be the parameter. 
Consequently, if i, j, k are three unit vectors associated with the positive 
directions of the x, y, z-axes, respectively, and if the symbol 


OP = zi + yj + 2k (2) 


denotes the position vector (vector joining the origin of the reference 
frame with the point P), then the geometry of the curve can also be de- 
scribed by a vectorial equation having the form 


OP = OP(s) (3) 


2.1 Tangent vector. By definition, the tangent vector t is a unit vector 
which is tangent to the curve C and positive when directed in the sense 
of the increasing curvilinear abscissa. If a, B, y denote the three angles 
which this vector forms with the coordinate axes, the following rela- 
tionship holds: 


t = cos ai + cos 8j + cos Yk (4) 


Since the direction cosines of the tangent vector can be written as 


_ a _ _« 
cosa = gp’ cos B = is? cos Y = Ts (5) 
the following result is obtained: 
dOP 
a 2’ 


Thus, the unit tangent vector is equal to the derivative of the position 
vector with respect to the curvilinear abscissa. 


2.2 Osculating plane. Consider two points P and P’ which are an 
infinitesimal distance ds apart on the curve C and the two unit vectors 
which are tangent to the curve at these points (Fig. 2), that is, 


t, Y=t+Ẹds (7) 


If t” denotes another unit vector which is parallel to t’ and has its origin 
at point P, then the two vectors t and t” determine a plane which is called 
the osculating plane. Therefore, the osculating plane is also the plane of 
the vectors 


dt 


having a common origin at point P. 
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P 


Fic. 2. Curvature of a planar curve. 


Because the tangent vector is of unit modulus, the scalar product 
t-t=1 (9) 


holds everywhere along the curve. Consequently, differentiation of Eq. 
(9) with respect to the curvilinear abscissa leads to 
at 

t- z 0 (10) 
which means that the unit tangent vector and its derivative are mutually 
perpendicular. Furthermore, the derivative dt/ds is always directed to- 
ward the center of curvature of C, as can be verified from simple geo- 
metric considerations. 


2.3 Principal normal. The principal normal n is the unit vector which 
is perpendicular to the tangent vector, contained in the osculating plane, 
and positive when directed toward the center of curvature. Therefore, 
because of the previous results, the principal normal is parallel to dt/ds 
and can be written as 


_ at/ds 
n= Tat/del (11) 

Notice that associated with the infinitesimal increment ds of the 
curvilinear abscissa is an infinitesimal rotation de of the unit tangent 
vector (Fig. 2). The modulus of the rotation per unit increase of 
curvilinear abscissa is called the curvature and is given by 


1 _ |de 
ds 


r 








(12) 


where r is the radius of curvature. Since t and t’ are both unit vectors, 
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the following relationship is valid: 
|at| = |de| (13) 


Thus, after Eqs. (11) through (13) are combined, the principal normal 
can be expressed in the form 

n =r ds (14) 

2.4 Binormal. The binormal b is the unit vector perpendicular to the 

osculating plane and is such that t, n, b form a right-handed system 


(Fig. 1). Consequently, because of the properties of vectorial products, 
the following result is obtained: 


b=txXn (15) 


The Cartesian system formed by the tangent, principal normal, and 
binormal vectors is called the principal trihedral and is of particular 
importance for aeronautical engineering applications. Its orientation in 
space depends on the curvilinear abscissa. 


3. MOTION OF A POINT WITH RESPECT TO A 
REFERENCE FRAME 
The object of this section is to introduce the concepts of velocity and 
acceleration. To do this, consider the motion of a point P with respect to 
a reference frame Oxyz. The position of this point can be specified by 
the scalar, parametric equations 


x = c(i), y= yt), 2=2() (16) 


in which the time ¢ is the parameter. Clearly, these scalar equations are 
equivalent to a single vectorial relationship having the form 


OP = OP(é) (17) 


3.1 Velocity. By definition, the velocity of a point is the time deriva- 
tive of its position vector, that is, 


dOP 
ee (18) 
If the vector OP is regarded as a function of a function, that is, as a 
function of the curvilinear abscissa which in turn is a function of the 


time, the following result is obtained: 


Yo at (19) 
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where the dot sign denotes a derivative with respect to time. Thus, the 
velocity is tangent to the path described by point P, and its modulus is 
equal to the absolute value of the time rate of change of the curvilinear 
abscissa. 


3.2 Acceleration. By definition, the acceleration of a point is the time 
derivative of its velocity, that is, 


dV 
After Eqs. (14) and (19) are accounted for and the unit tangent vector is 
regarded as being a function of the time through the intermediate co- 
ordinate s, the acceleration can be written as 


=2 
a= Í = ttn (21) 


Thus, the acceleration possesses a tangential component and a normal 
component; the latter is directed toward the instantaneous center of 
curvature and is called the centripetal acceleration. There is no com- 
ponent of the acceleration along the binormal; this means that the ac- 
celeration is always contained in the osculating plane. 


3.3 Remark. If the positive direction for the curvilinear abscissa is 
identical with that in which the point P is progressing, the time rate of 
change of the curvilinear abscissa becomes 


s=V (22) 
Consequently, Eqs. (19) and (21) can be rewritten in the form 


A y? 
V= svt, a= Vt+- n (23) 


4. ANGULAR MOTION OF ONE REFERENCE FRAME 
WITH RESPECT TO ANOTHER 


When one coordinate system rotates with respect to another, the asso- 
ciated unit vectors are functions of time. Their time derivatives are a 
measure of the rate of rotation and play an essential role in the subse- 
quent determination of the angular velocity. In this connection, consider 
two reference frames Oxyz and Qéný, and regard the former as moving 
and the latter as fixed (Fig. 3); furthermore, denote by i, j, k the unit 
vectors associated with the moving trihedral and by is, jx, Kx the unit 
vectors associated with the fixed trihedral. The time derivatives of the 
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Fic. 3. Motion of one trihedral with respect to another. 


moving unit vectors can be resolved into components on the moving 
axes and written as 


di di .\. di .\. di 

ai (fis) + (oi) 

dj_ (dj..\. dj .\. dj 

2 = (4.1)i+(4-i)i+(B-e)e (24) 
dk dk .\. dk .\. dk 

T- (moo) 


Since the unit vectors i, j, k have constant modulus and are mutually 
perpendicular, the following relationships hold: 


di, ziank ke (25) 


di, dj; _ di de Æ; dy 
irta a" a a ta Fao (26) 
Consequently, Eqs. (24) can be transformed into the set 


di. dj _ seas dk Ss«s Cs 
g7- Zak, GH a Di (27) 
where, by definition, 
dj _ dk, _di, 
bag teg u Ten] (28) 
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Fic. 4. Rotational motion of one trihedral with respect to another. 


After introducing the new vector 
o = pi + gj + rk (29) 


one obtains the important Poisson’s formulas 


oxi, Gaoxi, B=oxk (30) 


which show that the derivatives of the moving unit vectors are perpen- 
dicular to œ. The physical significance of this vector, which is called 
the angular velocity of the moving reference frame with respect to the 
fixed reference frame, is illustrated in the next section. 


4.1 Particular case. In this section, rotational motion around one 
fixed axis is considered; more specifically, it is assumed that the origin of 
the two reference frames coincide and that the z-axis is superimposed on 
the ¢ģ-axis at all time instants (Fig. 4). If denotes the angle which the 
z-axis forms with the é-axis, then the function (t) defines the motion 
of the rotating reference frame; its time derivative is customarily re- 
ferred to as the scalar angular velocity. Since the moving unit vectors 
and the fixed unit vectors satisfy the relationships 


i = cos gix + sin ¢jx 
j = —sin gix + cos pjr (31) 
k = k 
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the time derivatives of the moving unit vectors can be written in the 
form 
di ; CA dk 


di = gj, dt = —¢lil, dt =0 (32) 


Consequently, after the components of the angular velocity on the moving 
axes are evaluated as 


p=q=0, r=¢ (33) 


the angular velocity becomes 
o = gk (34) 


Thus, its modulus is identical with the absolute value of ọ and its direc- 
tion is the same as the axis of rotation of the moving reference frame. 
Incidentally, if 


dQ = dek (35) 


denotes the vector corresponding to an infinitesimal rotation around the 
z-axis, the angular velocity can be rewritten in the form 
dQ 

4.2 Remark. The previous expression can be generalized to the case 
where the angular motion is arbitrary, that is, the case where three 
angular coordinates g; (i = 1,2,3) are needed to describe the position of 
one system with respect to another (for instance, the Euler angles or the 
angles of yaw, pitch, and roll used in aerodynamics). If u;(t) denotes 
the unit vector characterizing the infinitesimal partial rotation dp; and 
if the vector corresponding to the infinitesimal total rotation is defined as 


3 
dQ = } dem; (37) 


i=1 


then it can be shown that Eq. (36) is still valid (Ref. 6). Hence, the 
angular velocity is given by 


3 
o = S eu; (38) 
i=} 


5. RIGID BODY 


By definition, a rigid body is an assembly of points whose relative 
positions are invariant with respect to time. The kinematic properties 
of such a body can be investigated by introducing two reference systems: 
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Fic. 5. Rigid body. 


a fixed reference frame Néng and a reference frame Oxyz which moves 
in such a way that the coordinates of each point of the body are constant 
with respect to time. Consequently, the position vector associated with 
the generic point is given by (Fig. 5) 


QP = 20 + OP = QO + zi + yj + zk (39) 


where x, y, z are constant. 


5.1 Distribution of velocities. To determine the distribution of ve- 
locities inside a rigid body, the time derivative of Eq. (39) must be 
calculated. After applying Poisson’s formulas, one obtains the following 
result: 

V = V, +o X OP (40) 
where 


dQP dQO 
vag nasi an) 
denote the velocities of points P and O with respect to the fixed trihedral. 
If a rigid body is subjected to translational motion only, the orientation 
of the moving trihedral is invariant with respect to time. Since w = 0, 
Eq. (40) reduces to 





V= V, (42) 


meaning that in translational motion all the points have equal velocities. 
On the other hand, if a rigid body is subjected to rotational motion only, 
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around either a fixed point or a fixed axis, then V,=0, so that the 
velocity distribution is supplied by 


V = w X OP (43) 


In conclusion, it is possible to interpret Eq. (40) as follows: The most 
general velocity field inside a rigid body is due to the superposition of 
two fields, one translational and the other rotational. 


5.2 Distribution of accelerations. To determine the distribution of 
accelerations inside a rigid body, it is necessary to calculate the time 
derivative of Eq. (40), which leads to 





a = a +o X (o X OP) + òx OP (44) 
where 
dV __ dVo 
a= “Ge a = di (45) 


denote the accelerations of points P and O with respect to the. fixed tri- 
hedral. This means that the acceleration field inside a rigid body is due 
to the superposition of three fields: one translational, one corresponding 
to a uniform rotation, and one due to the presence of angular acceleration. 


6. RELATIVE MOTION 


In this section, the motion of a point P with respect to two reference 
systems, a fixed reference frame Qng and a moving reference frame 
Oxyz, is considered. After the absolute motion is defined as the motion 
of P with respect to Nn, the relative motion (subscript r) as the motion 
of P with respect to Oxyz, and the transport motion (subscript t) as the 
ideal motion which P would have with respect to Nénf if P were fixed 
with respect to Oxyz, the following question is posed: What relationships 
exist between the absolute and relative velocities and between the ab- 
solute and relative accelerations? 

To answer this question, it is observed that, while the position of P 
with respect to the fixed trihedral is still defined by Eq. (39), a new 
element is introduced, namely, the time-dependence of the coordinates 
x,y, 2. Consequently, the absolute velocity and the absolute acceleration 
are respectively given by 


V= V, +o X OP + żi + ġj + ¿k 
as + o X (o X OP) + ò X OP (46) 
+ ži + ğj + žk + 2% X (żi + ýj + żk) 


a 


CHAP. 1] ELEMENTS OF KINEMATICS 15 


After the relative velocity, the relative acceleration, the transport ve- 
locity, the transport acceleration, and the Coriolis acceleration are 
defined as 


V, = żi + 9j + 2k 

ar = i + Üj + zk (47) 
V: = V, + o X OP 

a: = a, +o X (o X OP) + & X OP 

a, = 2o X V, 


the absolute velocity and the absolute acceleration can be rewritten in 
the form 


V= V, +V: 


a = ar + a + a 


(48) 


The first of these equations expresses the theorem of composition of ve- 
locities: The absolute velocity is the vectorial sum of the relative velocity 
and the transport velocity. Furthermore, the second of these equations 
expresses the theorem of composition of accelerations: The absolute ac- 
celeration is the vectorial sum of the relative acceleration, the transport 
acceleration, and the Coriolis acceleration. 


EXERCISES 


1. Consider a helix wrapped on a cylinder of radius R, and denote by 
a its constant inclination with respect to the ry-plane (Fig. 6). Show 
that the unit vectors associated with the principal trihedral are given by 


t = cos a| — sin (a h i+c cos (“FE j| + sin ok 


n= — [cos (a) i + sin Ce) i] (49) 
b = sina [sin (a == *) i — cos eos cosa i] + cos ak 


2. Consider a point P describing a planar trajectory, that is, a tra- 
jectory entirely contained in a reference plane Oxy (Fig. 7). Denote by 
p the modulus of the vector OP and by @ the angle which this vector 
forms with the z-axis. Indicate by u a unit vector radially directed and 
by r a unit vector transversally directed, that is, obtained from the 
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Fic. 6. Circular helix. Fic. 7. Planar trajectory. 


former by means of a 90° counterclockwise rotation. Using polar co- 
ordinates, show that the position vector, the velocity, and the accelera- 
tion are given by 


OP = pu 
V = pu + pôr (50) 


a = (6 — pé®)u + 140%, 





3. Starting with Poisson’s formulas, show that the angular velocity 
can be written in the alternate form 


o=4(ix$ a+ixd 4 ix Ht) (51) 


4, Show that the velocity of all the points of a rigid body have equal 
projections in the direction of the angular velocity. Furthermore, if the 
angular acceleration is zero, show that the projection of the acceleration 
in the direction of the angular velocity is a constant for all points of 
the body. 
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CHAPTER 2 


ELEMENTS OF DYNAMICS 


1, INTRODUCTION 


In this chapter, a survey of those dynamical elements which are neces- 
sary for the analytical development of the theory of flight paths is 
presented. First, Newton’s law and the principle of action and reaction 
are introduced. Then, the theorems of linear and angular momentum are 
formulated and applied to a rigid body and to a spinning rotor mounted 
on a rigid body. Finally, these theorems are extended to systems of 
variable mass. 


2. MATERIAL POINT 


There are innumerable phenomena of motion in which the physical 
dimensions of the body under consideration are small with respect to the 
dimensions of the environment in which the motion takes place. Further- 
more, depending on the nature of the forces applied to the body, the pre- 
dominant interest’ of an observer may be focused on the translational 
behavior of the body rather than on its rotational behavior. In such cases, 
it is helpful to introduce the concept of a material point, or particle, 
having the intrinsic properties of the body. This material point, which has 
no physical dimensions, is only a mathematical abstraction, insofar as 
there is a volume other than zero associated with each body of the 
Universe. Nevertheless, this idealized scheme is useful and pertinent in 
a wide variety of problems in Flight Mechanics. 

The instantaneous dynamical behavior of the material point is de- 
scribed by Newton’s law 


F = ma (1) 


which can be stated as follows: At each time instant, the resultant 
external force acting on a particle is proportional to the instantaneous 
acceleration, the proportionality constant being the mass of the particle. 
A specific requirement of this law is that the mass be constant and that 
the acceleration be calculated with respect to an absolute reference frame, 
that is, a reference frame rigidly associated with the Fixed Stars (those 
heavenly bodies which do not show any appreciable change in their 
relative position from century to century). 


18 


CHAP. 2] ELEMENTS OF DYNAMICS 19 


3. MATERIAL SYSTEM 


A material system is an assembly of particles which may be considered 
as either a discrete set or a continuum. The dynamical properties of such 
a system are now investigated with the assumption that the total mass 
is constant and with reference to the discrete case, that is, the case where 
the system is composed of n particles of mass m; (j =1,...,n) concen- 
trated at points P, The properties of a continuum are then obtained 
from those of a discrete system by a limiting process in which the number 
of particles becomes infinitely large and the mass of each particle in- 
finitely small, while the total mass remains constant. 

In the following sections, two fundamental theorems are established, 
the theorem of linear momentum and the theorem of angular momentum. 
For this purpose, Newton’s law must be combined with the principle of 
action and reaction, which can be stated as follows: The internal force 
which a particle P, exerts on a particle P, belonging to the same system 
is equal in magnitude to, collinear with, and opposite in sense to the 
internal force which P, exerts on P,. 


3.1 Theorem of linear momentum. In the analysis of a discrete system, 
it is convenient to divide the forces into internal forces (subscript i) and 
external forces (subscript e) ; the former are due to sources located inside 
the system, and the latter, to those outside the system. Since Newton’s law 
holds for each of the particles of the system, the following n-equations 
can be written (the subscript j can take any value between 1 and n): 


Fa; + Fey = mya; (2) 


which, after summation, lead to 
>> Fis to Fes = Do maa; (3) 
j=l j=l j=1 


Notice that, because of the principle of action and reaction, the resultant 
internal force is given by 


> Fi = 0 (4) 
j=l 
Thus, after the resultant external force is denoted by 
F=} Fa (5) 
j=1 
Eq. (3) yields the equation of forces 


F = J mja; (6) 
j=l 
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This means that, if the linear momentum 


Q=) mN; (7) 
j=1 
is introduced, the following relationship is obtained: 
— 2Q 


This result, known as the theorem of linear momentum, can be stated as 
follows: At each time instant, the resultant external force acting on a 
system is equal to the time rate of change of the linear momentum. 


3.2 Theorem of angular momentum. The theorem of angular mo- 
mentum can be derived in much the same manner as was the theorem of 
linear momentum. As a first step, an arbitrary reference point R (either 
at rest or in motion) is introduced, and the moments due to the internal 
forces and the external forces with respect to point R are respectively 
defined as 


M; = RP; x Fu, Me; = RP; X Faj (9) 


Then, each of the n-equations (2) is multiplied vectorially by RP,, 
leading to 


M; + M.a; = RP; X mjaj (10) 


which, after summation, becomes 
n n N 
>> Mi + >> Me; = >> RP; X ma; (11) 
j=l j=l j=l 


Notice that, because of the principle of action and reaction, the resultant 
internal moment is given by 


>, Mi; = 0 (12) 
j=l 
Thus, after the resultant external moment is denoted by 
M=} Mj (13) 
j=1 
Eq. (11) yields the equation of moments 


M = >> RP; X mya; (14) 


j=l 
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If the angular momentum is defined as 


K = >> RP; x mV; (15) 
j=l 
and it is observed that 
E AVERY RE RP; X mja; (16) 
dt a iYi a j j4j 


the following relationship is obtained: 
M = +VrxQ (17) 


This result, known as the theorem of angular momentum, can be stated as 
follows: At each time instant, the resultant external moment acting on a 
system is equal to the time rate of change of the angular momentum plus 
the vector product of the velocity of the reference point and the linear 
momentum. 


3.3 Continuous systems. According to the limiting process mentioned 
earlier, the dynamical properties of a continuum can be obtained from 
those of a discrete system by simply replacing the summation signs with 
integrals. In particular, the equations of forces and moments can be 
rewritten as 


F=f adm 
4 (18) 
M= | RP x adm 


where the subscript to the integral sign indicates that the integration 
is to be extended to the entire mass of the system. These equations lead 
once more to the theorems of linear and angular momentum, provided 
that the linear momentum and the angular momentum are defined as 


Q= f Vdm, K= RPXxVdm (19) 


Incidentally, the theorems of linear momentum and angular momentum 
have the same degree of generality as the equations of forces and 
moments. However, owing to the particular nature of the problems which 
follow, the use of Eqs. (18) is preferable. 


4. RIGID BODY 


To investigate the dynamical properties of a rigid body, two reference 
frames are necessary: an absolute reference frame NénC and a reference 
frame Oxyz which is fixed with respect to the rigid body (body azes 
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system). It is known from Chapter 1 that the distribution of accelerations 
inside a rigid body satisfies the relationship 


a = a + ò X OP + o X (o X OP) (20) 


where a and a, are the absolute accelerations of the generic point and the 
origin of the body axes system and where œ is the absolute angular ve- 
locity of the rigid body. Consequently, the equations of forces and mo- 
ments (18) lead to the relationships 


F= ma +X f OPdm+ox(ox { OPdm) a 
M = (| RP dm) x a, + f RP x [òx OP + o X (o X OP)] dm 


These equations can be simplified considerably if the center of mass* is 
chosen to be the origin of the body axes system as well as the reference 
point for the moments. In fact, after it is observed that 


[ oPdm = [ RPdm=0 (22) 


Eqs. (21) can be rewritten as 
F = Mao 


(23) 
M = [ OP x [ò xX OP + w X (w X OP)] dm 


The corresponding scalar relationships on the body axes are called the 
Euler equations and are presented in Exercises 1 and 2. 


5. SPINNING ROTOR MOUNTED ON A RIGID BODY 


An extension of the previous problem consists of analyzing the motion 
of a spinning rotor mounted on a rigid body. If the total mass of the 
system (rotor plus rigid body) is denoted by m and its center of mass 
by O, the equation of forces can be shown to yield 


F = ma, (24) 


where a, is the absolute acceleration of the center of mass. On the other 
hand, if the rotor has inertial symmetry with respect to its axis of 





* By definition, the center of mass of any material system is the point G which 
satisfies the equation 


[ GPam = 0 
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rotation, then the equation of moments leads to the relationship 


M + Me = f OP x [ó x OP + o X (ox OP)] dm (25) 
where s 
Mg = Iror Xo (26) 


is the gyroscopic moment, œ the absolute angular velocity of the rigid 
body, Ip the moment of inertia of the rotor with respect to its axis of 
rotation, and wp the angular velocity of the rotor with respect to the rigid 
body (both its modulus and its orientation with respect to the rigid body 
are assumed to be constant). Incidentally, the gyroscopic moment is due 
to the Coriolis acceleration associated with the motion of the rotor rela- 
tive to the rigid body and is always present in vehicles having rotating 
machinery (propellers, turbines, compressors, turbopumps, etc.). 

It is of interest to note that the inertia terms appearing on the right- 
hand side of Eqs. (24) and (25) are identical with those which appear in 
the equations of motion of a totally rigid body. This observation leads 
to the solidification principle: The equations governing the instantaneous 
motion of the system formed by a spinning rotor plus a rigid body are 
formally identical with those of a totally rigid body, provided that the 
following fictitious system of external forces is considered: the actual 
forces and the gyroscopic forces. 


6. VARIABLE MASS SYSTEMS 


A variable mass system can be conceived as a system of particles whose 
total number varies with the time but whose individual mass is constant. 
Since Newton’s law holds for each particle, the instantaneous motion of 
any discrete, variable mass system is still described by Eqs. (6) and (14), 
while the instantaneous motion of any continuous, variable mass system 
is still described by Eqs. (18). Furthermore, the theorems of linear mo- 
mentum and angular momentum are valid for variable mass systems, 
provided that the derivatives dQ/dt, dK/dt are calculated as substantial 
derivatives. This means that the same material particles, that is, the 
same total mass, must be considered at time instants t and t + dt. 


6.1 Approximate derivation of the equation of motion of a rocket. A 
simple, approximate derivation of the equation governing the translational 
motion of a rocket is possible, if the linear momentum theorem is em- 
ployed in combination with the following idealized scheme (Fig. 1): 

(a) At time instant t, all the particles located within the geometrie 
boundary ABCA of the rocket have the same absolute velocity V,, where 
O is any point of the solid walls of the rocket. 
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A m (t) 


(t+dt) 





Fie. 1. Idealized scheme for an approximate derivation of the equation of 
motion of a rocket. 


(b) At time instant t + dt, all the particles located within the rocket 
have the same absolute velocity V,+dV,. The mass —dm, which has 
been ejected across the exit section of the engine with a velocity V,, rela- 
tive to the walls of the rocket, possesses the absolute velocity V, + V,.. 

Under these hypotheses, the linear momentum of the particles which 
are located within the geometric boundary of the rocket at time instant 
t is given by 

Q = mV. (27) 


while the linear momentum of the same material particles at time instant 
t + dt is written as 


Q’ = (m + dm)(V. + dV.) — dm(Vo + Vre) (28) 


If higher-order infinitesimals are neglected, the substantial increase in 
linear momentum is expressed in the form 


dQ =  — Q= maVv, — dmV,. (29) 


Consequently, the theorem of linear momentum leads to the fundamental 
relation 





F — BV, = ma, (30) 
where 
dm adv, 
Ba ae Sen (31) 


respectively denote the mass flow of propellant and the absolute accelera- 
tion of the solid part of the rocket. The following remarks are pertinent: 

(a) The equation governing the translational motion of a rocket 
vehicle is formally identical with that of a constant mass vehicle, pro- 
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vided that the following fictitious system of external forces is considered: 
the actual external force F and the reactive force —BV,.. 

(b) By appropriate specialization of the system of external forces, 
Eq. (30) can be applied to cover the cases where the rocket is in flight, 
on a test stand, or on the ground (take-off and landing). 

(c) The derivation of this section is subject to errors of two kinds: 
those due to neglecting the rotation of the rocket with respect to the 
Fixed Stars and those due to neglecting the relative momentum associated 
with the fluid particles within the rocket. Errors of the first type are 
generally negligible from an engineering point of view. Errors of the 
second type are zero when the motion of the fluid particles within the 
rocket is steady or quasi-steady with respect to the solid walls; this is 
because the relative momentum neglected in Eq. (27) and the relative 
momentum neglected in Eq. (28) are equal, so that Eq. (29) correctly 
expresses the substantial increase in linear momentum. 


EXERCISES 


1. Consider a rigid body, and denote the components of the velocity of 
the center of mass on the body axes by u, v, w, the components of the 
angular velocity by p, q,r, and the components of the external force by 
Fz, Fy, Fa Show that the first of Eqs. (23) is equivalent to the scalar 
relationships (Huler force equations) 


F, = m(& + qu — rv) 
Fy = mo + ru — pw) (32) 
F, = m(w + pu — qu) 


2. Consider a rigid body, and assume that the body axes are central 
(the origin of the system is located at the center of mass) and principal 
(the axes are identical with the principal axes of inertia of the body). 
After the components of the external moment are denoted by Mz, My, Mz, 
show that the second of Eqs. (23) leads to the scalar relationships (Euler 
moment equations) 


M, = Ap + (C — B)ar 
M, = Bå + (A — C)rp (33) 
M, = Cî + (B — A)p4 


where A, B,C are the principal and central moments of inertia and p, g,r 
the components of the angular velocity on the body axes. 
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3. With reference to Exercise 2, show that the angular momentum of a 
rigid body can be written in terms of its components on the principal and 
central axes as 

K = Api+ Baj + Crk (34) 


Starting from this expression, rederive the Euler moment equations (33). 

4. For the system composed of a spinning rotor and a rigid body, derive 
the distribution of accelerations. Furthermore, derive the equations of 
forces (24) and moments (25). 
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CHAPTER 3 


EQUATIONS OF MOTION FOR ROCKET 
AND JET-POWERED VEHICLES 


1. INTRODUCTION 


In the previous chapter, an approximate derivation of the equations 
of motion of a rocket vehicle was presented. An extremely idealized 
model was employed in the sense that two facts were neglected: (a) that 
the rocket may rotate with respect to the Fixed Stars and (b) that the 
particles contained in the tanks, the piping system, the combustion 
chamber, and the nozzle have a relative velocity other than zero with 
respect to the solid walls of the vehicle. 

In this chapter, the previous limitations are removed, and a rigorous 
derivation of the equations of motion is presented referring, for didactic 
purposes, to a rocket system in which no rotating machinery is present, 
that is, either a solid-propellant rocket or a liquid-propellant rocket whose 
feeding mechanism is operated by a pressurized inert gas (Fig. 1). The 
results are then extended to vehicles propelled by air-breathing jet engines 
which incorporate various types of inlets and outlets plus rotating ma- 
chinery such as compressors and turbines. After the most general equa- 
tions governing the translational-rotational motion of any vehicle are 
established, their application to stability and control analyses as well as 
to trajectory analyses is discussed. Furthermore, the hypotheses leading 


Oxidizer 








Nozzle 


Combustion chamber 


Fuel 


Fic. 1. Example of a liquid fuel rocket whose feeding mechanism is operated 
by pressurized inert gas. 
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to the uncoupling of the force equation from the moment equation are 
pointed out. Finally, in connection with trajectory analyses, the motion 
of the vehicle is discussed using either an absolute reference frame or 
a reference frame rigidly associated with the Earth. 


2. ROCKET-POWERED VEHICLE 


The derivation of the equations of motion for a rocket-powered vehicle 
requires particular care because of the important dynamic effects asso- 
ciated with the expulsion of high-speed particles from the nozzle.* The 
problem can be stated as follows: A rocket-powered vehicle expels par- 
ticles at an arbitrary rate; therefore, the mass contained within the 
rocket is an arbitrary function of time. What are the equations describing 
the instantaneous motion of the rocket? In order to investigate this prob- 
lem, two reference systems are needed (Fig. 2): a reference frame NEne 
rigidly associated with the Fixed Stars and a reference frame Oxyz rigidly 
associated with the solid part of the rocket (body axes system). Further- 
more, in accordance with Chapter 1, the following basic motions are 
considered: absolute motion or the motion of any point of the rocket with 
respect to NZ, relative motion (subscript 7) or the motion with respect 
to Oxyz, and transport motion (subscript t) or the ideal motion which a 
point would have with respect to Qéný should it become fixed with respect 
to Oxyz. 





Body axes system 


Absolute reference 
rame 


t 
Fic. 2. Reference frames. 
* The fundamental characteristic of the rocket motor is that the matter to be 


burned and ejected is entirely stored within the vehicle. The surrounding 
medium is not utilized for propulsion. 
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2.1 Equation of forces. If the rocket is regarded as a continuum, the 
relationship which describes its translational motion is given by 


F= f adm (1) 


where F is the resultant external force and a the absolute acceleration 
of the infinitesimal mass dm. The subscript m to the integral sign indi- 
cates that the integration process is to be extended to the instantaneous 
mass located within the geometric boundary ABCA of the rocket at time 
instant t (Fig. 2). 

In order to integrate Eq. (1), it is necessary to have the distribution 
of accelerations inside the rocket, which, according to the theorem of 
composition of accelerations, is given by 


a = a, + òX OP +oxX (wX OP) + 2o X V, +a (2) 


where w is the absolute angular velocity of the body axes systems and 
a, the absolute acceleration of its origin. After combining Eqs. (1) and 
(2), one obtains the following result: 


F= ma, + 4x f OPdm +x (ox f OPdm) 
+ 2 x | Vrdm +f a dm (3) 


It should be noted that the relative velocity and the relative acceleration 
of the solid particles of the rocket are zero. Therefore, after the infini- 
tesimal mass is written in the form dm = pdr, where p is the local density 
and dr the infinitesimal volume, the integrals of the relative velocities 
and accelerations become 


f V-m = p Vam 


f >am = f, 2rdm = f, pardr 


where m; is the mass of the fluid particles and 7; the associated volume. 

The next step is to transform the integral of the relative accelerations 
into quantities associated with the fluid conditions at the exit of the rocket 
engine. If the unit vectors of the body axes system are denoted by i, j, k 
and the components of the relative velocity on these axes by u, v, w, the 
following formulas hold: 


V, = ui + vj + wk 


(4) 


(5) 
dw 
dt 


where the derivatives of the velocity components are substantial deriva- 


du. d, 
a= aitgZitak 
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tives in the sense commonly accepted in Fluid Mechanics. After it is 
assumed that the fluid field within the rocket is described by relationships 
having the form 

u = u(z, Y, 2, i), v= v(z, Y, 2, t), w = w(z, Y, 2, t) (6) 


it can be shown that these substantial derivatives and the corresponding 
local derivatives are related by the well-known formulas 


du ðu 
a ot We Yu 
dv av 
dw ðw 
a 3p 1 Vr: Vw 


Consequently, after it is recalled that, because of the continuity theorem, 





24 v-(V,) =0 (8) 
Eqs. (7) can be rewritten in the form 
d ð 
PT = eu) + V- (puV,) 
dv __ 9(pv) ; 
u ~ a TV OV) (9) 
dw _ d(pw) 
u ort CV (ows) 
and imply that 
where 
H = V- (puV;)i + V- (oeV,)j + V- (owV,)k (11) 
As a further step, Gauss’s divergence theorem* is applied, and leads to 
Hdr = — f p(V,-n)V, do (12) 
Tf oF 


* This theorem deals with the transformation of a volume integral into a surface 
integral and is stated as follows: If F is a vectorial function of the coordinates 
x,y,z which is defined in a volume r bounded by the closed surface o, then 


V-Fdr = — |] F-ndo 
T i 


where n is a unit vector which is normal to the area element do and positive 
when directed inward. 
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where a; is the surface bounding all of the fluid particles. Now, denote 

the mass flow crossing the unit area bounding the fluid particles by 
B= —pV,-n (13) 


Since u = 0 everywhere except at points of the exit area of the engine Se, 
the integral of the relative accelerations becomes 


I a,dm = J 1 URV” dm $ J, uV, do (14) 
m mf 

Consequently, after Eqs. (3), (4), and (14) are combined, the following 
result is obtained: ® 


F+C+U+R= ma +òxX | OPdm+oXx (ox f OP dm) (15) 


where the Coriolis force, the force due to the unsteadiness of the relative 
motion, and the reactive force are respectively defined by 


my 


__ f 120V») 
U= [3 “eo dm (16) 


Se 


2.2 Equation of moments. If it is assumed that the reference point for 
the moments is the origin of the body axes system, the rotational motion 
of the rocket is described by the relationship 


M= | OPx adm (17) 
m 

where M is the resultant external moment. If the distribution of accelera- 
tions (2) is introduced and a procedure similar to that used in developing 


the equation of forces is employed, the following result can be shown to 
hold: 


M +Mc +Mv +Mr=(f OP dm) x a 
+ f OP x [ò x OP + oX (o X OP)] dm (18) 


where the Coriolis moment, the moment due to the unsteadiness of the 


* This equation differs from the simplified relationship (2-30) because of the 
presence of four additional terms, three of which are due to the rotation of the 
rocket with respect to the Fixed Stars and one, to the unsteadiness of the relative 
motion of the fluid within the engine. 
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w= area CAB 


Se = area BC 





Fic. 3. Control surface for the determination of the forces acting on a rocket- 
powered vehicle in flight. 


relative motion, and the reactive moment are respectively defined by 


Mc = -2f OP x (o X V,) dm 
my 


In 1 d(pV,) 
My = 4 OP x 2 öt dm (19) 


2.3 Solidification principle. It is of interest to note that the inertia 
terms appearing on the right side of Eqs. (15) and (18) are identical with 
those appearing in the equations of motion of a totally rigid body. This 
observation leads to the principle of solidification (Ref. 1): The equa- 
tions governing the instantaneous motion of a rocket-powered vehicle are 
formally identical with those of a totally rigid body, provided the follow- 
ing fictitious system of external forces is considered: the actual forces, the 
Coriolis force, the force due to the unsteadiness of the relative motion 
within the rocket, and the reactive force. 


3. ROCKET IN FLIGHT 


For the particular case of a rocket-powered vehicle in flight, the ex- 
ternal forces include gravitational forces and surface forces (Fig. 3). 
Consequently, if the variation of the acceleration of gravity within the 
rocket is neglected, the resultant force and the resultant moment are 
written as 


F= mg + f Fe (pn + f) do 


M = (f OPdm)x g+ f, | OPX (mn +f) de oe 
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where g is the gravitational force per unit mass,* S,, the wetted area of 
the vehicle, S, the exit area of the engine, p the local static pressure, and f 
the local tangential stress exerted by the surrounding medium on the 
control surface ABCA. 

If p, is the free-stream static pressure, the integrated effect of the vector 
pom over the closed surface ABCA is zero, that is, 


fas, P” ® = 0 


(21) 
I OP x pn do = 0 
SwtSe 


Consequently, the external force and the external moment can be re- 
written in the form 


F= mg + z do 
SwtSe 
(22) 
M =[|/ OP am|x e+, ,,.0P x ado 
where the quantity 
z = (p — pon + f (23) 


is called the stress vector. 
After Eqs. (15) through (23) are combined, one obtains the results 


THLA+U+C+4 m= may + ox f OP dm +x (ox f OP dm) 
m m 
(24) 
Mr +Ms+My +Mc +(f OP dm) x g 
= (J OP dm) x a, + f OP x [a X OP + w X (a X OP)] dm 
where the thrust, the aerodynamic force, the moment due to the thrust, 
and the aerodynamic moment are respectively defined as 
T= — pV,) d 
f : (x — pV,) do 
A= d 
fuse 


(25) 
Mr = Í OP X (x — pV,) do 


Ma = f, OP X ado 


* This vector is due to the attraction exerted by all the bodies of the Universe 
on the rocket-powered vehicle. 
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Hence, the aerodynamic force is the integrated effect of the stress vector 
over the wetted area of the aircraft; in turn, the thrust is equal to the 
reactive force plus the integrated effect of the stress vector over the 
exit area of the engine. 


4. STABILITY AND CONTROL ANALYSES VERSUS 
TRAJECTORY ANALYSES 


The dynamical equations (24), in combination with the appropriate 
kinematic relationships, are useful in stability and control analyses as 
well as in trajectory analyses. They are employed either simultaneously 
or in a simplified form, depending on the particular problem being con- 
sidered. In this connection, the considerations which follow are of interest. 

To control a vehicle in flight, it is necessary to vary the magnitude and 
the direction of the forces acting on the vehicle. This is usually achieved 
by means of devices of various kinds which permit varying the aero- 
dynamic forces and/or the thrust. Owing to the great variety of such 
devices, an entirely general discussion is difficult. However, the main 
ideas can be clarified if, for the sake of discussion, one refers to a con- 
ventional configuration in which the pitching, yawing, and rolling motions 
are controlled by movable surfaces called the elevator, the rudder, and 
ailerons. If the three parameters which characterize the angular position 
of the elevator, the rudder, and the ailerons around their respective hinge 
lines are denoted by @e, Œr, Æa, both the aerodynamic force and the aero- 
dynamic moment obey functional relationships of the form 


A = A(ae, a, @,...) 
(26) 
Ma = Mı (ae, Or, Hay» 3) 


Consequently, it is plain to see that the dynamical equations (24) must, 
rigorously speaking, be solved simultaneously, since a change in the forces 
causes a change in the moments and vice versa. This is the point of view 
taken in stability and control analyses. On the other hand, there are 
many engineering problems where the hypotheses 


ðA ðA OA 

a ie T oe 
can be introduced, meaning that the deflections of the control surfaces 
have a negligible effect. on the forces but a nonnegligible effect on the 
moments. Under these hypotheses, Eqs. (24) become uncoupled and form 
two noninteracting sets, in the sense that the equation of forces can 
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be solved independently of that of moments. The latter equation is 
employed a posteriori to predict the deflections of the control surfaces 
necessary to maintain the aircraft along the path described by the first 
of Eqs. (24). This point of view is useful in all those cases where the 
attention of the observer is focused on the translational, rather than the 
rotational, behavior of the aircraft, that is, in trajectory studies. It 
amounts to regarding the aircraft as a particle of variable mass and, since 
it leads to substantial simplifications without great loss in accuracy, it 
is employed throughout the remainder of this book. 


5. SIMPLIFIED EQUATION FOR TRAJECTORY ANALYSES 


Although the first of Eqs. (24) describes the trajectory of a rocket for 
general conditions, it is customary to simplify it somewhat for applica- 
tion to engineering problems. More specifically, after it is assumed that 
(a) the motion of the fluid with respect to the aircraft is steady or quasi- 
steady, (b) the Coriolis force associated with the relative motion of the 
fluid with respect to the vehicle is negligible,* and (c) the inertia terms 
which depend on the rotation of the rocket with respect to the Fixed Stars 
are negligible, the following simplified equation describes the absolute 
motion of the rocket: 


T+A-+ mg = ma, (28) 


5.1 Reference frame rigidly associated with the Earth. This section 
deals with trajectories which are traveled in the immediate neighborhood 
of the Earth and are characterized by relatively small time intervals, 
that is, small with respect to the period of revolution of the Earth around 
the Sun and the Moon around the Earth. For these applications, the 
Earth-vehicle system can be conceived as being isolated in space, which 
is the same as neglecting the differential effects of the Sun and the Moon 
on the motion of the Earth and the vehicle. Consequently, since the mass 
of the vehicle is negligible with respect to that of the Earth, the following 
idealization of the Earth’s motion is possible: (a) the center Q of the 
Earth moves with constant absolute velocity; and (b) the absolute angu- 
lar velocity of the Earth we is constant and has the same direction as the 
polar axis. 

Because of these hypotheses and in the light of the theorem of compo- 
sition of accelerations, the following relationships can be readily estab- 
lished between the motion of the vehicle with respect to the Fixed Stars 


* For all practical applications, the ratio of the Coriolis force to the reactive 
force is of the order of 107°? or smaller. 
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and that relative to the Earth: 
ao = Age + 20e X Voe + we X (we X QO) (29) 


where V,, and a,, are the velocity and the acceleration of the vehicle with 
respect to the Earth and QO is the vector joining the center of the Earth 
with the instantaneous position of the vehicle. Consequently, Eq. (28) 
can be rewritten as 


T+A+ mg = mace + 2we X Voe + we X (we x Q0)] (30) 


where 2, X V,- is the Coriolis acceleration and we X (we X QO) the 
transport acceleration. 

Notice that the transport acceleration depends on the instantaneous 
latitude of the vehicle, being zero at the Poles and a maximum at the 
Equator where its order of magnitude is 10~%g, (the symbol g, denotes 
the acceleration of gravity at sea Jevel). Furthermore, the Coriolis ac- 
celeration depends on the modulus and the direction of the velocity of 
the vehicle with respect to the Earth, being zero when the flight path is 
parallel to the polar axis and a maximum when it is perpendicular to 
this axis; in the latter case, the order of magnitude of this acceleration is 
10~%g, for present-day commercial aircraft but may increase to 10~'g, 
for vehicles travelling at either satellite speeds or velocities approaching 
the escape velocity. 

In the light of these considerations, Eq. (30) can be approximated by 
either 


Tt+tA+ mg = may. + 2we X Voel (31) 
or 
T+A+ ME = Mace (32) 


depending on the degree of accuracy desired in engineering problems. In 
particular, Eq. (31) is calculated with a precision of 10~*g, and is of 
considerable interest in many problems characteristic of ballistic missiles, 
satellite vehicles, and spaceships departing for interplanetary expeditions. 
On the other hand, Eq. (32) neglects the Coriolis acceleration and is to be 
employed in those cases where the flight speeds are small compared to 
the escape velocity or in problems where the emphasis is placed on pre- 
liminary design estimates or comparative performance analyses. 


6. MISCELLANEOUS TOPICS 


Here, several miscellaneous topics are treated in order to complement 
the previous discussion as well as to extend its applicability to jet-powered 
vehicles, that is, vehicles powered by air-breathing jet engines. 
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6.1 Arbitrariness of the definitions of thrust and aerodynamic force. 
Both the exact and the approximate equations of motion indicate that the 
instantaneous translational motion of a rocket-powered vehicle does not 
depend on the individual values of the thrust and the aerodynamic force 
but rather on their sum 


T+A= fi (= — WV) do + f. x do (33) 


Consequently, it is possible to analyze the flight of a rocket-powered 
aircraft by discarding definitions (25) and adopting any other set of 
definitions consistent with Eq. (33). Nevertheless, there exists an im- 
portant practical justification for the definitions employed in this chapter: 
the value of the thrust predicted with the first of Eqs. (25) is identical 
with that which can be measured on a test stand (see exercises). 


6.2 Alternative expression for the thrust of a rocket. The expression 
indicated for the thrust can be transformed into a more familiar form if 
the following definitions are introduced: 


s=] p do 
Se 


Vat l Weds (34) 
BJs, 
1 


pea x |, pao 


where £ is the over-all mass flow, V,- the average relative velocity, and 
pe the average pressure over the exit area. If it is assumed that the 
tangential stress over the exit area is negligible, the thrust becomes 


T = —BVre + (De — Po) SMe (35) 


and, clearly, is due to the superposition of a momentum component 
and a pressure component. Whereas the momentum thrust depends only 
on the flow conditions in the exit section of the rocket, the pressure thrust 
depends also on the conditions of the atmosphere; it increases with the 
altitude and reaches its maximum value at h = œ, where p, = 0. 


6.3 Jet-powered vehicle. The derivation of the equations of motion for 
a jet-powered vehicle is accomplished by a procedure similar to that de- 
veloped for a rocket-powered vehicle. However, three additional diffi- 
culties exist. First, air enters the vehicle through the inlet section of the 
engine; second, the fluid conditions at the inlet of the engine are, generally 
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Fic. 4. Terminology employed for a jet-powered vehicle. 


speaking, different from the free-stream conditions; and third, rotating 
machinery, such as comovressors and turbines, may be present. 

Although a great variety of configurations can be imagined, attention 
is focused on the one indicated in Fig. 4, where S; denotes the inlet area 
of the engine, S, the exit area, S, the forebody area (includes all the sur- 
faces preceding the inlet section), S, the afterbody area (includes all the 
surfaces following the exit section), S; the area associated with the in- 
ternal walls of the engine (includes rotating machinery, when present), 
S, the cross-sectional area of the streamtube preceding the engine evalu- 
ated at a large distance from the aircraft, S, the lateral area of the 
streamtube, and S,, the wetted area of the engine nacelle and the vehicle. 
Particular cases of this configuration are the rocket, the ramjet, the 
turbojet (with and without afterburner), and the turbofan; special sub- 
cases occur when the forebody area is absent (simple inlet) or when the 
afterbody area is absent (simple outlet). At any rate, regardless of the 
particular configuration, the various forms (28) through (32) of the 
equation of forces* are still valid, provided that the thrust and the aero- 
dynamic force are defined as 


T= (x — pV,) do 
SetSo 


(36) 
A= do 
S148 w+Sa 


6.4 Alternative expression for the thrust of a jet engine. The definition 
indicated for the thrust can be transformed into a more familiar form 
by a procedure similar to that used for the rocket. If the average pressure 


* The equation of moments differs from that of a rocket because of the gyro- 
scopic effects due to the rotating machinery. The calculation of the gyroscopic 
moment is to be carried out with the method outlined in Chapter 2. 
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Sw= area CAB 
i =area CHKB 





Ficure 5 


and relative velocity far away from the aircraft are denoted by p, and 
Vo the average pressure and relative velocity at the exit section by Pe 
and V,e, and the moduli of the inlet and outlet mass flows by 8, and Be, 
the following result can be derived: 


T= BoVro = BeVre + (De T Po) SNe (37) 


Incidentally, the inlet and outlet mass flows satisfy the relationship 


Be = Bo + B (38) 
where B = —dm/dt is the mass of fuel injected into the combustion 
chamber per unit time. 

EXERCISES 


1. Consider a closed surface o in the xyz-space. If p, is a constant 
scalar quantity and n a unit vector normal to the area element do (posi- 
tive inward), show that 


f pado = 0, [ OP x pon do = 0 (39) 


2. With reference to the rotational motion of a rocket vehicle, derive 
the equation of moments (18) making use of the vectorial identity 


OPxH=_ V- {eV,{(OP x V,) - i}}i 
+V:- {pV,[(OP x V,) - j}j (40) 
+V- {pV,[(OP x V,) - k]}k 


3. For a rocket-powered vehicle, consider the system of particles 
bounded by the wetted area S, and the inner walls of the engine S; 
(Fig. 5). Assuming that the mass of the propellant burning in the com- 
bustion chamber and flowing in the nozzle at a given time instant is small 
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So= area CEFB 
Se =area BC 





Ficure 6 


with respect to the mass of the vehicle, prove that 


T=] xdo (41) 
Si 
which means that the thrust is actually the integrated effect of the stress 
vector over the inner walls of the engine. 

4. Consider an axially-symmetric rocket engine mounted on a carriage 
in a test stand (Fig. 6), and assume that the axis of the engine is hori- 
zontal. Assume that the rocket, which is placed against a thrust gauge, is 
fired and that steady conditions are reached for the flow in the nozzle. 
Neglecting the transport acceleration due to the daily rotation of the 
Earth around its polar axis and assuming a constant pressure p, over the 
surface S,, show that the force G transmitted by the thrust gauge to the 
walls of the rocket is given by 


G = BVre — (De <a Po) SMe (42) 
that is, prove that 
G= -T (43) 


5. For the configuration indicated in Fig. 4, show that the definitions 
of thrust and aerodynamic force can be rewritten in the equivalent form 


T= f ado— f =de — BV — Vro) 

8; Sy (44) 

A= ado + Bo(Vri = Vro) 
Ss+814+Su+Se 

Generally speaking, therefore, the thrust is not identical with the inte- 
grated effect of the stress vector, over the internal area of the engine. 
However, the identity in question occurs for an engine operating in such 
a way that the inlet conditions and the free-stream conditions are 
identical. 
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CHAPTER 4 


SCALAR EQUATIONS FOR FLIGHT 
OVER A FLAT EARTH 


1. INTRODUCTION 


This chapter is concerned with trajectories characterized by short 
ranges and/or velocities which are small with respect to the escape 
velocity. For the analysis of these trajectories, the Earth can be regarded 
as ideally flat and nonrotating, so that the general dynamical equation 
reduces to the simplified form represented by Eq. (3-32). The latter is 
rewritten as 


T+ A+ mg = ma= mo (1) 


where T is the thrust, A the aerodynamic force, m the mass, g the ac- 
celeration of gravity, a the acceleration of the aircraft with respect to the 
Earth (note that the subscripts o and e used in Chapter 3 are dropped 
here, since no ambiguity is possible), and ¢ the time. Furthermore, the 
symbol 

dEO 


ER 2) 


denotes the velocity of the aircraft with respect to the Earth, EO being 
the vector which joins point Æ on the surface of the Earth with the 
aircraft. 

In the following sections, the scalar equations associated with the 
vectorial equations (1) and (2) are derived for the general case of paths 
in a three-dimensional space. These equations are then reduced to those 
relevant to flight in either a vertical plane or a horizontal plane. To do so, 
it is necessary to define several reference systems and derive rules rele- 
vant to the transformation of coordinates from one system to another. 


2. BASIC COORDINATE SYSTEMS 


The coordinate systems of interest for flight over a flat Earth are the 
following (Fig. 1): the ground axes system EXYZ, the local horizon 
system O2;Yy12n, the wind axes system O2)Yw2», and the body axes system 
Oxpyy2Zp. These systems are now described with the assumption that the 
aircraft has a plane of symmetry (Refs. 1 and 6). 


42 
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Xb 






Local horizon (x, Yp) 


z 

b 

Plane of symmetry (x, Zp) 
LA 


Horizontal plane (X,Y) 





Fıc. 1. Coordinate systems for flight over a flat Earth. 


The ground axes system is fixed with respect to the Earth and is defined 
as follows: its origin E is a point on the Earth’s surface; the Z-axis is 
vertical and positive downward; the X-axis and the Y-axis are contained 
in a horizontal plane and are directed in such a way that the trihedral 
EXYZ is right-handed. 

The local horizon system is defined as follows: its origin O is a point 
in the plane of symmetry of the vehicle; its axes and the corresponding 
axes of the ground system are always parallel. 

If the atmosphere is assumed to be at rest with respect to the Earth, 
the wind axes system is defined as follows: the x,-axis is tangent to the 
flight path and is positive forward; the z,-axis is perpendicular to the 
2Yp-axis, contained in the plane of symmetry, and positive downward for 
the normal flight attitude of the aircraft; the y,,-axis is perpendicular to 
the x,,2,,-plane and is directed in such a way that the trihedral Ox,,y,,2, is 
right-handed. 

Finally, the body axes system is defined as follows: the 2z,-axis is con- 
tained in the plane of symmetry and is positive forward; the z,-axis is 
perpendicular to the x,-axis, contained in the plane of symmetry, and 
positive downward for the normal flight attitude of the aircraft; the 
Y-axis is perpendicular to the plane of symmetry and is directed in such 
a way that the trihedral Ox,y,2, is right-handed. 
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TABLE 1 


DIRECTION COSINES OF THE WIND AXES WITH RESPECT TO 
THE LocaL HORIZON 


iv ju ky 


sin y sin Y cos X cos u sin Y cos X 


cos Y cos X A ‘ i 
—cos y sin X +sin y sin X 


sin y sin Y sin X cos u sin Y sin X 


cos Y sin X . 
+cos p cos X —sin u cos X 


—sin Y sin u cos Y cos u cos Y 








Xh 





RTh, 


Nh 
<) 





z= Zi 


Fic. 2. System of rotations leading from the local horizon to the wind axes. 


3. ANGULAR RELATIONSHIPS 


In this section, the angular relationships between the different co- 
ordinate systems are derived; more specifically, attention is focused on 
the following pairs: local horizon-ground axes, wind axes-local horizon, 
and body axes-wind axes. 
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3.1 Local horizon-ground axes. Since the local horizon axes and the 
ground axes are always parallel, the following matrix relationship exists 
between the corresponding unit vectors: 


in ie 
jn} = | je (3) 
ky ke 


where the subscript e refers to the ground system. 


3.2 Wind axes-local horizon. The orientation of the wind axes with 
respect to the local horizon can be described in terms of three angular 
parameters. Although an infinite number of combinations of parameters 
can be imagined, the particular system which has become standard in 
aerodynamics is based on the three successive rotations* of velocity yaw 
x, velocity pitch y, and velocity roll u. To define these rotations, it is 
convenient to introduce two intermediate coordinate systems whose prop- 
erties are as follows (Fig. 2): the system Ox,y,2; is obtained from the 
local horizon system by means of a rotation x around the z,-axis; the 
system OT2Y222 is obtained from Ox,y,2; by means of a rotation y around 
the y,-axis; the wind axes system is obtained from Ozzy222 by means of 
a rotation p around the z,-axis. 

These partial transformations are described by the matrix equations 


ii cosx sinx Of} i, 
ji] =} —sinx cosx O]] jz (4) 
kı 0 0 i1)Lk 
i2 cosY 0 —sin Y iy 
je} =] 0 1 0 ji (5) 
ko sin Y 0 cosy kı 
iv 1 0 0 ip 
ju} =|0 cosu sinpw]] je (6) 
k, 0 —sinw cosp|| Ke 


in which each scalar matrix is orthogonal. Consequently, after a matrix 


* All rotations considered in this chapter are positive in the counterclock- 
wise sense. It is emphasized that these rotations should not be confused with 
those of yaw, pitch, and roll, which are generally employed to designate the 
orientation of the body axes with respect to the local horizon. 
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multiplication is performed, the relationship between the wind axes and 
the local horizon is given by 


iy cos Y cos X cos Y sin X —sin Y in 
‘ sin u sin Y cos X sinwsinYsinx . s 
= ; sin u cos Y 7 
Jv —cos u Sin X +cos u cos X H in) (7) 
cos u sin Y cos X cos usin Y sin X 
ky k E cos u cos Y || Ka 


+sin yw sin X —sin p cos X 


where the scalar matrix is also orthogonal (Table 1). 


3.3 Body axes-wind axes. Since the 2, 2), Z»-axes are contained in 
the plane of symmetry of the aircraft, only two angular coordinates, the 
sideslip angle o and the angle of attack a, are necessary to determine the 
orientation of the body axes with respect to the wind axes. The system 
of rotations necessary to perform the transformation from the wind axes 
to the body axes is easily understood, if an intermediate coordinate system 
is introduced. Its properties are the following (Fig. 3): the system Ozgy3z, 
is obtained from the wind axes system by means of a rotation o around 
the z,-axis; in turn, the body axes system is obtained from Ox3y3z3 by 
means of a rotation a around the y-axis. In matrix notation, these 
partial rotations are expressed by 


ig coso sing Of] in 
ja | = | —sing cose Oj] jw (8) 
ks 0 0 I) Lk. 
i, cosa 0 —sSina ig 
joj=| oO 1 0 js (9) 
k sina 0 cosa k3 


so that the relationship between the body axes and the wind axes becomes 
(Table 2) 


ip cosacos cosasing —sinaj| iy 
jo} = —sing cos 0 jw (10) 
k, sin a cosg sinasing cosa k, 


4, EVOLUTORY VELOCITY 


In this section, the evolutory velocity, that is, the angular velocity of 
the wind axes with respect to the Earth axes, is calculated. To do so, con- 
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TABLE 2 


DIRECTION COSINES OF THE BODY AXES WITH RESPECT TO 
THE WIND AXES 


i j ky, 


COS @ COS T sin a cos o 





cos a sing sina sine 


—sina cos æ 








Fic. 3. System of rotations leading from the wind axes to the body axes. 


sider the behavior of the aircraft between time instants ¢ and ¢ + dt, and 
denote the infinitesimal variations of the velocity yaw angle, the velocity 
pitch angle, and the velocity roll angle by dx, dy, dw. Since these in- 
finitesimal scalar rotations occur around the z-axis, the y-axis, and the 
z-axis, respectively, the infinitesimal vectorial rotation is represented by 


dQ» = duia + dyjı + axk;, (11) 
Hence, in accordance with Chapter 1, the evolutory velocity becomes 
dQ, er z ; 
Oy = ~ = Big + Vir + Xk, (12) 


dt 
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Owing to the fact that the previous unit vectors and those of the wind 
axes system are related by the matrix equation 


ig 1 0 0 iw 
jl = 0 CoS u —sin y jw (13) 
ka —sin Y sinpceosY cos pcos Y | | Ku 


the evolutory velocity can be rewritten in terms of its components on the 
wind axes as 


©w = Pulw + Quiw + rok (14) 
where 
Pw 1 0 —sin Y 
Qw| = |0 cosu sinucosy]||¥ (15) 
Tw 0 —sinu cospecosy||x 


5. KINEMATIC RELATIONSHIPS 


In this section, the scalar relationships corresponding to the vectorial 
equation (2) are derived. It is observed that, since the velocity is col- 
linear with the z,,-axis, the left-hand side of Eq. (2) can be represented by 


V = Vi, = V[cos Y cos Xi, + cos Y sin Xj, — sin Yk] (16) 
It is also observed that the vector joining the origin of the ground system 
with the aircraft can be written in the form 
EO = Xi, + Yj, + Zk, (17) 
Since the altitude above sea level satisfies the relation 
= —Z + Const (18) 
the time derivative of this vector becomes 


dEO 


u” Xi, + Yjn — his (19) 


Consequently, if Eqs. (2), (16), and (19) are combined, the following re- 
lationships are derived: 


X = Vcos 7 cosx 
Ý = V cos Ysinx (20) 


h = Vsiny 


CHAP. 4] EQUATIONS FOR FLIGHT OVER A FLAT EARTH 49 


6. DYNAMIC RELATIONSHIPS 


In this section, the vectorial equation (1) is reduced to its equivalent 
scalar form. The method employed is analogous to that of the previous 
section and consists of determining the components of each vector on the 
wind axes. 

First, in analogy with the sideslip angle and the angle of attack, the 
thrust sideslip angle v and the thrust angle of attack e€ are introduced. 
These angles are the successive rotations to which the wind axes system 
must be subjected in order to turn the 2,,-axis in a direction parallel to the 
thrust. Consequently, the thrust becomes 


T = T[cos € cosviy + cos €sin Yj» — sin ek,] (21) 


Second, the aerodynamic force is written in terms of its components on 
the wind axes as* 


where D is the drag, Q the side force, and L the lift. Third, if it is noted 


that the acceleration of gravity has the same direction as the Z-axis, the 
following relation is obtained: 


g = g[—sin Yi, + sin uw cos Yj» + cos u cos YK,] (23) 
Fourth, after calculating the time derivative of Eq. (16), one obtains 


the following expression for the acceleration of the aircraft relative to 
the Earth: 


dV on diy 
ae Vis + V P (24) 


where the dot sign denotes a derivative with respect to time. In consider- 
ation of Poisson’s formulas, the time rate of change of the unit vector 


tangent to the flight path and the evolutory velocity are related by 
diw ` s 
ge T 2r X ie = Tuje — dwKw (25) 


Consequently, if the equation of forces is combined with Eqs. (21) 
through (25), the following scalar equations are derived: 


T cos e cosy — D — mg sin Y — mV = 0 
T cos esin v — Q + mg sin u cos Y — mVr, = 0 (26) 
T sine + L — mg cos u cos Y — MV qu = 0 

* No special significance is implied in the signs appearing on the right-hand 


side of Eq. (22). These signs merely reflect the convention adopted in this book 
with regard to the positive values for the drag, the side force, and the lift. 
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and, in consideration of Eq. (15), can be rewritten in the form 


T cos €cosy — D — mgsin y — mV = 0 
T cos eé sin v — Q + mg sin u cos Y 
+ mV (—xă cos u cos Y + Y sin u) = 0 (27) 
T sine + L — mg cos u cos Y 
— mV (àx sin u cos Y + Y cos u) = 0 


where the mass is variable and is related to the engine mass flow £ in the 
following manner: 


m+rB=0 (28) 


7. AIRCRAFT AND ENGINE CHARACTERISTICS 


The translational motion of an aircraft having variable mass and oper- 
ating in a three-dimensional space over a flat Earth is described by the 
seven equations (20), (27), and (28). Contained in these relations are 
the five functions 


fi= D, f2=Q, fs=L, fe=T, fs=8 (29) 


which depend on the characteristics of the aircraft and the engine. Hence, 
in order to understand the nature of the differential system, a discussion 
of these functions is necessary. 

If the characteristics of the aircraft and the engine are evaluated from 
a quasi-steady point of view, the functions (29) can be assumed to have 
the form 


Se = Surlh, Vio, a, T, v, 6), E (30) 


where 7 is a variable controlling the engine performance and is called the 
engine control parameter, thrust control parameter, or power setting. As 
an example, m can be identified with the rotor speed or the corrected rotor 
speed of a turbojet or turbofan engine, with the fuel-to-air ratio or the 
corrected fuel-to-air ratio of a ramjet engine, and with the combustion 
chamber pressure or the propellant mass flow of a rocket engine (see 
Chapter 7). 

An important particular case occurs when the aircraft sideslip angle 
and the thrust sideslip angle are simultaneously zero, that is, 


go=v=0 (31) 


Under this condition, the side force of a symmetric configuration is 
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Q = 0; furthermore, the remaining functions (30) reduce to 
Sie = Sth, y, Q, 7 ,€), k= 1, 3, 4, 5 (32) 


A further simplification is possible, if it can be assumed that (a) the 
parameters controlling the aircraft do not interact with those controlling 
the engine and (b) the engine performance is independent of the inclina- 
tion of the thrust. Under these hypotheses, the functions (32) are written 
in the form 


D = D(h,V,o), L= L(h, V,a) (33) 
T = Th, V, T), B= Blh, V, T) (34) 


whose justification is presented in Chapters 6 and 7. It is emphasized 
that these relationships are only approximations of the actual behavior of 
aircraft and engines. In fact, a change in the thrust control parameter 
generally affects both the drag and the lift; conversely, a change in the 
angle of attack usually affects the thrust of the engine. 


8. GENERAL DISCUSSION AND PARTICULAR CASES 


In the light of the functional relationships (30), the differential 
system composed of Eqs. (20), (27), and (28) has one independent vari- 
able, the time, and thirteen dependent variables, which include the seven 
derivated variables (state variables) 


X,Y, h, V,Xx, Y, m (35) 
and the six nonderivated variables (control variables) 
K,O, Q, T, V, € (36) 
This means that the number of degrees of freedom* is 
n=13—7=6 (37) 


which is logical, since it is possible to control the flight path by controlling 
the time history of the rudder deflection, the elevator deflection, the 
aileron deflection, the thrust control parameter, the thrust sideslip angle, 
and the thrust angle of attack. 


* By definition, the number of mathematical degrees of freedom of a differential 
system is equal to the difference between the number of dependent variables and 
the number of equations. 

+ In the present discussion, it is assumed that the engine is gimballed with 
respect to the aircraft, so that the thrust angle of attack and the thrust sideslip 
angle are independent of both the angle of attack and the sideslip angle of the 
aircraft. 
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8.1 Specified maneuver of the controls. Suppose that the controls of 
the aircraft and the engine are manipulated in such a way that the six 
nonderivated variables (36) are prescribed functions of the time. In this 
case, the integration of the equations of motion consists of determining 
the time history of the remaining seven derivated variables (35) subject 
to appropriate initial and/or final conditions. Since all the equations are 
of the first order, the general solution depends on seven integration con- 
stants. These constants can be identified, for instance, with the initial 
values of the seven derivated variables of the problem. 


8.2 Engine fixed with respect to the aircraft. If the engine is fixed with 
respect to the aircraft, the angles defining the orientation of the engine 
and the aircraft with respect to the flight path are no longer independent 
but are related by the matrix equation 


cosa coso cosasing —sin a | | cos € cos v Kı 
—sing cos o 0 cos e sin v | = | Ks (38) 
sin a cosg sinasing cosa — sin € K; 


where the constants appearing on the right-hand side are the direction 
cosines of the thrust with respect to the body axes. By matrix multiplica- 
tion, the above expression leads to the relationships 


cos € cos a cos (v — o) + sinesina = Ky, 
cos esin (v — 0) = K> (39) 
cos € sin a cos (v — g) — sin é cos a = K3 
of which only two are independent because 
Ki +K} + K3 =1 (40) 


Consequently, the equations of motion must be completed by any two of 
Eqs. (39). Since the new differential system involves nine equations and 
thirteen dependent variables, the number of degrees of freedom becomes 
n= 4. This result is logical in view of the possibility of controlling the 
flight path by means of the rudder, the elevator, the aileron, and the thrust 
control parameter. 


8.3 Flight in a vertical plane. In this section, attention is focused on 
the class of paths which are flown in a vertical plane with the thrust and 
velocity vectors contained in the plane of symmetry. This category of 
trajectories is represented by the mathematical conditions 


Y = Const, yv=ao0=0 (41) 
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Fic. 4. Forces acting on the aircraft for flight in a vertical plane. 


the first of which, in combination with the kinematic relationship in the 
Y-direction, leads to x =0. Since the zero-sideslip condition and the 
symmetry of the aircraft imply that Q = 0, the dynamical relationship 
in the y,-direction admits the solution u = 0, meaning that the plane of 
symmetry is vertical at all time instants. Consequently, the motion of 
the aircraft in a vertical plane (Fig. 4) is represented by the five differ- 
ential equations* 


X —Vcosy=0 
h—Vsiny=0 
T cose — D— mg siny+V) =0 (42) 
T sine + L — mgcosy + VY) = 0 
m+psp=0 
which involve the eight dependent variables 
X,h, V,Y, m, a, T, € (43) 


and admit n = 3 degrees of freedom. This is logical, since the flight path 
can be varied by controlling the time history of the elevator deflection, 
the thrust control parameter, and the thrust angle of attack. On the 


* Generally speaking, the scalar equations on the wind axes and those on the 
principal axes (tangent, principal normal, binormal) are not identical. However, 
this identity exists for the particular case of flight in a vertical plane. 
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other hand, if the engine is fixed with respect to the aircraft, these equa- 
tions must be completed by the relationship 

€ — a = Const (44) 


so that the number of degrees of freedom becomes n = 2. 


8.4 Flight in a horizontal plane. This section considers the class of 
paths which are flown in a horizontal plane with the thrust and velocity 
vectors contained in the plane of symmetry. This category of trajectories 
is represented by the mathematical conditions 


h = Const, v=o=0 (45) 
the first of which, in combination with the kinematic relationship in the 
vertical direction, leads to y = 0 at all time instants. After considering 


that Q = 0, one concludes that the motion of the aircraft in a horizontal 
plane (Fig. 5) is represented by the six differential equations 


X — Veosx = 0 
Y — Vsinx = 0 
Tcose —-D—mV=0 
. (46) 
g sin u — V*ă cosu = 0 
T sine + L — m(g cos u + Vă sin u) = 0 


mtp=0 







~~ Vertical plane 


Flight path 






\ . 
-7 < “Horizontal plane 


oo" 


Fic. 5. Forces acting on the aircraft for flight in a horizontal plane. 
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which include the nine dependent variables 

X, Y, y, X, m, H, Qa, T, € (47) 
and admit n = 3 degrees of freedom. If the engine is fixed with respect 
to the aircraft, these equations must be completed by Eq. (44), so that 
the number of degrees of freedom reduces to n = 2. 


In practice, it is customary to replace the third, fourth, and fifth of 
Eqs. (46) by the equivalent set 


Tcose —-D—mV=0 
(T sin e + L) sinu — mVx = 0 (48) 
(T sin e+ L) cosu — mg = 0 


which can be obtained by projecting the equation of forces on the axes 
of the principal trihedral (tangent, principal normal, binormal). 


EXERCISES 


1. Consider an aircraft flying in a vertical plane in such a way that 
o =v=e=0. Show that the dynamical equation leads to the following 


scalar relationships on the local horizon axes: 

(T — D) cos Y — Lsin Y = mÅ 
; : (49) 
(T — D) sin Y + Lcos Y — mg = mh 


2. For an aircraft flying in a horizontal plane in such a way that 
o =v=e=0, show that the dynamical equation yields the following 
scalar relationships on the local horizon axes: 


(T — D) cosx — Lsin ysin xX = mX 
(T — D) sinx + L sin u cos X = mY (50) 
Lcosy — mg = 0 


3. Show that the unit vectors associated with the principal trihedral 
of the trajectory are given by 


t 1 0 0 iy 
n{|=|0 A —B|| jy (51) 
b 0 B Allk, 
where 
r r 
A a y Tw, B = y Qw (52) 


(the symbol r denotes the radius of curvature of the trajectory). 
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4, Show that the radius of curvature of the trajectory described by the 
aircraft is given by 


piste (53) 


V (7)? + (x cos 7)? 
and, for a right turn in a horizontal plane, simplifies to 


2 
r= = cot u (54) 


5. Denoting the angular velocity of the body axes system with respect 
to the Earth by a», prove that this vector and the evolutory velocity 
satisfy the relationship 


Ob — Oy = ok, + ajp (55) 


Under what conditions are the angular velocity of the aircraft and the 
evolutory velocity identical? 

6. Denote the components of the angular velocity of the aircraft on 
the body axes by pp», qo, Te. Show that these components and the com- 
ponents of the evolutory velocity on the wind axes satisfy the matrix 
relationship 


Do cosacosa cosasing —sin a Pw 
%—àaļ| =] —sine cos o 0 qw (56) 
To sin a coso sinasing cosa j|[rw+té 


which can be rewritten as 


po + ósin a cosa cosg cosasing —sina 
go — à = —sin g cos 0 0 
T — È Cos a sin æ cosg sinasing cosa 
1 0 —sin Y È 
xX]O cosu sinucosy|| 7 (57) 


0 —sinyu cosucosY| |x 


7. Consider a rocket-powered aircraft, and assume that (a) the equa- 
tion of moments (3-24) is approximately valid for the case where the 
body axes system is replaced by a central reference frame (reference 
frame whose origin is always superimposed on the instantaneous center 
of mass), (b) the central reference frame is directionally invariant with 
respect to the aircraft, and (c) the Coriolis moment as well as the moment 
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due to the unsteadiness of the relative motion are negligible. Show that 
the moment equation leads to the matrix relationship 


latlr cosa cosg ~—sing sinacosa| | Ape + (C — B)qere 
ma + mr |= |cosasing cose sinasing| | Bq, +(A — Crop, 
na Hnr —sin a 0 COS a Cta + (B — A)pogs 
(58) 


where l4, Ma, na are the components of the aerodynamic moment on the 
wind axes, lr, Mr, nr the components of the moment due to the thrust on 
the wind axes, Pe, Qb, Te the components of the angular velocity of the 
vehicle on the body axes, and A, B, C the principal and central moments 
of inertia of the vehicle. 
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CHAPTER 5 


SCALAR EQUATIONS FOR FLIGHT 
OVER A SPHERICAL EARTH 


1. INTRODUCTION 


In the previous chapter, the scalar equations governing the flight of an 
aircraft over an ideally flat, nonrotating Earth were derived. In this 
chapter, the more general case of flight over a spherical, rotating Earth is 
considered with the assumptions that the trajectory is flown in the 
immediate neighborhood of the Earth and that the inertia term associated 
with the transport acceleration is negligible with respect to the weight. 
Consequently, the general dynamical equation is employed in the sim- 
plified form represented by Eq. (38-81), which is rewritten here as 


T+A+ mg = m(% + 20,x ¥) (1) 


where T is the thrust, A the aerodynamic force, m the mass, g the ac- 
celeration of gravity, t the time, and we the angular velocity of the Earth 
with respect to the Fixed Stars. Furthermore, the symbol 
dEO 

denotes the velocity of the aircraft with respect to the Earth, where EO 
is the vector joining point E on the surface of the Earth with the aircraft. 

In the following sections, the scalar equations associated with the 
vectorial relations (1) and (2) are derived for the general case of paths 
in a three-dimensional space and then reduced to those relevant to flight 
in a great-circle plane. To do so, it is necessary to define several co- 
ordinate systems and establish relationships which describe the position 
and the motion of one system with respect to another (Ref. 4). 


2. BASIC COORDINATE SYSTEMS 

The coordinate systems of interest for flight over a spherical Earth are 
the Earth axes system Ex,y,z,, the curvilinear ground system EXYZ, the 
local horizon system O2;,Yp2_, the wind axes system O2,,7,,2,, and the 
body axes system Ox,yy2. While the terminology for the wind axes and 
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Meridian Fundamental meridian 


Fic. 1. Coordinate systems for flight over a spherical Earth. 


the body axes is identical with that of Chapter 4, new definitions are 
needed for the Earth axes system, the curvilinear ground system, and the 
local horizon system. 


2.1 Earth axes system. The Earth axes system is a Cartesian reference 
frame which is rigidly attached to the Earth. Its origin Æ is a point on the 
Earth’s surface; the 2,-axis is vertical and positive downward; the x-axis 
and the y,-axis are tangent to the Earth’s surface and are directed in such 
a way that the trihedral Ez,y,z, is right-handed. Incidentally, the great 
circle tangent to the x,-axis (not necessarily the geographic Equator) is 
called the fundamental parallel, while the great circle tangent to the 
ye-axis is called the fundamental meridian (Fig. 1). Furthermore, a 
meridian is the intersection of the surface of the Earth and a plane per- 
pendicular to the fundamental parallel, and a parallel is the intersection 
of the Earth’s surface with a plane parallel to the fundamental parallel. 


2.2 Curvilinear ground system. The curvilinear ground system is an 
orthogonal reference frame which is fixed to the Earth. Its origin Æ is a 
point on the Harth’s surface; the X-coordinate is measured from # on the 
fundamental parallel; the Y-coordinate is measured from E on the funda- 
mental meridian; and the Z-coordinate is measured radially from E. 
Furthermore, the positive senses for X, Y, Z are consistent with the posi- 
tive senses for the Earth axes. 
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Denote, now, by O the instantaneous position of the aircraft and by D 
the intersection of the radial line passing through O with the Earth’s sur- 
face. Indicate by A the intersection of the meridian passing through D 
with the fundamental parallel, by B the intersection of the parallel 
through D with the fundamental meridian, and by C the point where the 
spherical surface passing through the aircraft intersects the radial line 
passing through EH. Clearly, if the aircraft moves with respect to the 
Earth, its projections A, B, C simultaneously move; consequently, the 
three coordinates X, Y, Z suffice to determine the position of point O 
with respect to the Earth. 


2.3 Local horizon system. The local horizon system is a Cartesian ref- 
erence frame having the following properties: its origin O is identical with 
the instantaneous position of the aircraft; the z,-axis is vertical and 
positive downward; the z-axis and the y-axis are contained in the plane 
tangent to the spherical surface passing through the aircraft (local 
horizon) and are such that the trihedral Ozpypz;, is right-handed; in par- 
ticular, the x,-axis is parallel to the tangent to the parallel passing 
through D, while the y,-axis is parallel to the tangent to the meridian 
passing through D. 


3. ANGULAR RELATIONSHIPS 


In this section, the angular relationships between the different coordi- 
nate systems are derived. In particular, attention is focused on the fol- 
lowing pairs: local horizon-Earth axes, wind axes-local horizon, and body 
axes-wind axes. 


3.1 Local horizon-Earth axes. The orientation of the local horizon 
with respect to the Earth axes can be described in terms of two angular 
parameters, the longitude r and the latitude A. The rotations necessary 
to perform the transformation from one system to another are easily 
understood, if two intermediate coordinate systems are introduced. 
Their properties are illustrated in Fig. 1: the system Axy424 is obtained 
from the Earth axes by means of a rotation T around the y,-axis plus a 
translation ;* the system Dzsy5z5 is obtained from Axsy42, by means of a 
rotation A around the z,-axis plus a translation; finally, the local horizon 
system is such that its axes and the corresponding axes of the system 
Dzsys25 are parallel and have the same positive sense. In matrix-vector 


* When dealing with coordinate system transformations, the only angle that is 
positive in the clockwise sense is 7; all other angles are positive in the counter- 
clockwise sense. 
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notation, these partial rotations are expressed as 


i4 cost 0 siny|]| ie 
j] = 0o 1 0 je (3) 
k4 —sinr O cosT|{k. 
is 1 0 0 i4 
jsl = 10 cosà sin A|] j4 (4) 
k; 0 —sin à cosA]|k4 
i, is 
jn | = | js (5) 
k, k; 
Since the curvilinear coordinates and the angles of rotation are related by 
AEn Y = r, (6) 


where r, is the radius of the Earth, the total rotation is written in the form 


: (2) i (2) ; 
i» cos | — 0 sin | — ie 
To To 
jal = BG NG CONT T, Je 
i PX Y io PX: x Y 
k, —sin (2) cos () —sin () cos (2) cos (*) k, 
To To To To To 


Incidentally, if the limiting process r, > o is carried out, the square 
matrix appearing in the previous relationship reduces to a unit matrix; 
consequently, Eq. (7) reduces to Eq. (4-3), which was already calculated 
for the flat Earth case. 


3.2 Wind axes-local horizon. The orientation of the wind axes with 
respect to the local horizon can be described in terms of the velocity yaw 
angle x, the velocity pitch angle y, and the velocity roll angle p, exactly 
as in Chapter 4. Therefore, the relationship between the wind axes and 
the local horizon is given by 


iy cos Y cos X cos Y sin X —sin Y ip, 

: sin u sin Y cos X sin u sin Y sin X aruer h i 

Jw) =| _¢0s pe sin X +cos u cos X H Ja (8) 
cos u sin Y cos X cos ysin Ysin X 

k, k 5 cos u cos Y | | K} 


+sin u sin X —sin p cos X 


62 EQUATIONS FOR FLIGHT OVER A SPHERICAL EARTH  [cHapP. 5 


3.3 Body axes-wind axes. The orientation of the body axes with re- 
spect to the wind axes can be described in terms of the sideslip angle « 
and the angle of attack a, which are defined exactly as in Chapter 4. 
Consequently, the following relationship holds: 


i, cosacos cosasing —sina|| iy 
jè | = —sing cos o 0 jw (9) 
k, sine cosg sinasing cosa k, 


4. ANGULAR VELOCITIES 


In this section, the angular velocity of one reference system with re- 
spect to another is calculated. Attention is focused on the following pairs: 
local horizon-Earth axes and wind axes-Earth axes. 


4.1 Local horizon-Earth axes. Because the partial rotations necessary 
to pass from the Earth axes to the local horizon occur around the y,-axis 
and the x,-axis, the infinitesimal angular displacement of the local horizon 
with respect to the Earth is given by* 


dQ, = dri, — drje (10) 


Consequently, the angular velocity of the local horizon with respect to the 
Earth becomes 

on, = a = M4 — tje (11) 
which, in consideration of Eqs. (3) through (6), can be rewritten in the 
form 


Ý. ž Y\. Žž. /Y 
Oh = nP Tp (£) ja + 7 0 (Z) k, (12) 


4.2 Wind axes-Earth axes. The over-all rotation necessary to pass from 
the Earth axes to the wind axes stems from the superimposition of the 
partial rotation necessary to pass from the Earth axes to the local horizon 
and the partial rotation necessary to pass from the local horizon to the 
wind axes. Hence, the infinitesimal angular displacement of the wind 





* A negative sign precedes dr, since this rotation is positive in the clockwise 
sense. 
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axes with respect to the Earth is given by 
AQy = dQ, + (die + dj. + dxk,) (13) 


where the unit vectors i» j Kn are defined exactly as in Chapter 4. 
Furthermore, the evolutory velocity, that is, the angular velocity of the 
wind axes with respect to the Earth, becomes 


Oy = T = on + (tie + jı + Xka) (14) 


In accordance with Chapter 4, the unit vectors characterizing the rota- 
tion of the wind axes with respect to the local horizon are related to the 
unit vectors of the wind axes system by the matrix equation 


ig 1 0 0 iy 
j] = 0 COS u —sin u jw (15) 
ka —sin Y sin pucosY cosu cos Y j| ku 


Consequently, after Eqs. (8), (12), (14), and (15) are combined, the 
evolutory velocity can be written in the form 


Oy = Puly + Quiw + ryky (16) 
where 
Qu| = |0 cosu sing cosy] ¥ 
Tw 0 —sinu cosucosY] |X 
; À Y 
cos Y cos X cos Y sın X —sin Y T 
o 
sin u sin Y cos X sin ysin YsinXx . xX Y 
+ E . H sin u cos Y | | — — cos (5) 
—cos u sìn X -+cos u cos X To To 
cos u sin Y cos X cos ysin Ysin X *ž . [Y 
: ; i cos u Cos Y — sin | — 
-+sin y sin X —sin u cos X To To 


(17) 


Incidentally, if the limiting process r > © is carried out, the second of 
the product matrices on the right-hand side of Eq. (17) reduces to a null 
matrix; hence, the components of the evolutory velocity on the wind 
axes become identical with those already derived for the case of a flat 
Earth. 
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5. KINEMATIC RELATIONSHIPS 


In this section, the scalar relationships corresponding to the vectorial 
equation (2) are derived. Since the velocity is collinear with the z,,-axis, 
the left-hand side of Eq. (2) can be represented as 


V = Vi, = V (cos Y cos Xi, + cos Y sin Xj, — sin YK,) (18) 
Furthermore, the vector joining the origin of the Earth axes system with 
the aircraft is given by 

EO = EQ — (ro + A)Ka (19) 


where EQ is a vector rigidly attached to the Earth and h the altitude 
above sea level. Consequently, if the time derivative of the previous 
equation is calculated, the following result is derived: 


dEO 
dt 
where, because of Poisson’s formulas, the time derivative of the unit 
vector perpendicular to the local horizon is given by 


= —iik, — (ro + h) (20) 


dt To 


As a final step, Eqs. (2), (18), (20), and (21) are combined, leading to 
the following kinematic relationships: 


Ms axi = — Zoos (Zi, — Fin (21) 


To cos Y cos X 








EIA 

; To ; 

Y = ae (22) 
h = Vsiny 


These relationships are a generalization of Eqs. (4-20), which were cal- 
culated for a flat Earth. In fact, they contain Eqs. (4-20) as a particular 
case, as can be seen by carrying out the limiting process r, > œ. 


6. DYNAMIC RELATIONSHIPS 


In this section, the scalar relationships corresponding to the vectorial 
equation (1) are derived. This equation differs from Eq. (4-1) because 
of the presence of the inertia term associated with the Coriolis acceler- 
ation 


ac = 2o; X V (23) 


If Dew, Yews Tew denote the components of the angular velocity of the Earth 
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on the wind axes, the Coriolis acceleration can be written as 
a, = 2V (rewhw = JewKw) (24) 


Consequently, after the law of variation of the acceleration of gravity 
with the altitude 





To 2 


is considered, the dynamical equation can be resolved into the following 
scalar relationships on the wind axes: 


2 
T cos ecosy — D — mg. (2) sin Y — mÝ = 0 
a 


To 


2 
T cos esin v — Q + mgo (=) sin u cos Y — mV (ru + 2rew) = 0 
: (26) 


2 
T sin ée + L — mg, (+) COS u Cos Y — MY (qw + 2dew) = 0 


where the mass is variable and is related to the engine mass flow by 
m+B=O0 (27) 


Incidentally, the components of the angular velocity of the Earth on 
the wind axes depend on the instantaneous flight condition of the aircraft. 
Furthermore, they are related to the corresponding components on the 
Earth axes Pe, Qe, Te by the matrix relationship 


Pew cos Y cos X cos Y sin X —sin Y 
sin u sin Y cos X sin p sin YsinXx . 
dew | = : sin u cos Y 
—cos p sin X -cos p cos X 
cos u sin Y cos X cos usin ¥ sin X 
Tew cos u cos Y 


+sin p sin X —sin p cos X 


cos | — 0 sin | — De 
To To 
x| —sin (2) sin Z) cos () cos (2) sin (Z) de (28) 
To To To To To 
—sin|—]cos{—} —sin|—] cos{—]cos{— Te 
To To To To To 


where the scalar quantities Pe, Qe, Te are known for each given Earth axes 
system and must be consistent with 


we = Vp +g +r? (29) 
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7. DISCUSSION 


The translational motion of an aircraft having variable mass and 
operating in a three-dimensional space over a spherical earth is described 
by the thirteen equations (17), (22), (26), (27), and (28). Contained in 
these relations are the five functions 


fi=D, fe=L, fs=Q, fa=T, fs=B8 (30) 


which depend on the characteristics of the aircraft and the engine. If, in 
accordance with Chapter 4, these functions are assumed to have the form 


fe = filh, V, 0, a, T, v, ©), k= lera (31) 


where 7 is the control parameter of the engine, the previous differential 
system has the following features: there is one independent variable, the 
time, and there are nineteen dependent variables, which include the eight 
derivated variables 


X, Y,h, V,X, 7, wu, m (82) 
and the eleven nonderivated variables 
O, &, T, V, €, Pw, Iw; Tw) Dew) Tew) Tew (33) 
Consequently, the number of degrees of freedom is 
n = 19 — 13 = 6 (34) 


which is logical in view of the possibility of controlling the time history 
of the rudder deflection, the elevator deflection, the aileron deflection, the 
thrust control parameter, the thrust sideslip angle, and the thrust angle 
of attack. Incidentally, these degrees of freedom reduce to n = 4, if the 
engine is fixed with respect to the aircraft. 


7.1 Flight in a great-circle plane. The class of paths which are flown 
in a great-circle plane in such a way that the velocity roll angle and the 
thrust sideslip angle are always zero is now considered (Fig. 2). This 
particular motion is expressed mathematically by the conditions 


Y=0, p=v=0 (35) 


the first of which means that the great circle under consideration is 
identical with the fundamental parallel. Because of the hypotheses, the 
velocity yaw angle is X = 0 at all time instants. Furthermore, the com- 
ponents of the evolutory velocity on the wind axes simplify to 


Pwo = 0, peas Ty = 0 (36) 
To 
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(n) 





ak 
Fic. 2. Forces acting on the aircraft in a great-circle plane. 


while the components of the angular velocity of the Earth become 


Dew = Pe COS (r — x) — resin (> = x) 
To r 


o 
dew = Je = We COS Pe 


Tew = Pe Sin (r — x) -F Te COS (r — x) 


o 


where ¢, is the angle of inclination of the polar axis with respect to the 
perpendicular to the plane of the motion. 


(37) 


As a final result, the kinematic and dynamic relationships describing 
the motion of an aircraft in a great-circle plane are given by 





To 
xX = Va pre? 
h= Vsinv 
To . . 5 (38) 
T cose — D — mgo (; 2) sin Y = mV 


2 
Tsne+ L— mg (2) cos Y = mv |i — Fee + 2-008 p| 
o o 


m+ p=0 
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while the dynamic relationship in the y,,-direction leads to 


Q= -omy |p. sin (r — x) + re cos (> = z] (39) 


and, clearly, indicates that the Coriolis force associated with the rotation 
of the Earth with respect to the Fixed Stars is to be balanced by the side 
force. The latter can be generated, for example, by means of a sideslip 
angle other than zero. 

In theory, Eqs. (38) and (39) must be solved simultaneously. In prac- 
tice, if the sideslip angle is small, its effect on the drag, the lift, the 
thrust, and the engine mass flow can be neglected. Under such conditions, 
the above differential system becomes uncoupled, and the trajectory of 
the aircraft in the great-circle plane can be computed by means of Eqs. 
(38) only; in turn, Eq. (39) is employed a posteriori in order to predict 
the time history of the sideslip angle necessary to maintain the aircraft 
in the great-circle plane. 

Under the previous approximation, Eqs. (38) include the eight de- 
pendent variables 


X, h, V, Y, m,a, T, € (40) 


and admit n = 3 degrees of freedom, which is logical in view of the 
possibility of controlling the time history of the angle of attack, the thrust 
control parameter, and the thrust angle of attack. These degrees of free- 
dom reduce to n = 2, if the engine is fixed with respect to the aircraft. 
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CHAPTER 6 
AERODYNAMIC FORCES 
by 


KERMIT E. VAN EVERY * and ANGELO MIELE 


1. INTRODUCTION 


The study of the aerodynamic forces acting on vehicles of all types is 
of fundamental interest to the engineer involved in planning flight opera- 
tions and in designing a vehicle for a given mission. Owing to the many 
possible combinations of speed regimes and aircraft components, the 
literature on the subject is immense. However, since a complete discus- 
sion of aerodynamics is beyond the scope of this textbook, the objectives 
of this chapter are necessarily limited. Thus, only those elements which 
are necessary for the analytical development of the theory of flight paths 
and for the understanding of the qualitative relationships between Flight 
Mechanics and Aerodynamic Design are presented. 


1.1 Components of the aerodynamic force. According to Chapter 3, 
the aerodynamic force acting on a vehicle is defined as 


A= J [Apn + f] do (1) 


where Ap is the difference between the local static pressure and the free- 
stream static pressure, n the unit vector normal to the area element do 
(positively directed inward), f the local tangential stress exerted by the 
air on the vehicle, and % an appropriate reference area (the wetted area 
for rocket vehicles or the sum of the wetted area, the streamtube area, 
and the afterbody area for jet-powered vehicles). In accordance with 
Chapters 4 and 5, this aerodynamic force can be resolved into components 
on the wind axes as follows: 


A= —(Diy + Qiu + Lk) (2) 


where D is the drag, Q the side force, L the lift and where iv, jw, Ku are 
the unit vectors associated with the wind axes system. Consequently, 





* Chief of Technical Sections, Douglas Aircraft Company, Aircraft Division. 
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after Eqs. (1) and (2) are combined, the following results are obtained: 


= — f, Apn- iv + f- iv) do 
Q = — f, (Apn: ju + f- ju) do (3) 


L= — f, Apn- ku + f- ku) do 


1.2 Aerodynamic coefficients. The components of the aerodynamic 
force are customarily represented in terms of three dimensionless coeffi- 
cients, which are called the coefficients of drag, side force, and lift and are 
defined as 


Co=— Ce=-g) Chr=4 (4) 

where 
= 4V? (5) 
is the free-stream dynamic pressure and S is an appropriate reference 


area (the planform area for a wing or the maximum cross-sectional area 
for a fuselage). Consequently, if 


= —) = => 6 


denote the pressure coeficient and the skin friction coeficient and t is a 
unit vector parallel to the tangential stress, the following results are 
obtained: 


Cp = — 1 f (Cpm iu + Oft- iu) do 


1 g e 
Co = — 1 (Con: ju + Cyt - ju) do (7) 


Cpa Lf (Cyn: ey + Cite) do 

These equations indicate that, in order to evaluate the aerodynamic 
characteristics of a configuration, the pressure coefficient and the skin 
friction coefficient must be known at all points of the surface =. While 
this study is a fundamental objective of Aerodynamics, it must be 
omitted here for obvious considerations of space. Consequently, only a 
few general elements are presented in the following sections. In par- 
ticular, although the figures indicate the qualitative behavior of typical 
vehicles, they are not intended to provide data for computing the aero- 
dynamic characteristics of arbitrary configurations. 
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1.3 Realms of Fluid Mechanics. In the absence of effects of a thermal 
nature, the fundamental dimensionless variables in the aerodynamics of 
a perfect gas are the Mach number, the Reynolds number, and the 
Knudsen number. These variables, which characterize the compressi- 
bility, viscosity, and rarefaction of a flow field, are respectively defined as 


Pace ipot uen (8) 
a u 

where V is the velocity of the aircraft, l is a characteristic length of the 
flow field and where p, p, a, à respectively denote the density, the 
dynamic viscosity, the speed of sound, and the mean free path corre- 
sponding to the free-stream conditions. Notice that the speed of sound 

is given by 
a= VkRO (9) 
where k denotes the ratio of the specific heats, R the air constant, and 6 


the free-stream absolute temperature; furthermore, within the assumptions 
of the kinetic theory, the mean free path is expressed by Chapman’s law 


= DA lEs (10) 


Consequently, definitions (8) lead to the relationship 


tk M 

Bn = a) E (11) 
from which it is clear that the ratio of Mach number to Reynolds number 
has the same order of magnitude as the Knudsen number and, therefore, 
is a measure of the flow rarefaction. In this connection, three basic 
degrees of rarefaction can be defined, that is, negligible, moderate, and 
high; the corresponding flows are called continuum flow, transition flow, 
and free molecular flow. In particular, continuum flow is defined by the 
inequality M/R, © 1, while free molecular flow is identified by the 
inequality M/R, > 1. 

In the succeeding sections, a discussion of the continuum and free 
molecular flows is presented, with emphasis on the former. The reason 
for this is that, in the majority of problems encountered in Flight Me- 
chanics, the continuum flow theory is either entirely valid or can be 
extrapolated to predict the aerodynamic forces with sufficient accuracy 
far into the realm of transition flow. On the other hand, the free molecular 
flow approach is indispensable in problems where the aerodynamic forces, 
even though negligible with respect to the gravitational forces, are applied 
over long periods of time and, consequently, produce important effects on 
the nature of the resulting trajectories.* 


*The decay and lifetime of satellite orbits are examples of such problems. 
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2. CONTINUUM FLOW 


In this section, a flow satisfying the condition M/R, «1 is con- 
sidered, that is, a flow which can be mathematically treated as a con- 
tinuum. For this case, the space surrounding the aircraft can usually 
be separated into two regions: a very thin inner region, which is immedi- 
ately adjacent to the surface of the aircraft and is characterized by the 
fact that viscosity effects are important (boundary layer); and an outer 
region, where viscosity effects can be neglected, so that the flow can be 
treated as inviscid. 

Depending on the degree of compressibility, the inner and outer flows 
can be separated into incompressible subsonic, compressible subsonic, 
transonic, supersonic, and hypersonic. Although the interval of free- 
stream Mach numbers corresponding to each of these regimes is deter- 
mined by the geometry of the body, the angle of attack, and the sideslip 
angle, the following values are typical: 


Incompressible subsonic flow 0<M<05 
Compressible subsonic flow 0.5 < M <08 
Transonic flow 0.8 < M < 12 
Supersonic flow 12<M<5 
Hypersonic flow 5<M 


2.1 Arbitrary drag polar. In the following sections, a symmetric air- 
craft operating at zero sideslip angle is considered; since the side force is 
zero, attention is focused on the drag and lift only. If effects of a thermal 
nature are neglected and if it is assumed that the geometry of the body is 
specified, both theory and experimental data indicate that the pressure 
coefficient and the skin friction coefficient obey the laws* 


Cp = Cpla, M, Re P), Cy = Ci(a, M, Re, P) (12) 


where «œ is the angle of attack and P a point on the surface X. Conse- 
quently, the evaluation of the surface integrals (7) yields the functional 
relationships 


Cp = Co(a, M, Re), CL = Cla, M, Re) (13) 


which are illustrated in Fig. 1 for a typical subsonic aircraft. At relatively 
low angles of attack, the effect of flow separation from the rear portion 
of the wing is negligible, and the lift coefficient varies linearly with the 


* As long as flow separation does not occur, the variation of the pressure 
coefficient with the Reynolds number and the variation of the skin friction 
coefficient with the angle of attack are negligible. 
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Cp C E 


Emax 






M=Const. 
Re =Const. 





Emax 


a a Qa 


Fic. 1. Drag coefficient, lift coefficient, and aerodynamic efficiency versus the 
angle of attack. 


angle of attack and is almost independent of the Reynolds number. On .., 


the other hand, at relatively high angles of attack, the effect of flow 
separation is important, and the lift coefficient varies nonlinearly with 
the angle of attack and depends strongly on the Reynolds number; fur- 
thermore, it reaches a maximum value at a point S called the stalling 
point. Generally speaking, conventional aircraft do not fly at angles of 
attack beyond the stalling point, owing to stability and control considera- 
tions. Elimination of the angle of attack from the parametric equations 
(13) leads to the relationship 


Cp m CDCL, M, Re) (14) 
which is called the drag polar and is plotted in Fig. 2. 


2.2 Lift-to-drag ratio. An important parameter of an aircraft is the 
lift-to-drag ratio or aerodynamic efficiency (Figs. 1 and 2) 


L Cy 
E=5> Cp (15) 
which depends on the Mach number, the Reynolds number, and the angle 
of attack (or the lift coefficient). If the Mach number and the Reynolds 
number are given, the aerodynamic efficiency has a maximum with respect 
to the lift coefficient, which occurs at the point where the straight line 
from the origin is tangent to the polar diagram. Representative values of 
Emax are 10-25 for subsonic aircraft, 5-10 for supersonic aircraft, and 1-5 


for hypervelocity vehicles. 
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c 


Emax 





Re = Const. 
Cp E 


Fic. 2. Drag polar of an aircraft and aerodynamic efficiency versus the lift 
coefficient. 


2.3 Drag terminology. The over-all drag is customarily separated into 
components whose significance is associated with either the physical 
nature of the flow field or the geometry of the body. Although many de- 
compositions are possible, only two have become widely accepted in both 
Fluid Mechanics and Flight Mechanics. 

The first decomposition is a direct consequence of the first of Eqs. (7) 
and consists of dividing the over-all drag into the friction drag and the 
pressure drag.* The former is due to the integrated effect of the tangential 
stresses acting over the area X, and the latter, to the integrated effect of 
the normal stresses. In coefficient form, this is written as 


Cp = Cor + Cop (16) 


where Cp; is the friction drag coefficient and Cp, the pressure drag co- 
efficient. 

The second decomposition consists of dividing the over-all drag into 
the zero-lift drag and the induced drag,; the latter term indicating every 
kind of drag which depends on the lift, regardless of its physical origin. 


* The pressure drag can be present in several ways, for instance, through vortex 
shedding (subsonic and supersonic vortex drag), flow separation (subsonic form 
drag), and formation of shock waves (supersonic wave drag). 

+ Historically speaking, the term induced drag was used initially to designate 
the drag associated with the vortex system shedding from the wing. To prevent 
confusion, this kind of drag is referred to here as the vortex drag. 
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In coefficient form, this is written as 


Cp = Cpo+ Co; (17) 


where Cpo is the zero-lift drag coefficient and Cp; the induced drag co- 
efficient (Fig. 2). It is obvious that the zero-lift drag is composed of both 
friction drag and pressure drag; an analogous remark holds for the in- 
duced drag, although its main constituent is pressure drag. 


2.4 Parabolic drag polar. There are many aircraft configurations for 
which the induced drag coefficient is a quadratic function of the lift 
coefficient for subsonic speeds and for some interval of values of the lift 
coefficient. Hence, if K denotes a constant characteristic of the aircraft 
such that 


Cp: = KCR, (18) 
the total drag coefficient becomes 
Cp = Cpo + KCF (19) 
and implies that 
-C 
P= Opo F KG 20) 


The drag polar represented by Eq. (19) is called the parabolic drag 
polar and is characterized by the following maximum value of the aero- 
dynamic efficiency: 


a (21) 


2V KC Do 


The corresponding lift coefficient is given by 
= [Coo 


Cpi 

F 1 (23) 
Hence, for an aircraft flying in the subsonic regime, the lift-to-drag ratio 
is a maximum when the induced drag equals the zero-lift drag. 

It must be emphasized that the parabolic polar, while extremely help- 
ful for engineering purposes, is only an approximation of the experimental 
polar. Its accuracy depends on the lift coefficient as well as the geometry 
of the configuration and is now discussed for positive lift coefficients and 
for both symmetric and asymmetric configurations. 


and implies that 
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Fic. 3. Limits of validity of the parabolic polar for both symmetric and 
asymmetric configurations. 


If the configuration is symmetric (that is, if its main components are 
an unwarped, uncambered wing and a body of revolution with its axis 
in the plane of the wing chords), the drag coefficient of the experimental 
polar has a minimum at C,=0. For this configuration, the available 
experimental data show that the approximation (19) holds for every lift 
coefficient below that for which some appreciable flow separation from 
the wing occurs (Fig. 3). In many cases, this limiting lift coefficient is 
identical with or proportional to the buffeting lift coeficient Crs, that is, 
the lift coefficient at which the aircraft begins to shake due to the 
turbulence associated with flow separation. 

If the configuration is asymmetric, the drag coefficient of the experi- 
mental polar no longer has a minimum at C, =0 but at some lift co- 
efficient Cy other than zero. Thus, a more general form of the drag 
polar is the following: 


Cp = Com + K(Ci — Crm)? (24) 


where Cpm is the minimum drag coefficient. However, for lift coefficients 
which are higher than that corresponding to the minimum drag coefficient 
but lower than that for appreciable flow separation (this is the region 
where the airplane normally flies), the parabolic polar can still be uti- 
lized, providing that the following convention is adopted: the term Cpo 
no longer indicates the actual value of zero-lift drag coefficient but a 
fictitious value obtained by fitting the experimental data with the 
quadratic law (19) and extrapolating this law to C, =0 (see Fig. 3). 


CHAP. 6] AERODYNAMIC FORCES 77 


2.5 Generalized drag polar. An interesting generalization of the previ- 
ous discussion arises when the induced drag coefficient is represented in 
the form 


Cp: = KCL (25) 
The resulting new polar is given by 
Cp = Cpo + KCL (26) 


and is called the generalized drag polar; it can be employed to represent 
the behavior of the aircraft in any flow regime, if the zero-lift drag co- 
efficient Cpo, the induced drag factor K, and the exponent x are regarded 
to be functions of both the Mach number and the Reynolds number.* 

When the generalized polar is employed, the aerodynamic efficiency is 
given by i 


= Opo + KË a 


and, for a given Mach number and Reynolds number, attains the follow- 
ing maximum value: 





(—1)z ijz 
m 
for the lift coefficient given by 
CL = el (29) 
K(x — 1) 
which implies that 
Cpi _ _ 1 (30) 








Cpo x—l 

For thin-winged configurations operating at moderately supersonic 
speeds, the approximation x= 2 can be employed, as in the subsonic 
case;t hence, the aerodynamic efficiency is a maximum when the induced 
drag equals the zero-lift drag. On the other hand, for thin-winged con- 
figurations operating in the hypervelocity domain, the approximation 
x = 3/2 is pertinent; hence, the aerodynamic efficiency is a maximum 
when the induced drag is twice the zero-lift drag. 


* For a given lift coefficient, the dependence of the induced drag coefficient on 
the Reynolds number is negligible over the entire spectrum of flight speeds. On 
the other hand, the dependence of the zero-lift drag coefficient and the induced 
drag coefficient on the Mach number is negligible only for low subsonic speeds 
and hypervelocity speeds. 

+The engineering practice is to use the parabolic approximation at transonic 
speeds also, even though this is not fully justified from a theoretical standpoint. 
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Fic. 4. Zero-lift drag coefficient of a typical two-dimensional wing and a 
typical body of revolution versus the thickness ratio. 


3. LOW SUBSONIC AIRCRAFT 


In this section, configurations designed for low subsonic flight are dis- 
cussed. First, the zero-lift drag and the induced drag are analyzed; then, 
the aerodynamic characteristics of some typical jet aircraft are illustrated. 


3.1 Subsonic incompressible flow. The zero-lift drag of a subsonic 
aircraft is composed of friction drag and pressure drag; the latter is due 
to the flow separation and is usually called the form drag (see Fig. 4). 
For a given Reynolds number and for a family of geometrically re- 
lated bodies, the relative importance of the form drag with respect to 
the friction drag is largely dependent on the thickness ratio r, that is, the 
ratio of the maximum thickness to the chord for a wing or of the maxi- 
mum diameter to the length for a fuselage.* However, since the thickness 
ratios used for a wing rarely exceed 20% and those used for a fuselage 
rarely exceed 15%, it is concluded that the form drag can be neglected 
with respect to the friction drag, at least as far as preliminary design is 
concerned. This conclusion, in combination with the fact that interference 
effects are generally small in the subsonic realm, justifies the wetted area 
method. According to this method, a uniform skin friction coefficient can 
be assumed for the different surfaces of the aircraft; thus, if the contribu- 
tions of the streamtube area and the afterbody area are neglected, the 


* The reciprocal of the thickness ratio of a body is referred to as the fineness 
ratio. 
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Fig. 5. Subsonic drag polars of a typical high-altitude reconnaissance aircraft 
and a typical jet trainer. 


zero-lift drag coefficient of the configuration becomes 


Coo = Cy Su (31) 
where S, is the wetted area and S the wing surface. Incidentally, the 
average skin friction coefficient depends on the Reynolds number, the 
roughness of the surfaces, and the nature of the boundary layer (laminar 
or turbulent) ; the typical value C; = 0.003 can be of use for preliminary 
design analyses. 

The induced drag of a subsonic aircraft is mainly pressure drag, more 
specifically, vortex drag associated with the system of trailing vortices 
issuing from the wing. Owing to the fact that the vortex drag coefficient 
of a wing with an elliptic spanwise lift distribution is given by* 


ot 


TR (32) 


it has become customary to represent the induced drag coefficient of an 
entire configuration in the form 
Ci 


Cpi = RE (33) 


*The symbol R = 62/S denotes the aspect ratio of a wing with span b and 
planform area S. 
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where e, Oswald’s efficiency factor, accounts for the nonellipticity of the 
lift distribution over the wing, the increase in the skin friction drag of 
the wing with the angle of attack, and the increase in the fuselage drag 
with the angle of attack. Practical values of Oswald’s factor range in 
the neighborhood of 0.6-0.9. 


3.2 Examples. In connection with the previous discussion, two ex- 
amples of drag polars are shown in Fig. 5. One refers to a high-altitude 
reconnaissance jet having an aspect ratio of 11, and the other, to a jet 
trainer with an aspect ratio of 6. For the same lift coefficient, the induced 
drag coefficient of the jet trainer is about 80% larger than that of the 
reconnaissance jet. 


4. HIGH SUBSONIC—LOW TRANSONIC AIRCRAFT 


In this section, configurations designed for high subsonic—low transonic 
flight are discussed; as an example, the aerodynamic characteristics of a 
typical jet transport are presented. 


4.1 Subsonic compressible flow. When the free-stream Mach number 
exceeds the typical value 0.5, compressibility effects begin to be noticeable. 
However, even though the zero-lift drag coefficient and the induced drag 
factor change with respect to the incompressible flow values, this change 
can be neglected as long as the local Mach numbers are subsonic. 

As the free-stream Mach number increases, the local Mach numbers 
increase at all points of the surface of the aircraft. Finally, a special 
condition is reached such that the highest local Mach number is one; 
this condition is called the critical condition, and the corresponding free- 
stream Mach number, the critical Mach number Mg. 





Fic. 6. Transonic drag terminology. 
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4.2 Low transonic flow. When the free-stream Mach number exceeds 
the critical Mach number, the flow becomes transonic, that is, locally 
supersonic over some region of the aircraft. The subsequent transition 
from supersonic back to subsonic flow occurs through a system of shock 
waves, and the associated pressure drag is called the wave drag. Inci- 
dentally, the drag increase due to the shock waves becomes noticeable 
only after the critical Mach number has been exceeded by a considerable 
margin (Fig. 6); for this reason, extensive use has been made of the Mach 
number for drag divergence Mp, which is rather arbitrarily defined as the 
Mach number at which the drag coefficient starts to increase rapidly. 

Since the velocity perturbations caused by the wing are greater than 
those caused by the fuselage, the local Mach numbers over the wing are 
greater than those over the fuselage. Consequently, in order to design an 
aircraft for high subsonic—low transonic flight, the drag divergence Mach 
number of the wing and, hence, the critical Mach number of the wing 
must be made as high as possible (Ref. 8). 

One method for delaying the drag rise of a configuration is to use 
sweptback wings (Fig. 7), since the critical Mach number is essentially 
determined by the component of the free-stream velocity normal to the 
leading edge. Consequently, if a two-dimensional wing is swept by an 
angle A, the critical Mach number increases according to the factor 
1/cos A; in practice, owing to three-dimensional tip effects and fuselage 
interference effects, the benefit of the sweep is reduced considerably. The 
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Fia. 7. Influence of the angle of sweep, the thickness ratio, and the aspect 
ratio on the critical Mach number of a typical wing. 
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Fig. 8. Drag polar of a typical jet transport at high subsonic-low transonic 
speeds. 
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Fic. 9. Aerodynamic characteristics of a typical jet transport at high subsonic- 
low transonic speeds. 
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other methods commonly employed in order to increase the critical Mach 
number consist of decreasing the thickness ratio and the aspect ratio 
(Fig. 7). The underlying principle of these methods is evident, since they 
both result in a decrease of the velocity disturbance caused by the wing. 


4.3 Example. In connection with the previous discussion, the drag polar 
of a typical high subsonic—low transonic multijet transport is indicated 
in Fig. 8. Furthermore, Fig. 9 shows the zero-lift drag coefficient, the 
induced drag factor, the maximum aerodynamic efficiency, the stalling 
lift coefficient, and the buffeting lift coefficient versus the Mach number. 


5. SUPERSONIC AIRCRAFT 


In this section, the main characteristics of configurations designed for 
supersonic flight are discussed. First, the behavior of an aircraft at high 
transonic and supersonic Mach numbers is analyzed; then, the character- 
istics of a typical supersonic aircraft are illustrated. 


5.1 High transonic flow. When the free-stream Mach number exceeds 
the drag divergence Mach number, the zero-lift drag coefficient increases 
rapidly because of the formation of shock waves. However, this increase 
is not indefinite, and a maximum value is reached at the Mach number for 
peak drag Mp (see Fig. 6). Incidentally, the existence of a maximum for 
the drag coefficient in the transonic region is qualitatively evident if one 
thinks in terms of the linearized theory of two-dimensional wings, which 
predicts a pressure coefficient inversely proportional to V1 —M2? in sub- 
sonic flow and to \/M? —1 in supersonic flow (Ref. 6). 

If an aircraft is designed to be supersonic, it is usually desirable that 
its peak drag coefficient be as low as possible. The methods for decreasing 
the peak drag coefficient are identical with those for increasing the 
critical Mach number, that is, sweeping the wing, decreasing the thickness 
ratio, and decreasing the aspect ratio (Fig. 10). This is obvious, since the 
effect of any of these methods is to decrease the strength of the shock- 
wave system. 

Interference effects in the transonic range are generally greater than 
those in the subsonic range due to the higher velocity perturbations over 
both the wing and the fuselage. When combined, these perturbations 
often result in large supersonic regions which contribute substantially to 
the wave drag. In order to decrease this interference drag, it is particu- 
larly useful to employ Whitcomb’s area rule. Whitcomb’s idea is that the 
disturbances caused by a wing-fuselage combination at a great distance 
from the body are independent of the particular arrangement and are a 
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Fic. 10. Influence of the angle of sweep, the thickness ratio, and the aspect 
ratio on the peak drag coefficient of a typical wing. 


function of only the cross-sectional area distribution. It follows that, for 
each wing-fuselage combination, there exists an equivalent body of revo- 
lution having equal wave drag and that the drag of this equivalent body 
must be decreased in order to decrease the drag of the combination. 
Thus, by indenting the fuselage, it is possible to add the wing to the con- 
figuration with only a small variation in the cross-sectional area distri- 
bution of the equivalent body, that is, with only a small variation in the 
over-all wave drag with respect to that of the basic fuselage. Inciden- 
tally, the area rule is most effective in cases where ÆR ./r < 1, where & is 
the aspect ratio and 7 the thickness ratio. 


5.2 Supersonic flow. The supersonic flow regime starts when the free- 
stream Mach number satisfies the inequality M > Ms, where Ms, the 
upper critical Mach number, is the free-stream Mach number at which 
the lowest local Mach number is one (Fig. 6). 

As in the case of subsonic flow, the zero-lift drag can be decomposed 
into the friction drag and the pressure drag; the latter is due to the forma- 
tion of shock waves and, therefore, is called the wave drag. For a family 
of geometrically related wings, the friction drag coefficient is practically 
independent of r, while the wave drag coefficient increases as 7? (Fig. 11); 
hence, it is extremely important to use small thickness ratios. However, 
even though the thickness ratios used in engineering practice rarely exceed 
6%, the pressure drag at supersonic speeds is usually a considerable 
fraction of the over-all zero-lift drag. 
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Fic. 11. Zero-lift drag coefficient of Fic. 12. Zero-lift drag coefficient of 
a typical two-dimensional wing versus a typical body of revolution versus the 
the thickness ratio. thickness ratio. 


With regard to the fuselage, the example of Fig. 12 shows that the 
friction drag coefficient is inversely proportional to 7, while the wave drag 
coefficient increases as 7”; hence, for a given cross-sectional area, a thick- 
ness ratio minimizing the over-all zero-lift drag exists, which is about 7% 
in this particular example. Should the volume be prescribed and the 
cross-sectional area free, then the friction drag would become inversely 
proportional to 7!/? and the wave drag directly proportional to 7°/; 
hence, the thickness ratio minimizing the over-all zero-lift drag would be 
much smaller, that is, about 4%. 

The induced drag of a supersonic aircraft is mainly pressure drag and, 
in accordance with the physical nature of the flow field, is usually sepa- 
rated into the wave drag due to lift and the vortex drag associated with 
the system of vortices issuing from the wing. While the wave drag is 
never zero, the vortex drag is zero for a wing of infinite span, as in sub- 
sonic flow. At any rate, since the theory of linearized flows predicts that 
both the wave drag due to lift and the vortex drag are, in coefficient 
form, proportional to C2, the parabolic approximation can be assumed 
for the drag polar. 

There exist several wing planforms which have been subjected to a 
thorough analytical investigation in recent years: the straight wing, the 
swept wing, the arrow wing, the delta wing, and the diamond wing. 
Among these, the delta wing deserves particular mention. Even though 
this wing is not necessarily the best for every design, the following 
positive features are of interest: (a) at transonic and moderate super- 
sonic Mach numbers, its zero-lift drag is considerably less than that 
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Fig. 13. Drag polar of a typical jet aircraft at supersonic speeds. 
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Fic. 14, Aerodynamic characteristics of a typical jet aircraft at supersonic speeds. 
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of a straight wing having equal thickness ratio and aspect ratio; (b) its 
peak drag coefficient is below that of the straight wing and considerably 
delayed; (c) its maximum aerodynamic efficiency is greater than that of 
the straight wing at moderate supersonic speeds; and (d) owing to the 
different spanwise distribution of the aerodynamic load, lower thickness 
ratios can be utilized, a cireumstance which has a beneficial effect on both 
the zero-lift drag coefficient and the maximum aerodynamic efficiency. 


5.3 Example. In connection with the previous discussion, the drag 
polar of a multijet, delta-wing aircraft designed for operation at mod- 
erate supersonic speeds is indicated in Fig. 13 for several values of the 
Mach number. Furthermore, Fig. 14 shows the zero-lift drag coefficient, 
the induced drag factor, and the maximum aerodynamic efficiency versus 
the Mach number. 


6. HYPERSONIC VEHICLES 


In this section, configurations designed for hypersonic flight are dis- 
cussed. In particular, the characteristics of a typical ballistic missile and 
a typical hypervelocity glider are illustrated. 


6.1 Hypersonic flow. Hypersonic flow is a highly supersonic flow, 
more specifically, according to some authors, a flow in which the Mach 
number exceeds five. The main characteristics of this flow are that (a) 
the shock waves originating at the leading edge of the body lie close to the 
body so that a strong interaction with the boundary layer may occur 
and (b) because of the extreme temperatures in the region between the 
shock waves and the body, the consideration of real gas effects (molecular 
vibration, dissociation, and ionization) may be necessary when analyz- 
ing the flow field (Ref. 2). 

As the Mach number increases, the shock waves move closer to the 
body. At very high Mach numbers, a rough picture of hypersonic flow 
is provided, if it is assumed that the shock waves are identical with the 
surface of the body at least in its front part (Newtonian flow); conse- 
quently, the pressure coefficients can be determined with the simple as- 
sumption that the molecules crossing the shock layer conserve the 
tangential component of the velocity but lose the normal component. 


6.2 Ballistic missile. A most striking application of the hypersonic flow 
theory is the analysis of a ballistic missile. Aerodynamically, a ballistic 
missile is designed to fly the greatest portion of its trajectory at zero lift, 
since steering is usually achieved by gimballing the engine; geometrically, 
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Fic. 15. Aerodynamic characteristics of a typical long-range missile and a 
typical high-drag reentry capsule. 


a ballistic missile is a body of revolution with a nose and a blunt base. 
With respect to the nose, drag considerations would favor a rather pointed 
form. However, because of the severity of the heat transfer problem 
encountered during reentry, a blunt form may be desirable. In the first 
place, the convective heating rate at the nose can be reduced by increas- 
ing the radius of curvature. In the second place, for a relatively light 
missile, a further reduction in the peak heating rate as well as in the over- 
all heat transferred during reentry is possible, if a high pressure drag 
design is used for the body (see Chapter 14). 

Customarily, the zero-lift drag of a missile is separated into the friction 
drag, the pressure drag of the forebody or wave drag, and the pressure 
drag of the base. The latter, called the base drag, is particularly impor- 
tant for hypersonic vehicles and exists because the streamlines are unable 
to follow the contour of the base; hence, the pressure behind the base is 
much smaller than that on the body surface forward of the base. 

The aerodynamic characteristics of a typical long-range missile are 
given by the lower curve of Fig. 15. This curve can be applied to both 
the take-off and reentry configurations, the reason being that the change 
in the cross-sectional area is approximately proportional to the change in 
the drag for the particular example under consideration. Also shown in 
Fig. 15 are the aerodynamic characteristics of a typical high-drag capsule 
used for manned reentry. 
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Fic. 17. Aerodynamic characteristics of a typical hypervelocity glider. 
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6.3 Hypervelocity glider. Another important application of the hyper- 
sonic flow theory is the analysis of a hypervelocity glider, that is, a 
vehicle which has lifting surfaces and is designed for operation at ex- 
tremely high speeds. The design of this vehicle is a compromise between 
aerodynamic and heat transfer requirements. In fact, while a wing with 
sharp leading edges and a pointed fuselage are desirable from the stand- 
point of aerodynamic efficiency, the heat transfer problem is such that 
the leading edges of all the planar surfaces as well as the nose of the 
fuselage must be blunt. Since this circumstance introduces a high drag 
penalty and reduces the aerodynamic efficiency, the leading edge of the 
wing must be sharply swept, thus decreasing both the drag and the heat 
transfer. In conclusion, the probable configuration of a hypervelocity 
glider seems to be a delta planform with a blunt leading edge and a blunt 
fuselage; the drag polar of such a vehicle is illustrated in Fig. 16, while 
Fig. 17 shows the relationship between the coefficients of the polar and the 
Mach number. Incidentally, for small angles of attack and very high 
Mach numbers, the induced drag coefficient tends to the limiting value 


co3!2 
Cpi = NA (34) 


which can be determined by applying the Newtonian flow theory to a flat 
plate and utilizing the circumstance that, for small angles of attack, the 
lift coefficient is proportional to a, while the drag coefficient is pro- 
portional to a’, 


7. FREE MOLECULAR FLOW 

In this section, a flow satisfying the condition M/R, >> 1 is considered, 
that is, a flow which must be treated with the kinetic theory of gases. For 
this flow, the incident molecules are undisturbed by the presence of the 
vehicle, while the re-emitted molecules collide with the free-stream mole- 
cules only at a great distance from the body; hence, the aerodynamic 
forces are essentially governed by the interaction of the impinging mole- 
cules and the surface (Ref. 3). 

Although the details of this interaction are not well known, the simplest 
treatments available so far have been concerned with two idealized 
models, that of the specular reflection and that of the diffuse reflection, 
the latter being closer to reality. In the specular model, the molecules 
hitting the surface are reflected optically; this means that the tangential 
component of the velocity is unchanged, while the normal component is 
reversed. In the diffuse model, the molecules hitting the surface are 
re-emitted with a Maxwellian distribution corresponding to the surface 
temperature. 
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Fic. 18. Drag coefficient of a sphere in free-molecular flow. 


If it is assumed that (a) the sideslip angle is zero, (b) the geometry 
of the body is given, (c) the model of reflection is specified, and (d) the 
body temperature and the free-stream temperature are identical in the 
diffuse model, the pressure coefficient and the skin friction coefficient 
can be shown to obey the laws* 


Cp = C,(a, M, P), C; = Cla, M, P) (35) 


where P is a point on the surface X. Consequently, the evaluation of the 
surface integrals (7) yields the functional relationships 


Cp = Cpla, M), Ct = Cla, M) (36) 
which, after the parameter œ is eliminated, lead to the expression 
Cp = Cp(C1, M) (37) 


which is called the drag polar in free molecular flow. 
If the body under consideration is a sphere, the lift coefficient is 
always zero, and Eq. (37) reduces to the form 


Cp = Co(M) (38) 


*In a free molecular flow, the parameter a= VkRO cannot be interpreted as 
the speed of propagation of weak pressure waves (speed of sound) but only as 
a mathematical reference velocity. Any physical significance attributed to it can 
be derived only from its proportionality to the velocity of thermal agitation of 
the molecules V/2R90. 
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which is plotted in Fig. 18 for both the specular and diffuse cases. The 
approximate conclusion to be derived from this graph is that, in the 
absence of chemical reactions, particle showers, sputtering of surface ma- 
terial, and effects due to electric charges, the asymptotic value Cp = 2 
can be employed in the range of velocities characteristic of satellite orbits. 


8. AERODYNAMIC COMPONENTS IN A SPECIFIED 
ATMOSPHERE 


In Section 2, continuum flow was considered, and the aerodynamic 
coefficients of a given aircraft were represented as a function of the angle 
of attack, the Mach number, and the Reynolds number; in Section 7, free 
molecular flow was analyzed and the coefficients were represented as 
functions of the angle of attack and the Mach number. While this repre- 
sentation is independent of the atmospheric properties, there are many 
problems in Flight Mechanics which necessitate the representation of the 
aerodynamic components in an arbitrarily specified atmosphere. 

For example, consider the continuum flow regime and rewrite Eqs. (13) 
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Fic. 19. Drag of a high altitude reconnaissance jet as a function of the velocity 
and the altitude for a given lift. 
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Observe that, for a given atmospheric model (for instance, the 1959 ARDC 
Model Atmosphere), the density, the viscosity, and the speed of sound 
are known functions of the altitude, that is, 


p= ph), m= ph), a= alh) (40) 


Consequently, after Eqs. (39) and (40) are combined, the following 
functional relationships are obtained:* 


D = Dh, V,a), L = Lh, V, a) (41) 
which, after a is eliminated, imply that 
D = D(h, V, L) (42) 


8.1 Example. In connection with the previous discussion, a numerical 
example has been prepared relative to the high altitude reconnaissance jet 
described in Fig. 5. In Fig. 19, the drag function (42) is plotted versus 
the velocity and the altitude under the assumptions that the wing surface 
is S = 600 ft? and that the lift is L = 15,000 lb. For each given altitude, 
there exists a velocity such that the over-all drag is a minimum; con- 
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Fic. 20. Variation of the zero-lift Fic. 21. Variation of the zero-lift 
drag, the induced drag, and the over-all drag, the induced drag, and the over-all 
drag with the velocity for a given lift drag with the altitude for a given lift 
and a given altitude. and a given velocity. 


* Analogous functional relationships can be shown to hold for the free molecular 
flow regime. 
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versely, for each given velocity, there exists an altitude where the over-all 
drag is a minimum. Incidentally, the existence of these stationary points 
can be explained as follows: (a) the over-all drag is the sum of the zero- 
lift drag and the induced drag; (b) for a given altitude, the zero-lift drag 
increases monotonically with the velocity, while the induced drag de- 
creases (Fig. 20); and (c) for a given velocity, the zero-lift drag decreases 
monotonically with the altitude, while the induced drag increases (Fig. 21). 
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CHAPTER 7 


PROPULSION SYSTEMS 
by 


JOHN W. CONNORS* and JERRY GREYT 


1. INTRODUCTION 


This chapter contains a discussion of the basic principles, thermo- 
dynamic cycles, and performance characteristics of those propulsion sys- 
tems which are of interest for aeronautical applications. Since a detailed 
discussion of the engine components is beyond the scope of this textbook, 
each powerplant is treated from an over-all point of view; furthermore, 
the main performance characteristics, the thrust and the specific fuel 
consumption, are presented only in the functional form which is useful for 
Flight Mechanics applications. 

Propulsion systems can be divided into three broad groups: (a) single- 
flow systems, (b) multiflow systems, and (c) hybrid systems. A single- 
flow system is one in which thrust is produced by the acceleration of one 
propulsive stream; the rocket, the ramjet, and the turbojet (with and 
without afterburner) belong to this category. A multiflow system is one 
in which thrust is produced by the acceleration of more than one pro- 
pulsive stream; the turbofan, the turboprop, and the reciprocating engine 
are examples of such a system, although only the first of these engines is 
analyzed here. Finally, a hybrid system is formed by combining two 
single-flow systems; for example, the turbojet and the ramjet can be com- 
bined to form the turboramjet; other such systems are the ramrocket, the 
turborocket, and the ducted rocket. 


2. ROCKET 


The rocket is a comparative newcomer to the field of propulsion and 
has one outstanding characteristic: it is capable of operating beyond 
the Earth’s atmosphere. Even though several types of rockets have been 
perfected, they are all functionally the same in that they include a cham- 
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Fic. 1. Schematic diagrams of a solid propellant rocket (top), a liquid pro- 
pellant rocket (center), and a nuclear rocket (bottom). 


ber in which thermal energy is delivered to the working fluid and a nozzle 
in which this energy is transformed into the kinetic energy necessary for 
propulsion purposes. Among the particular arrangements which are pos- 
sible, the following must be mentioned (Fig. 1): (a) the solid propellant 
rocket, in which the propellant is contained in the combustion chamber; 
(b) the liquid propellant rocket, in which the propellants are stored in 
appropriate tanks and fed to the combustion chamber by means of turbo- 
pumps or pressurized inert gases; and (c) the nuclear rocket, in which 
the energy resulting from the fission process in the reactor is transferred 
to a working fluid (Ref. 4). 

Regardless of the particular arrangement, however, the thrust of a 
rocket engine is expressed by Eq. (3-35), which is rewritten here in the 
form 


T = BV. + Se(pe — p) (1) 
where is the propellant mass flow, V, the average relative velocity at 


the exit (note that the subscript r used in Chapter 3 is dropped here, since 
no ambiguity is possible), S, the exit area, p, the average static pressure 
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over the exit section, and p the static ambient pressure (the subseript o 
used in Chapter 3 is dropped here, since no ambiguity is possible). In turn, 
after the acceleration of gravity at sea level is indicated by go, the specific 
propellant consumption is defined as 


c = Fhe (2) 


and is clearly a measure of the efficiency of the engine.* Typical values 
of the specific propellant consumption of present-day rockets range in 
the neighborhood of 10-15 hr~!. 

In a dimensionless form, the thrust and the specific propellant con- 
sumption are customarily represented by means of the coefficients 


Do K=% (3) 


Bi Psie C Go 





where p, and a, are the pressure and the speed of sound corresponding 
to stagnation conditions in the combustion chamber and S; is the area of 
the nozzle throat. While the performance analysis of a nozzle is necessary 
in order to evaluate these coefficients (Refs. 1 through 3), only the final 
results are presented here in functional form. 

If it is assumed that (a) the flow is one-dimensional, steady, adiabatic, 
and frictionless, (b) the gas is perfect, and (c) no chemical reactions 
occur in the nozzle, the following relationships can be shown to hold: 


k= x ($) 


Se Be) 
K: = Kis 
& p 


and are plotted in Fig. 2 with the assumption that the ratio of the specific 
heats is k = 1.2. As the graph indicates, for a given pressure ratio p,/p, 
there is an area ratio which maximizes the thrust coefficient. When this 
condition occurs, the exit pressure equals the ambient pressure and the 
associated flow is termed correctly expanded. In this connection, the 
dashed line in Fig. 2 is the geometrical locus of the points where pe = p; 
while the domain on the left of this line is representative of under- 
expanded nozzles (pe > p), the domain on the right corresponds to over- 
expanded nozzles (pe < p). 


(4) 


* The efficiency can also be expressed by means of the specific impulse, that is, 
the reciprocal of the specific propellant consumption. 


TABLE 1 


PERFORMANCE OF SEVERAL ROCKET PROPELLANTS 














Pe 0. c Ve 
Types of propellants (lb in-2) CR) m (hr-!) | (ft seo!) 

GALCIT composite (asphalt 

Solid ++ potassium perchlorate) 1,000 4,300 30 18.5 6,300 
propellants JPN ballistite (nitrocellulose 

-+ nitroglycerin) 1,000 5,700 28 15.7 7,400 

Liquid oxygen—JP4 500 6,300 22 13.6 8,500 

Liquid Liquid fluorine—hydrazine 500 8,200 19 11.4 10,200 

propellants Liquid oxygen—hydrogen 500 5,000 9 9.9 11,700 

Liquid fluorine—hydrogen 500 5,500 9 9.6 12,100 

oe Hydrogen 500 | 5,000 2 4.7 | 24,700 

propellants 











86 


SWGULSAS NOISTOAdOUd 


*dVHO] 


L 


CHAP. 7] PROPULSION SYSTEMS 99 























0 5 10 15 20 
Se/S+ 


Fig. 2. Coefficients of thrust and specific propellant consumption of a rocket 
versus the area ratio and the pressure ratio. 


Consider, now, a constant-geometry rocket equipped with a conven- 
tional Laval nozzle and designed in such a way that correct expansion is 
achieved at some altitude above sea level. At altitudes below the design 
altitude, overexpansion occurs and may cause a significant loss in thrust 
due to subambient pressures acting along a portion of the divergent sec- 
tion of the nozzle. Conversely, underexpansion occurs at altitudes above 
the design altitude and is accompanied by an increase in the thrust, which 
reaches its highest value at h = œ, where p = 0. 

It is obvious from Eqs. (3) and (4) that, for a given area ratio and 
pressure ratio, the specific propellant consumption is inversely propor- 
tional to the speed of sound in the combustion chamber and, consequently, 
is directly proportional to /m/@,, where m is the molecular weight of the 
combustion products and @, the chamber temperature. This explains why 
nuclear rockets exhibit superior performance despite the limitations im- 
posed on the chamber temperature;* the absence of a combustion process 
permits the selection of propellants having a low molecular weight 
(Table 1). Conversely, the same circumstance explains the shortcomings 
of solid propellant rockets, since their combustion products are charac- 
terized by a mean molecular weight which is higher than that of com- 
parable liquid propellant rockets. 


* The temperature of the propellants employed in current nuclear rockets is 
limited by the melting point of the core material and, hence, is generally lower 
than that of chemical rockets. 
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3. SINGLE-FLOW, AIR-BREATHING PROPULSION 
SYSTEMS 


According to Eq. (8-37), the thrust of any single-flow, air-breathing 
propulsion system is given by* 
T= BeVe = BaV + Se(De <> p) (5) 


where f, is the exit mass flow, Ba the mass fiow of air, and V the free- 
stream velocity. Furthermore, the specific fuel consumption is defined as 


= Bgo a HBago 
c= =P (6) 
where 
B= Be — Ba, k= B/Ba (7) 


are the mass flow of fuel and the fuel-to-air ratio. Typical values of the 
specific fuel consumption range in the neighborhood of 2.5-3.5 hr! 
for a ramjet, 2-3 hr~! for a turbojet with afterburner, and 1-2 hr~? for a 
simple turbojet. 

In a dimensionless form, the thrust and the specific fuel consumption 
are represented by the following coefficients: 


Coy [Ox cae 

PPG K. = NO gA (8) 
where Sp is a fixed reference area of the engine (usually the inlet lip area 
for a ramjet and the maximum frontal area for a turbojet), @ the free- 
stream temperature, a the free-stream speed of sound, 0, the static tem- 
perature at the tropopause, and ax the speed of sound at the tropopause. 

In order to determine how the coefficients of thrust and specific fuel 
consumption depend upon certain similarity parameters which are char- 
acteristic of the engine and the free-stream conditions, the analysis of the 
engine cycle is necessary (Refs. 1 through 3) ; however, since this analysis 
is beyond the scope of the textbook, only the final results are presented 
here in a functional form for a number of specific powerplants. 


Kr = 


3.1 Ramjet. The ramjet engine, an important and useful propulsion 
system at moderate and high supersonic Mach numbers, is the least 
complex of the single-flow, air-breathing propulsion systems, since the 
compression process is accomplished by ram effect rather than by turbo- 
machinery. However, because of this, the ramjet cannot produce thrust 
below a certain minimum Mach number. 


* The symbols V,, V, 8, employed here replace the symbols Ve, Vro; Bo used 
in Chapter 3. 
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The schematic drawing and the ideal thermodynamic cycle of this 
engine are indicated in Fig. 3. The air is decelerated and compressed 
isentropically from free-stream conditions to the subsonic state 1 in a 
diffuser. Fuel is then sprayed into the gas stream by means of injectors. 
A constant pressure combustion process occurs between states 1 and 2, 
beginning immediately behind the flameholders and spreading down- 
stream into the unburned mixture to produce a relatively uniform tem- 


102 PROPULSION SYSTEMS [cHar. 7 


perature profile at the nozzle inlet. Finally, an isentropic expansion from 
state 2 to state e (ambient pressure) takes place in the nozzle. 

In this cycle, called the Brayton cycle, heat is added over a range of 
temperatures from states 1 to 2 and rejected over a range of temperatures 
from state e to the free-stream state. Hence, for the same maximum 
temperature, the thermodynamic efficiency is somewhat less than that of 
the Carnot cycle, in which heat addition occurs at maximum temperature 
and heat rejection, at minimum temperature. In practice, irreversibility 
effects in the components cause the actual cycle to depart significantly 
from the ideal one. 

The analytical representation of the ramjet performance is simple and 
straightforward, if it is assumed that (a) the flow is one-dimensional and 
steady, (b) the gas is perfect, (c) no chemical reaction occurs in the 
nozzle, (d) the combustion efficiency is constant and the fuel-to-air ratio 
is much less than unity, (e) Reynolds number effects are negligible, and 
(£) the ramjet geometry is either fixed or an arbitrarily specified function 
of the Mach number. Under these hypotheses, the coefficients of thrust 
and specific fuel consumption can be shown to obey the functional re- 
lationships 


Kr = Kr(M, Be); K. = K.(M, pe) (9) 


where M = V/a is the free-stream Mach number and 
u% (a) 
pe = wit = a (2) (10) 


is the corrected fuel-to-air ratio, a parameter which is proportional to 
the ratio of the stagnation enthalpy increase associated with the com- 
bustion process to the free-stream static enthalpy. These relationships 
are plotted in Figs. 4 and 5 for a variable-geometry ramjet which is de- 
signed for sustained operation at M =5 and utilizes fuel with a lower 
heating value of 18,500 BTU 1b~'. It should be noted that, at high 
supersonic Mach numbers there is a limitation to the thrust which is 
imposed by the maximum allowable temperature of the combustion 
chamber walls. In addition to this temperature boundary, several other 
limitations exist to the performance of a particular ramjet. Thus, stable 
combustion can be maintained only if the combustion chamber pressure 
(which, in turn, is determined by the free-stream conditions and the cor- 
rected fuel-to-air ratio) is greater than the flame-out pressure. Also, 
excessive stresses in the engine structure can be prevented only if the 
combustion chamber pressure is smaller than the maximum allowable 
value. 
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3.2 Turbojet. The turbojet engine, whose range of application varies 
between Mach numbers zero and three, can be regarded as a modifica- 
tion of the ramjet in the sense that a mechanical compressor and a turbine 
are present, thus enabling the engine to produce static thrust. 

There is no difference between the ideal thermodynamic cycle of a 
ramjet and that of a turbojet. The latter is indicated in Fig. 6 along 
with a schematic drawing of an axial flow engine. The air undergoes an 
isentropic compression from the free-stream condition to state 1 in the 
diffuser and a further isentropic compression to state 2 in the compressor. 
Then, by means of a constant-pressure combustion process, heat is added 
from states 2 to 3; more specifically, a stoichiometric mixture of fuel and 
air is burned locally in the combustion zone. Immediately downstream, 
additional air is mixed with the combustion products to bring the tem- 
perature down to a value commensurate with reasonable turbine life. 
Subsequently, the air expands isentropically through the turbine from 
state 3 to state 4 doing an amount of work equal to the work of com- 
pression from states 1 to 2. Finally, a further isentropic expansion from 
states 4 to e (ambient pressure) occurs in the nozzle. 

Under hypotheses similar to those of Section 3.1, the dimensionless 
representation of the turbojet performance is analogous to that of a ram- 
jet and is given by 


Kr = Kr(M, uo) 
K. = K.(M, pe) (11) 
Ne = N.(M, Me) 
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where 








N Jos  N_ a 


N. = = 
° Nmax 0 Nmax a 


(12) 


is the corrected rotor speed, N the actual rotor speed (number of revolu- 
tions per unit time of the turbine-compressor unit), and Nmax the maxi- 
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mum permissible rotor speed. The corrected rotor speed is proportional 
to the square root of the ratio of the stagnation enthalpy increase across 
the compressor to the free-stream static enthalpy and can be employed 
in place of the corrected fuel-to-air ratio as an independent variable. In 
fact, elimination of ue from the parametric equations (11) yields the new 
functional equations 


Kr = Kr(M, Ne), K. = K.(M, Neo) (13) 


which are plotted in Fig. 7 for a typical constant-geometry subsonic 
turbojet and in Fig. 8 for a typical variable-geometry supersonic turbo- 
jet. Both of these turbojets have single-spool compressors with a mod- 
erate compression ratio. 

It must be emphasized that, while the above performance curves are 
mathematically correct, they are restricted in practice by several physical 
limitations. Thus, the combustion chamber pressure is bounded by a 
lower limit (the flame-out pressure) and an upper limit (the maximum 
allowable pressure for which the engine is designed). Also, the tempera- 
tures at the outlet of the compressor and at the inlet of the turbine must 
be lower than certain limiting values which depend on the design of 
these engine components. Finally, the rotational speed is to be less than 
a maximum value which depends on the structural design of the engine. 


3.3 Turbojet with afterburner. The turbojet with afterburner com- 
bines the characteristics of a turbojet and those of a ramjet. Because of 
the low fuel-to-air ratios used in turbojets, the gaseous mixture leaving 
the turbine contains enough unburned air to support further combustion. 
Consequently, if additional fuel is injected and burned in the tailpipe, a 
considerable increase in thrust can be obtained, the only limitation being 
imposed by the maximum temperature which the walls of the tailpipe 
can withstand. Since this limiting temperature is more than 1000° R 
higher than the corresponding limiting temperature at the turbine inlet, 
it is obvious that the thrust of an afterburning engine is considerably 
greater than that of a nonafterburning engine with the same airflow 
handling capacity. The specific fuel consumption, however, is generally 
higher. 

The schematic diagram and the ideal cycle of a turbojet engine with an 
afterburner are indicated in Fig. 9. The thermodynamic states between 
free-stream conditions and state 4 are identical with those of the non- 
afterburning turbojet. However, instead of expanding through the nozzle 
from state 4 (turbine discharge) to ambient pressure, a further com- 
bustion occurs in the tailpipe, bringing the gas to state 5, from which it 
then expands through the nozzle to ambient pressure. 
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If the fuel is injected in the afterburner in such a way that the result- 
ing temperature is equal to the maximum permissible, the dimensionless 
representation of the performance becomes identical with that of the 
simple turbojet. This means that the functional equations (13) are still 
valid and are plotted in Figs. 10 and 11 for a typical engine. 
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4, MULTIFLOW PROPULSION SYSTEMS 


In this section, attention is focused on one particular type of multiflow 
system, the turbofan. This engine, which currently finds its application at 
medium and high subsonic speeds, is a modification of the turbojet in that 
the turbine drives not only the compressor but also a fan; the latter com- 
presses both the main stream of air which is channeled through the engine 
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(primary flow) and the supplementary stream (secondary flow) which 
is ducted around the engine and discharged into the atmosphere. The 
main characteristic of the turbofan is that the thrust is greater than that 
of a turbojet with the same primary airflow capacity and, hence, its 
specific fuel consumption is lower; however, the thrust per unit frontal 
area is also lower. 

The schematic drawing and the ideal thermodynamic cycle of this 
engine are indicated in Fig. 12. Both the primary and secondary flows 
are compressed isentropically from the free-stream condition to state 1 
(fan inlet), whereupon an isentropic compression occurs across the fan, 
bringing both streams to state 2 (fan outlet). At this point, the two 
streams are separated, with the secondary stream expanding isentrop- 
ically to ambient pressure in the nozzle. The primary stream undergoes 
a further compression and reaches state 3 (outlet of the compressor). 
Heat is then added from states 3 to 4 in a constant pressure burner; after- 
wards, the gas expands to state 5 through the turbine and then to state e 
in the nozzle. The dimensionless representation of the performance is 
identical with that of the simple turbojet and is indicated in Figs. 13 and 
14 for a typical design. 


5. HYBRID PROPULSION SYSTEMS 


In the following paragraphs, two types of hybrid systems are dis- 
cussed: the turboramjet and the ramrocket. 

The turboramjet (Fig. 15-top), a combination of the turbojet and the 
ramjet, is designed to combine the high Mach number capability of the 
ramjet with the low Mach number capability of the turbojet. This power- 
plant is essentially a turbojet mounted inside a duct with an additional 
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Fic. 15. Schematic diagram of a turboramjet (top) and a ramrocket (bottom). 
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combustion chamber downstream. At low flight speeds, the controllable 
flaps located at the compressor inlet close the bypass duct, and the power- 
plant operates either as a simple turbojet or as one with an afterburner; 
at high flight speeds, the flaps shut off the turbojet, and the powerplant 
operates as a ramjet. 

The ramrocket consists of a rocket mounted inside a ramjet (Fig. 15- 
bottom). In the rocket combustion chamber, a richer-than-stoichiometric 
mixture is burned, and the fuel-rich combustion products are then mixed 
with air which flows in the annular passage around the rocket. Subse- 
quently, a further combustion takes place in the downstream chamber, as 
in a ramjet. The ramrocket is quite a flexible powerplant; its operational 
range is somewhere between the rocket and the ramjet, depending on the 
relative sizes of the two component engines. However, because of the 
characteristics of the fuel employed, it is a compromised powerplant and, 
therefore, does not operate as efficiently as either of the component power- 
plants at the two ends of its propulsion spectrum. 


6. PERFORMANCE IN A SPECIFIED ATMOSPHERE 


In the previous sections, the coefficients of thrust and specific fuel con- 
sumption were represented as functions of, at most, two dimensionless 
parameters. This representation holds regardless of the distribution of 
the atmospheric properties versus the altitude; furthermore, it is instru- 
mental in determining the engine performance in an arbitrarily specified 
atmosphere. To illustrate this point, which is important for Flight Me- 
chanics analyses, consider a turbojet engine, and rewrite the functional 
equations (13) in the form 


Tn N 2e) 
pSr°'\a’ Nmax @ 


cak = fe (Z N 2) 


2 
Joa a Nmax 4 





(14) 


Observe that, for a given atmospheric model (for instance, the 1959 
ARDC Model Atmosphere), the pressure and the speed of sound are 
known functions of the altitude, that is, 


= p(h), a= alh) (15) 


Consequently, after Eqs. (14) and (15) are combined, the following re- 
lationships are obtained: 


T = T(h, V, N), c = clh, V, N) (16) 
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rocket with the altitude. 


If the above procedure is repeated for any of the engines analyzed in this 
chapter, it can be seen that the following generalized representation of 
the performance is possible: 


T = T(h, V, 7), c = clh, V, T) (17) 


where h is the altitude, V the velocity, and m a variable called the engine 
control parameter, thrust control parameter, or power setting. The choice 
of this variable depends on the particular engine; thus, 7 can be identified 
with the combustion chamber pressure or the propellant mass flow of a 
rocket, with the fuel-to-air ratio or the corrected fuel-to-air ratio of a 
ramjet, and with the rotor speed or the corrected rotor speed of a turbojet 
and a turbofan. 

As an example, Fig. 16 shows the variation of the thrust and the specific 
fuel consumption with the altitude for a rocket engine capable of de- 
veloping a thrust of 10,000 lb at sea level with a combustion chamber 
pressure pe = 30 atm. The propellant employed has a molecular weight of 
19 and a chamber temperature of 6,400°R, so that the speed of sound in 
the combustion chamber is 4,500 ft sec~'; the associated exit velocity is 
10,200 ft sec-?. As another example, Figs. 17 and 18 show the thrust and 
the specific fuel consumption of a turbojet capable of developing a sea- 
level static thrust of 10,000 lb at N = N max- 
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6.1 Approximate methods. In Flight Mechanics, it is often useful to 
represent the thrust and the specific fuel consumption in the approximate 


form 
T = T(V, T) (2): c = cx(V, T) (2) 


where x and y are constants and the asterisk denotes quantities evaluated 


(18) 


TABLE 2 


VALUES OF THE EXPONENTS £% AND yY IN THE ‘TROPOSPHERE 














Type 
of ` 
engine Approximate | Approximate | Approximate | Approximate 
lower limit upper limit | lower limit upper limit 
Ramjet 1.1 1.4 0.0 0.1 
Turbojet 0.3 1.0 —0.1 0.2 
Turbojet with 0.6 1.1 —0.1 0.2 
afterburner 

Turbofan 0.8 1.0 
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at the tropopause. For the air-breathing engines discussed in the present 
chapter, the values of the constants are 


z= 1, y=0 (19) 


in the isothermal stratosphere. Concerning the troposphere, numerical 
analyses yield the approximate results summarized in Table 2. 
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Part IT 


QUASI-STEADY FLIGHT OVER 
A FLAT EARTH 


INTRODUCTION TO PART II 


The prediction of flight performance serves a twofold purpose: to de- 
termine the operational utility of an aircraft or missile which has already 
been designed and to determine the basic configuration of an aircraft or 
missile for a given mission. Because of the extent and complexity of the 
topics involved, the task of organizing the subject matter in an entirely 
rational manner is practically impossible. However, separation of the 
material according to the character of the motion (quasi-steady and non- 
steady) is desirable, since it results in two basically different mathe- 
matical problems. 

The quasi-steady approach is useful in the analysis of those flight con- 
ditions which are characterized by negligible accelerations. Initially 
developed for piston-engined aircraft, this approach is also of interest for 
aircraft propelled by air-breathing jet engines. Its main characteristic is 
that, in almost every case having engineering interest, each point of the 
flight path can be investigated independently of those preceding and those 
following. Thus, the so-called point performance can be studied within 
the framework of elementary algebra. Furthermore, the optimum flight 
conditions can be obtained by using the Ordinary Theory of Maxima and 
Minima. 

The nonsteady approach is of interest in the analysis of the flight 
paths of rocket-powered aircraft, missiles, satellite carriers, skip vehicles, 
and hypersonic gliders and in the study of the transient behavior of air- 
craft propelled by air-breathing jet engines. When this approach is used, 
the flight path can no longer be treated from a local point of view but 
must be considered in its entirety. In particular, the nucleus of the prob- 
lems of performance optimization shifts from the domain of the Ordinary 
Theory of Maxima and Minima into the realm of the Calculus of Vari- 
ations, so that the analytical difficulties are increased by an order of 
magnitude. 

This part of the book is concerned with the performance of a jet- 
powered aircraft in quasi-steady motion over a flat Earth. Despite the 
simplifications associated with neglecting the acceleration terms, the 
extent of the subject matter is enormous owing to the great variety of 
flow regimes (subsonic, transonic, supersonic), drag polars (parabolic, 
nonparabolic), idealized powerplants (constant thrust, constant power), 
actual powerplants (turbojet, turbofan, ramjet), and flight conditions 
(gliding flight, level flight, quasi-level flight, climbing flight, turning 
flight). Consequently, the attainment of explicit solutions which are 
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simultaneously valid for every case and subcase is out of reach. Never- 
theless, if the drag, the thrust, and the specific fuel consumption are ex- 
pressed in functional form, it is possible to formulate the performance 
problem in general and to predict functionally the nature of the solutions 
(Chapter 8). 

If particular hypotheses are employed in the representation of the 
characteristics of the aircraft and the engine, considerable simplifications 
are possible; more specifically, analytical solutions become possible, and 
appropriate similarity parameters can be introduced. In this connection, 
three groups of problems are treated in the following chapters. First, 
attention is focused on an aircraft whose drag polar is parabolic with 
constant coefficients and whose powerplant characteristics are independ- 
ent of the velocity. This combination, which yields a first approximation 
to subsonic vehicles powered by turbojet or turbofan engines, is investi- 
gated in Chapter 9; analytical solutions are emphasized. Then, the 
parabolic approximation is removed, and Chapter 10 analyzes the case 
of an aircraft whose drag polar is general; numerical solutions to several 
performance problems are presented. Finally, compressibility effects are 
considered in Chapter 11 in connection with high subsonic, transonic, 
and supersonic aircraft whose aerodynamic and engine characteristics 
are arbitrarily dependent on the Mach number; both the parabolic and 
the nonparabolic cases are investigated. 


CHAPTER 8 


INTRODUCTION TO THE PROBLEM 
OF AIRCRAFT PERFORMANCE 


1. INTRODUCTION 


An important characteristic of aircraft propelled by air-breathing jet 
engines is that the inertia terms appearing in the dynamical equations 
are generally negligible along a major portion of the trajectory.* Con- 
sequently, the quasi-steady approach to aircraft performance is logical 
and permits substantial analytical simplifications of the problem. In spite 
of these simplifications, the great variety of speed regimes, aircraft con- 
figurations, and powerplants prohibits the attainment of explicit solutions 
which are simultaneously valid for every case and subcase. Nevertheless, 
if the drag, the thrust, and the specific fuel consumption are expressed in 
functional form, it is possible to formulate the performance problem in 
general and to predict functionally the nature of the solutions. This is 
the topic treated in the following pages in which a panoramic survey of 
the quasi-steady performance problem is offered. Because of the intro- 
ductory nature of this chapter, the engineering statements are generally 
presented without proof and, therefore, will be justified later. To clarify 
the statements, figures are included; however, they do not apply to every 
vehicle but represent the typical behavior of a turbojet aircraft at speeds 
where compressibility effects are negligible. 

There are two fundamental problems in quasi-steady flight: point per- 
formance problems and integral performance problems (Ref. 3). Point 
performance problems are concerned with the investigation of the local 
properties of the flight path, while integral performance problems are 
concerned with the study of the flight path as a whole, that is, with the 
over-all behavior of the aircraft between specified initial and final points. 
Since the acceleration terms are neglected in the dynamical equations, a 
point performance problem consists of solving a set of nonlinear algebraic 
relationships; consequently, the optimum flight conditions can be ob- 


* This is not the same as stating that the trajectory is rectilinear and flown 
with constant velocity. 

+The major difference between quasi-steady flight and nonsteady flight is 
that the dynamical equations are algebraic in the quasi-steady case and differ- 
ential in the nonsteady case. 
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tained by using the Ordinary Theory of Maxima and Minima. On the 
other hand, an integral performance problem consists of integrating the 
equations of motion subject to the appropriate command programs for the 
controls of the aircraft as well as to the appropriate initial and/or final 
conditions; while the rigorous study of the optimum flight conditions must 
be carried out with the Calculus of Variations, quasi-steady flight has the 
following characteristic: in the majority of problems having engineering 
interest, the optimum conditions calculated with the point performance 
approach are identical with those calculated with the integral perform- 
ance approach (see Ref. 4 and Volume 2). 


2. FLIGHT IN A VERTICAL PLANE 


In this section, a trajectory flown in a vertical plane is considered, and 
the following assumptions are employed: (a) the Earth is flat, and the 
acceleration of gravity is constant; (b) the inertia terms are negligible 
in the dynamical equations; (c) the thrust is tangent to the flight path; 
and (d) the atmosphere is at rest with respect to the Earth, and its 
properties are known functions of the altitude. In the light of these 
hypotheses and of Eq. (7-6), Eqs. (4-42) are rewritten as 


X — Vcosy=0 
h—Vsiny =0 


T—D—Wsiny=0 (1) 
L— Weosy = 0 
W+cT=0 


where X denotes the horizontal distance, h the altitude, V the velocity, 
y the path inclination, W the weight, D the drag, L the lift, T the thrust, 
c the specific fuel consumption, and the dot sign a derivative with respect 
to time. The first two equations are the kinematical relationships in the 
horizontal and vertical directions, the third and the fourth are the dy- 
namical relationships on the tangent and the normal to the flight path, 
and the last is the definition of weight flow of fuel for the engine. Inci- 
dentally, the dynamical equations indicate that the drag and the weight 
component on the tangent to the flight path are balanced by the thrust, 
while the weight component on the normal to the flight path is balanced 
by the lift. 

According to Chapter 6, the drag of an aircraft can be expressed in the 
functional form 


D = D(h, V, L) (2) 


even when compressibility and viscosity effects are considered. Further- 
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more, according to Chapter 7, the characteristics of the powerplant are 
represented by the relationships 


T = T(h, V, =), c = clh, V, T) (3) 


where 7 is the control parameter of the engine. 


2.1 Point performance. After the functional relationships (2) and (3) 
are considered, the dynamical equations on the tangent and the normal 
to the flight path can be rewritten in the form 


T(h, V, t) — Dlh, V, L) — W sin Y = 0 


L — W cosy = 0 (4) 


These equations involve the six variables 
h, V, Y, W, L, T 


and, hence, admit a four-parameter family of solutions. If these param- 
eters are chosen to be the altitude, the velocity, the weight, and the 
power setting, functional solutions of the form 


Y= filh, y, W, T) 
L = flh, V, W, T) 


must be expected. Once the dynamical equations have been solved, 
several other quantities can be determined, for example, the velocity 
components and the fuel consumed per unit time. In this connection, 
after the kinematical relations are combined with the first of Eqs. (5) and 
the definition of weight flow of fuel is combined with Eqs. (3), the follow- 
ing functional relationships are obtained: 


dX 
“dt T fa(h, y, W, T) 


(5) 


È = falh, V, W, 7) (6) 


aw 
ap fs(h, V, 7) 


where ¢ is the time. Hence, the velocity components and the fuel con- 
sumed per unit time depend on, at most, the four chosen parameters: the 
altitude, the velocity, the weight, and the power setting. 


2.2 Integral performance. After the point performance has been in- 
vestigated, certain quantities depending on the flight path as a whole 
(the range, the endurance, and the fuel consumed) must be calculated. 
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To do this, it is necessary to integrate the differential system composed of 
Eqs. (6), which involves one independent variable (the time t), five de- 
pendent variables (X, h, V, W, m), and two degrees of freedom. This 
means that, for a given set of initial conditions for X, h, W, infinite 
trajectories exist which are physically and mathematically possible, more 
specifically, one trajectory for each arbitrarily specified pair of functions 
V(t), m(t) or equivalent conditions. In view of the dissipative nature of 
the aerodynamic forces, no first integral can be written for the general 
case and, consequently, the study of particular flight conditions is of great 
interest from an engineering standpoint. 


3. GLIDING FLIGHT 
For the class of gliding paths, the condition T = 0 must be introduced 
into the equations of motion, which are rewritten as 
X — Veosy = 0 
h—Vsiny=0 


D(h, V, L) + Wsny = 0 (7) 
L — W cosy = 0 
W=0 


Hence, the weight is constant; furthermore, the drag is balanced by the 
weight component on the tangent to the flight path, while the lift is bal- 
anced by the weight component on the normal to the flight path. For the 
sake of simplicity, the discussion of Eqs. (7) is now carried out for the 
class of shallow glide paths, that is, trajectories whose inclination with 
respect to the horizon is so small that 


sin Y = Y, cos Y = 1 (8) 


Consequently, the following simplified set is obtained: 


X¥—V=0 
h—Vvr=0 

D(h, V, L) + Wy = 0 (9) 
L—W=0 
W=0 


3.1 Glide angle and sinking speed. After the expression for the drag 
is combined with the equation of motion on the normal to the flight path 
and the lift is eliminated, the drag function can be written in the form 
D=D(h,V,W). Consequently, the equation of motion on the tangent 
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Fic. 1. Glide angle and sinking speed. 


to the flight path yields the relationship 


_y — Dh, VW) 
= W 


(10) 
which means that the glide angle* is equal to the drag per unit weight. 
Furthermore, the sinking speed is given by 


-o = -yr = 20 V, Y 


(11) 
and, therefore, is equal to the power per unit weight expended in order to 
maintain the aerodynamic field around the aircraft. 

The glide angle and the sinking speed predicted with Eqs. (10) and 
(11) are plotted in Fig. 1 versus the velocity for several values of the 
altitude. For each given altitude, there exists one velocity such that the 
glide angle is a minimum and another such that the sinking speed is a 
minimum. The first condition is called the flattest glide and occurs when 


aD 
ay = 0 (12) 

* Tn gliding flight, the path inclination is negative, and its absolute value is 
called the glide angle. 

+ Generally speaking, the vertical component of the velocity or rate of climb 
is defined as C = Y sin y and simplifies to C = Vy for a shallow path. For the 
particular case of gliding flight, the rate of climb is negative, and its absolute 
value —C is called the sinking speed. 
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Fic. 3. Optimum glide performance. 


that is, when the aerodynamic drag is a minimum. The second condition 
is called the glide with minimum sinking speed and occurs when 


a(DV) _ 
=y 0 (13) 


that is, when the power required to overcome the aerodynamic drag DV 
is a minimum. Generally speaking, the velocity for flattest glide is higher 
than the velocity for minimum sinking speed; furthermore, the latter is 
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higher than the stalling velocity (minimum velocity in quasi-steady 
glide), which is achieved when flying at the maximum lift coefficient; 
finally, these velocities depend on the altitude, decreasing as the aircraft 
progresses toward the lower layers of the atmosphere. For the particular 
case of a subsonic glider, the characteristic glide velocities can be shown 
to be inversely proportional to the square root of the atmospheric density 
(Fig. 2) ; the minimum glide angle is independent of the altitude (Fig. 3); 
and, finally, the minimum sinking speed is inversely proportional to the 
square root of the density, thereby decreasing as the glider approaches 
the lower layers of the atmosphere (Fig. 3). 


3.2 Instantaneous range and endurance. After the altitude is selected 
as the new independent variable, the kinematical relationships on the 
horizontal and vertical directions can be rewritten in the form 


dX 


1 dt 1 
dh 7’ dh @ (14) 
Consequently, the range flown per unit decrease in altitude is maximized 
when the glide angle is a minimum, while the endurance per unit decrease 
in altitude is maximized when the sinking speed is a minimum. 


3.3 Integration process. While the general problem in a vertical plane 
is characterized by two degrees of freedom, gliding flight involves only 
one degree of freedom, owing to the fact that the thrust is zero. In this 
connection, after Eqs. (10) and (11) are accounted for, the differential 
set (14) can be rewritten in the functional form* 


-K Ah VW), -F=hh vw (15) 
and, for given initial values of X and t, admits infinite solutions, more 
specifically, one solution for each arbitrarily specified flight program 
V(h). Among the possible flight programs, the following are of particular 
interest: (a) the constant velocity program; (b) the constant Mach 
number program; (c) the constant dynamic pressure program; (d) the 
constant angle of attack program; (e) the best range program, in which 
the function V (h) is chosen so as to minimize the glide angle; and (£f) the 
best endurance program, in which the function V(h) is chosen so as to 
minimize the sinking speed. Under particular hypotheses, some of these 


*The functional symbol f, (i= 1,2,...) is repeated in every section of this 
chapter, even though its meaning changes from one flight condition to another. 


124 INTRODUCTION TO AIRCRAFT PERFORMANCE [cHaP. 8 


programs may become identical. For example, if compressibility and 
viscosity effects are neglected, the constant dynamic pressure program is 
identical with the constant angle of attack program; furthermore, the best 
range and the best endurance programs become particular cases of the 
constant angle of attack program. 


4. LEVEL FLIGHT 

For the category of level paths, the inclination of the trajectory with 
respect to the horizon is y=0, so that the equations of motion are 
rewritten in the form 


X-—V=0 
h=0 

T(h, V, T) — D(h, V, L) = 0 (16) 
L—W=0 


W + c(h, V, r)T(h, V, 7) = 0 


Hence, the drag is balanced by the thrust, while the weight is balanced by 
the lift. 


4.1 Instantaneous velocity. After the lift is eliminated from the dy- 
namical equations, the following functional relationship is obtained: 


T(h, V, 7) — D(h, V, W) = 0 (17) 


which involves the four variables h, V, W, m, so that a three-parameter 


h,W, = Const. 





Fic. 4. Graphical determination of the level flight velocity. 
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Fic. 5. Level flight solutions in the velocity-altitude domain. 


family of solutions exists. This means that, if the altitude, the weight, 
and the power setting are specified, the only unknown is the velocity; it 
can be determined by plotting the thrust and the drag versus the velocity 
and finding the points where these curves intersect (Fig. 4). As an ex- 
ample, for a turbojet aircraft operating subsonically, there are two solu- 
tions for the velocity and their existence can be justified in the following 
manner. While the zero-lift drag D, increases monotonically with the 
velocity, the induced drag D; decreases, so that the total drag has a 
minimum with respect to the velocity. Since the thrust is almost in- 
variant with respect to the velocity, the thrust-velocity curve and the 
drag-velocity curve admit two intersections: a high-speed solution 1 
corresponding to flight with low angle of attack and a low-speed solution 
2 corresponding to flight with high angle of attack. 

If the velocity is calculated for different values of the altitude but for 
constant weight and power setting, the diagram indicated in Fig. 5 can 
be obtained. This diagram is the locus of the level flight solutions in the 
velocity-altitude domain and exhibits two characteristic points, one where 
the altitude is a maximum and another where the velocity is a maximum. 
The first point is called the theoretical ceiling and has the following 
property: at this altitude, the thrust-velocity curve and the drag-velocity 
curve become tangent; at any altitude above the theoretical ceiling, the 
thrust and the drag no longer intersect, meaning that quasi-steady level 
flight is physically impossible. The second point is also of considerable 
interest for flight operations, even though maximum velocity does not 
necessarily imply maximum range. Generally speaking, the maximum 
velocity of turbojet and turbofan aircraft operating subsonically occurs 
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in the troposphere or at the tropopause; the associated altitude depends 
to a large degree on the thrust-to-weight ratio, increasing as the thrust- 
to-weight ratio increases. 


4.2 Instantaneous range and endurance. After the instantaneous weight 
is selected as the new independent variable, the first and the fifth of 
Eqs. (16) can be rewritten in the form 


OX OV 
dW ch, V, mT, V, 7) 
(18) 
dt 1 


— AIW ch, V, mT, V, m) 


Consequently, the range and the endurance per unit fuel consumed are 
functions of the altitude, the velocity, and the power setting. However, 
these variables are not independent but, for each instantaneous weight, 
must satisfy the level flight equation (17). This means that, if the power 
setting is eliminated from Eqs. (17) and (18), functional expressions of 
the form 


ax 
—- FW f (h, y, W) 
dwt (19) 


dt 
— iw fa(h, V, W) 


are obtained and are plotted in Fig. 6 versus the velocity for a given 
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Fic. 6. Instantaneous range and endurance in level flight. 
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Fic. 8. Maximum instantaneous range and endurance in level flight. 


altitude and for several values of the weight. For each given weight, 
there exists one velocity which maximizes the instantaneous range and 
another which maximizes the instantaneous endurance. The first con- 
dition is called best range, and the second, best endurance. Generally 
speaking, the velocity for best range is higher than that for best endur- 
ance; furthermore, both velocities decrease as fuel is being consumed 
(Fig. 7). The corresponding maximum values for the instantaneous range 
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and the instantaneous endurance increase along the flight path as the 
aircraft becomes lighter because of fuel consumption (Fig. 8) ; more spe- 
cifically, the maximum instantaneous range of a turbojet aircraft oper- 
ating subsonically is inversely proportional to the square root of the 
weight, while the maximum instantaneous endurance is inversely pro- 
portional to the weight. 


4.3 Integration process. While the general problem in a vertical plane 
is characterized by two degrees of freedom, level flight involves only one 
degree of freedom, since the path inclination is zero. Hence, for a given 
set of initial conditions for X and ¢, Eqs. (19) admit infinite solutions, 
more specifically, one solution for each arbitrarily specified flight program 
V(W). Among these programs, the following are investigated in the sub- 
sequent chapters: (a) the constant power setting program; (b) the con- 
stant velocity program; (c) the best range program, in which the function 
V(W) is chosen so as to maximize the instantaneous range; and (d) the 
best endurance program, in which the function V(W) is chosen so as to 
maximize the instantaneous endurance. 


5. QUASI-LEVEL FLIGHT 


In the previous section, level paths were investigated; in this section, 
quasi-level paths are considered. While the former are defined by the 
condition y = 0, the latter are flown with y~0 (that is, with variable 
altitude) but at such small inclination with respect to the horizon that 
the following hypotheses are satisfied: 


cos Y = 1, sin Y = 7, Wsiny < D (20) 


Consequently, the equations of motion are rewritten in the form 


. 


xX—V=0 
h—Vr=0 

T(h, V, 7) — Dlh, V, L) = 0 (21) 
L—-W=0 


W + c(h, V, r)T(h, V, 7) = 0 


Comparison of Eqs. (16) and (21) shows that level paths and quasi-level 
paths are governed by the same set of equations except for the kine- 
matical relationship in the vertical direction. Furthermore, quasi-level 
paths reduce to level paths if the condition y = 0 is introduced into the 
second of Eqs. (21). 
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Fic. 9. Instantaneous range and endurance in quasi-level flight with constant 
power setting. 


5.1 Instantaneous range and endurance. Since the kinematic relation- 
ship in the horizontal direction, the dynamical equations on the tangent 
and the normal to the flight path, and the definition of weight flow of 
fuel are identical for level and quasi-level paths, Eqs. (17) and (18) are 
valid for the present problem. This means that, if the altitude is elimi- 
nated from these equations, the following relationships can be derived: 

-FaninM, -RVW @) 
On the other hand, if the velocity is eliminated from Eqs. (17) and (18), 
one obtains the result 

-S= falhar, W), — Fo = falh m, W) (23) 
These two differential sets are equivalent and can be employed with equal 
generality when studying range and endurance problems. 

If Eqs. (22) are employed, the instantaneous range and endurance 
can be represented as functions of the velocity for a constant power 
setting and for several values of the weight (Fig. 9). For each given 
weight, there exists one velocity which maximizes the instantaneous 
range and another which maximizes the instantaneous endurance. The 
first condition is called best range, and the second, best endurance. Gen- 
erally speaking, the velocity for best instantaneous range is higher than 
that for best endurance; furthermore, both velocities remain constant in 
the stratospheric flight of turbojet and turbofan aircraft (Fig. 10). The 
corresponding maximum values for the instantaneous range and the en- 


130 INTRODUCTION TO AIRCRAFT PERFORMANCE [cHar. 8 


a = Const. 


Best range | 


Best endurance 





w W 
W 


Fic. 10. Velocities for best range and best endurance in quasi-level flight with 
constant power setting. 
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Fic. 11. Maximum instantaneous range and endurance in quasi-level flight 
with constant power setting. 


durance increase along the flight path as the aircraft becomes lighter 
because of fuel consumption (Fig. 11); more specifically, the maximum 
instantaneous range and the maximum instantaneous endurance of turbo- 
jet and turbofan aircraft operating in the stratosphere are inversely 
proportional to the weight. 

Further insight into the problem of the range and the endurance can 
be obtained by employing Eqs. (23) and plotting the instantaneous range 
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Fic. 12. Instantaneous range and endurance in quasi-level flight with constant 
power setting. 


and endurance versus the altitude for a constant power setting and for 
several values of the weight (Fig. 12). For each given weight, there 
exists one altitude at which the instantaneous range is a maximum and 
another at which the instantaneous endurance is a maximum. In par- 
ticular, for turbojet and turbofan aircraft flying subsonically in the 
stratosphere, the best instantaneous endurance is obtained when operat- 
ing at the ceiling, while the best instantaneous range is achieved when 
cruising a few thousand feet below the ceiling. 


5.2 Integration process. While level paths are characterized by one 
degree of freedom, quasi-level paths are characterized by two degrees of 
freedom. Consequently, if Eqs. (22) are employed and if the initial 
values of X and ¢ are prescribed, infinite solutions exist, more specifically, 
one solution for each arbitrarily specified pair of functions 7(W) and 
V(W). Among all the possible flight programs, the following are in- 
vestigated in the subsequent chapters: (a) the constant power setting 
program flown with the velocity distribution corresponding to the best 
instantaneous range and (b) the constant power setting program flown 
with the velocity distribution corresponding to the best instantaneous 
endurance. Concerning the stratospheric flight of turbojet and turbofan 
aircraft, it can be shown that these two programs are characterized by a 
constant lift coefficient, a constant velocity, and a continuously increas- 
ing flight altitude. Hence, this technique of flight is also called the 
cruise-climb. 
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6. CLIMBING FLIGHT 
Climbing flight is now considered, and the equations of motion are 
rewritten in the form 
X —Vecosy = 0 
h—Vsiny = 0 
T(h, V, 7) — D(h, V, L) — Wsiny = 0 (24) 
L—Weosy = 0 
W + clh, V, r)T(h, V, 7) = 0 


While point performance and integral performance relevant to these 
equations have been discussed in general in Section 2, attention is now 
focused on the particular case where the drag function is replaced by a 
somewhat simplified expression. 


6.1 Simplified drag function. From Chapter 6, it is known that the 
over-all drag of an aircraft is the sum of the zero-lift drag and the in- 
duced drag. While the zero-lift drag depends on the velocity and the 
altitude only, the induced drag depends also on the lift, so that the 
following functional relationship holds: 


D = Doh, V) + Dih, V, L) (25) 


After the equation of motion on the normal to the flight path is accounted 
for and the lift is eliminated, Eq. (25) can be rewritten as 


D = D,(h, V) + Dith, V, W cos Y) (26) 


which is equivalent to 


_ Deh, V, W) — Dah, V, W cos 2] 


D = [Do(h, V) + Deh, V, W)] E Delh, V) + Dilh, V, W) 


(27) 
Hence, if the approximation 
Pah Y, W) — D:lh, V, W cos Y) 
Delh, V) F Dih, V, Wy S! 28) 
is employed, the drag function can be reduced to the form 
D = Dlh, V) + D:lh, V, W) (29) 


which simplifies the study of the climbing problem to a considerable 
degree. Obviously, the use of Eq. (29) is always permissible for flight 
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with small path inclination. However, it is also permissible for large path 
inclinations as long as D{/D, « 1. The reason is that any error in evalu- 
ating cos y causes an error in the computation of the induced drag; but, if 
the flight condition is such that the induced drag is negligible with respect 
to the zero-lift drag, only a small error is introduced into the computa- 
tion of the total drag and, hence, of quantities which depend on the total 
drag, such as the sine of the path inclination, the rate of climb, and the 
fuel consumed per unit increase in altitude. 


6.2 Path inclination, rate of climb, and fuel consumed per unit in- 
crease in altitude. Since the drag function (29) has the form D= 
D(h, V,W), the equation of motion on the tangent to the flight path 
yields the following solution for the sine of the path inclination: 


T(h, V, 7) — Dih, V, W) 
EAEN (20) 


sin Y = 
so that the rate of climb and the fuel consumed per unit increase in 
altitude become 


[T(h, V, T) — Dih, V, WIV 
W 


W alh, V, m)W 
dh  [T(h, V, 7) — D(h, V, W)|V 


where q = cT is the fuel consumed per unit time. If the difference T — D 
is defined as the excess thrust, the sine of the path inclination is equal to 
the excess thrust per unit weight. Furthermore, if the difference TV — DV 
is defined as the excess power (power available for flight operations minus 
power dissipated in overcoming the aerodynamic drag), the rate of climb 
is equal to the excess power per unit weight. Finally, the fuel consumed 
per unit increase in altitude is equal to the fuel consumed per unit time 
divided by the excess power per unit weight. 

The path inclination, the rate of climb, and the fuel consumed per 
unit increase of altitude predicted with Eqs. (30) and (31) are plotted in 
Fig. 13 versus the velocity for a constant weight, a constant power setting, 
and several values of the altitude. For each given altitude, there exists 
one velocity which maximizes the path inclination, another which maxi- 
mizes the rate of climb, and a third which minimizes the fuel consumed 
per unit increase in altitude. The first condition is called the steepest 
climb and occurs when 


C= 
(31) 


aT — D) 
av = 


that is, when the excess thrust is a maximum. The second condition is 


0 (32) 
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Fic. 13. Path inelination, rate of climb, and fuel consumed per unit increase 
of altitude. 
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Fic. 14. Characteristic velocities for powered flight in a vertical plane. 
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Fic. 15. Optimum climbing performance. 


called the fastest climb and occurs when 


a(TV — DV) _ 


3y 0 (33) 


that is, when the excess power is a maximum. Finally, the third condi- 
tion is called the most economic climb and occurs when 


a (TV —DV\ _ 
£ (775 ) = 0 (34) 
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that is, when the ratio of the fuel consumed per unit time to the excess 
power is a minimum. 

In connection with the above results, Figs. 14 and 15 summarize the 
climbing performance of a typical turbojet-powered aircraft for a given 
weight and power setting. As Fig. 14 indicates, the velocity for fastest 
climb is higher than that for most economic climb, while the latter is 
higher than the velocity for steepest climb; furthermore, these velocities 
are always bourided by two limiting values, that is, the level flight solu- 
tions which are attainable with the given power setting; incidentally, all 
of these velocities become identical at the theoretical ceiling of the air- 
craft. Also, Fig. 15 shows the maximum rate of climb, the maximum 
path inclination, and the minimum fuel consumed per unit increase in 
altitude as functions of the altitude. Both the maximum rate of climb 
and the maximum path inclination decrease with the altitude, becoming 
zero at the ceiling. On the other hand, the minimum fuel consumed per 
unit increase in altitude has a stationary point with respect to the alti- 
tude; beyond this point, the ratio g/C increases with the altitude, be- 
coming infinitely large at the ceiling. 


6.3 Instantaneous range, endurance, and fuel consumed per unit in- 
crease in altitude. After the altitude is selected as the new independent 
variable, the first, second, and fifth of Eqs. (24) are rewritten in the form 


dx _ 1 a_i Wag 
dh tany’ dh C’ dh C 


Consequently, the distance flown per unit increase in altitude is mini- 
mized when the path inclination is a maximum; the time elapsed per unit 
increase in altitude is minimized when the rate of climb is a maximum; 
and finally, the fuel consumed per unit increase in altitude is minimized 
when the ratio of the fuel consumed per unit time to the rate of climb is a 
minimum. 





(35) 


6.4 Integration process. The next step in the analysis is to evaluate 
the distance, the time, and the fuel consumed in a climbing maneuver. 
After Eqs. (30) and (31) are accounted for, the differential set (35) is 
rewritten in the functional form 

ax 


ah = falh, y, T, W) 


Z L falh, V, m, W) (36) 


dw 
a “dh = fa(h, y, T, W) 
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which, for given initial values for X, t, W, admits infinite solutions, more 
specifically, one solution for each arbitrarily specified pair of functions 
a(h) and V (h). 

Among all the possible flight programs, the following have a particular 
interest: (a) the steepest climb program, which is flown with constant 
power setting and with the velocity distribution corresponding to the 
maximum path inclination; (b) the fastest climb program, which is flown 
with constant power setting and with the velocity distribution corre- 
sponding to the maximum rate of climb; and (c) the most economic 
program, which is flown with constant power setting and with the ve- 
locity distribution corresponding to the minimum fuel consumed per 
unit increase in altitude. For example, consider the second of these flight 
programs, and disregard the changes in the path inclination, the rate of 
climb, and the fuel consumed per unit time caused by changes in the 
weight.* Under these assumptions, the right-hand sides of Eqs. (36) 
become functions of the altitude only. Consequently, the integration 
process reduces to that of simple quadratures, even though analytical 
solutions must be generally ruled out. 


7. KINETIC ENERGY CORRECTION 


In the previous section, climbing performance was analyzed from a 
quasi-steady point of view, that is, the inertia terms appearing in the 
dynamical equations were neglected. This is the same as disregarding 
the kinetic energy in the energy balance or assuming that the energy 
developed by the powerplant is entirely employed to maintain the aero- 
dynamic field and to increase the potential energy of the aircraft. Thus, 
an error is introduced into the rate of climb and, consequently, into the 
time to climb and the fuel consumed. Since this error can be quite im- 
portant for some types of jet-propelled aircraft, this section presents an 
approximate method for correcting it (Ref. 2). 

If the tangential acceleration is considered, but the centripetal acceler- 
ation is disregarded,ł the nonsteady climb is still described by the 
equations of the previous section, except that the equation of motion on 
the tangent to the flight path is replaced by 


T(h, V, 7) — Dlh, V, W) — W sin Y — z V=0 (37) 


* This hypothesis is justified in most climbing maneuvers, since the variation in 
the weight due to the fuel consumed is less than 6-7% of the initial weight. How- 
ever, if a more precise analysis is desired, iterative procedures must be employed. 

+The curvature of the trajectory is negligible along a major part of the 
climbing path. 
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After the kinematic relationship in the vertical direction is accounted 
for, Eq. (37) can be rewritten as 


T(h, V, 1) — D(h, V, W) — Wsin Y ę sf x ar) =0 (38) 
and implies that 
C= Vsiny= [T(h, V, T) — Dlh, V, W) V (39) 


V dV 
1 
ee) 


Comparison of Eq. (39) and the first of Eqs. (31) shows that, for the 
same altitude, velocity, and power setting, the ratio of the accelerated 
rate of climb (subscript a) to the quasi-steady rate of climb (subscript s) 
is given by 

Cac. 1 1 


CG. V dv d(V2/2) 
I+ i hee d(gh) 


This important ratio can be called the acceleration factor and is a meas- 
ure of the error involved when computing climb (or descent) performance 
from a quasi-steady standpoint. Clearly, this error depends on the rate 
of variation of the kinetic energy with respect to the potential energy. 
Hence, its importance is negligible for propeller-driven aircraft, ap- 
preciable for turbojet or turbofan aircraft operating subsonically, and 
fundamental for turbojet, turboramjet, or ramjet aircraft which attain 
supersonic speeds at the end of the climb. As an example, if an aircraft 
climbs with constant dynamic pressure, the acceleration factor is 0.85 at 
M = 0.5, meaning that the actual rate of climb is 85% of that predicted 
with the quasi-steady approach; as the Mach number increases, the 
acceleration factor decreases rapidly, becoming 0.59 at M =1 and 0.26 
at M = 2. 


(40) 





7.1 Remark. The method previously indicated is extremely useful in 
the approximate prediction of the accelerated climbing performance of 
subsonic aircraft. Briefly, the method consists of calculating first the 
quasi-steady rate of climb, then the acceleration factor, and finally the 
nonsteady rate of climb by multiplication of the two component items. 
However, truly optimum trajectories cannot be obtained in this way, 
since the velocity distribution employed in evaluating the acceleration 
factor is that which was calculated with the quasi-steady approach. The 
exact formulation of the problem of the optimum ascent or descent with 
acceleration terms included belongs to the realm of the Calculus of Varia- 
tions and is discussed in Volume 2. 
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8. FLIGHT IN A HORIZONTAL PLANE 


In this section, a trajectory flown in a horizontal plane is considered, 
and the following assumptions are employed: (a) the Earth is flat, and 
the acceleration of gravity is constant; (b) the inertia term is negligible 
in the equation of motion on the tangent to the flight path but not in the 
equation of motion on the normal; (c) the thrust is tangent to the flight 
path; (d) the atmosphere is at rest with respect to the Earth, and its 
properties are known functions of the altitude; and (e) the sideslip angle 
is zero. In particular, hypothesis (e) means that both the velocity and 
the resultant aerodynamic force are contained in the plane of symmetry 
of the aircraft, as is the case with a properly banked turn. 

In the light of these hypotheses and of Eq. (7-6), Eqs. (4-46) and 
(4-48) are rewritten in the form 


X — Veosx = 0 
Y — Vsinx =0 


T—D=0 (41) 


Lsinu — “Vi = 0 


Leosp — W = 
W+cT=0 


where X and Y denote Cartesian coordinates measured in the horizontal 
plane, p is the velocity roll angle, and x is the velocity yaw angle.* The 
first two equations are the kinematical relationships in the X and Y-direc- 
tions; the third, the fourth, and the fifth are the dynamical relationships 
on the principal axes (tangent, principal normal, and binormal) ; and the 
last is the definition of the weight flow of fuel for the engine. Incidentally, 
the dynamical equations indicate that the drag is balanced by the thrust, 
the centrifugal force is balanced by the horizontal component of the lift, 
and the weight is balanced by the vertical component of the lift. 


8.1 Point performance. After the functional relationships (2) and (3) 
are accounted for, the dynamical equations on the tangent, the principal 


* Within the context of Part II, the velocity roll angle » is referred to as the 
angle of bank, since it is identical with the angle of inclination of the plane of 
symmetry of the aircraft with respect to the vertical; also, the time derivative 
of the velocity yaw angle X is called the evolutory velocity or turn rate. 
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normal, and the binormal can be rewritten in the form 
T(h, V, 7) — Dh, V, L) = 0 
Lsinu ~~ Vk = 0 (42) 
Leosp —W=0 
These equations involve the seven variables 
h, V, x, h, W, L, T 


and, hence, admit a four-parameter family of solutions. If these param- 
eters are chosen to be the altitude, the velocity, the weight, and the power 
setting, functional solutions of the form 


u = filh, V, W, 7) 
L = falh, V, W, T) (43) 
* = falh, V, W, T) 


must be expected. Once the dynamical equations have been solved, sev- 
eral other derived quantities can be calculated, for instance, the load 


factor 


n= (44) 


and the radius of curvature of the flight path. If, for simplicity, a right 
turn is considered, the radius of curvature is given by 
y 


x (45) 


r 


In consideration of the previous solutions, both the load factor and the 
radius of curvature can be functionally written as 


n = falh, y, W, T) 


ESRR a 


and, consequently, depend on the four chosen parameters: the altitude, 
the velocity, the weight, and the power setting. Hence, if the weight and 
the power setting are given, the right-hand sides of Eqs. (48) and (46) 
become functions of the altitude and the velocity only and are plotted 
in Figs. 16 and 17 for a typical turbojet aircraft. 

Among the infinite number of properly banked horizontal turns which 
the aircraft can execute, there are some special turns which are particu- 
larly significant, since they supply an indication of the maneuverability 
of the aircraft in a horizontal plane. These special maneuvers are the 
turns with maximum angle of bank, maximum load factor, maximum 
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Fig. 17. Evolutory velocity and radius of curvature. 


evolutory velocity, and minimum radius of curvature and are indicated 
by the dashed lines in Figs. 16 and 17. Generally speaking, the velocity 
for maximum angle of bank is identical with the velocity for maximum 
load factor and higher than the velocity for maximum X which, in turn, 
is higher than the velocity for minimum radius of curvature. Further- 
more, these characteristic velocities increase with the altitude, even 
though they are always bounded by two limiting values, which are repre- 
sented by the rectilinear flight solutions with the given power setting 
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Fic. 19. Optimum turning performance. 


(Fig. 18). Finally, the maximum load factor, the maximum angle of 
bank, and the maximum evolutory velocity decrease with the altitude, 
becoming zero at the ceiling, while the minimum radius of curvature in- 
creases with the altitude, becoming infinitely large at the ceiling (Fig. 19). 


8.2 Integral performance. After the point performance has been in- 
vestigated, certain quantities which depend on the flight path as a whole 
(the Cartesian coordinates, the velocity yaw angle, and the fuel con- 
sumed) must be calculated. In consideration of Eqs. (3), (41), and (43), 
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the differential set to be integrated can be represented as 


dX 


oF = fal V,%) 

a = iV, %) a 
IX S falh, V, W, m) 

IE L folh, V, m) 


and involves one independent variable (the time t), six dependent vari- 
ables (X, Y, V,x, W, 7), and two degrees of freedom. Thus, for a given 
set of initial conditions for X, Y, x, W, infinite trajectories exist which 
are physically and mathematically possible, more specifically, one tra- 
jectory for each arbitrarily specified pair of functions V(t), m(t) or 
equivalent conditions. Among all the possible flight programs, the follow- 
ing have a particular interest: (a) the constant power setting program 
flown with the velocity distribution corresponding to the maximum load 
factor (or the maximum angle of bank); (b) the constant power setting 
program flown with the velocity distribution corresponding to the maxi- 
mum evolutory velocity; and (c) the constant power setting program 
flown with the velocity distribution corresponding to the minimum radius 
of curvature. If the change in the weight due to the fuel consumed is 
neglected, each of these special trajectories can be shown to be a circular 
arc flown with constant values of the velocity, the angle of bank, and the 
evolutory velocity. In particular, the radius of the turn with the maxi- 
mum load factor is greater than that of the turn with maximum evolu- 
tory velocity, which is obviously greater than the minimum radius of 
curvature. 


9. FLIGHT LIMITATIONS 


In the previous sections, the performance of an aircraft was analyzed 
in a functional form. With particular reference to powered flight in a 
vertical plane and to the velocity-altitude domain, the characteristic 
velocities were summarized in Fig. 14. These theoretical solutions can be 
unrestrictedly employed for flight operation only if no limitations are 
imposed on the aircraft. In practice, however, several limitations of an 
aerodynamic or a structural nature must be considered; hence, the usable 
portion of the velocity-altitude domain is reduced somewhat, depending 
on the type of aircraft (Ref. 1). Among these limitations, those associ- 
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ated with the phenomena of stall, buffeting, gust load, sonic boom, and 
aerodynamic heating are now discussed. 


9.1 Stalling limit. Because of stability and control considerations, 
it is desirable that the angle of attack in flight be smaller than that for 
which stalling occurs. With reference to level flight, the stalling boundary 
is obtained by introducing the condition Cs = Crs (where Crs is the 
stalling lift coefficient) into the equation of motion on the normal to the 
flight path. For a given atmospheric model, this operation yields a func- 
tional relationship of the form 


filh, V, W) = 0 (48) 


which, for each given weight, separates the region of the velocity-altitude 
domain where stalling occurs from that in which it does not occur. 


9.2 Buffet limit. For some types of aircraft, it is desirable that the 
angle of attack in flight be smaller than that for which buffeting occurs. 
With reference to level flight, the buffet boundary is obtained by intro- 
ducing the condition C, = Cyg (where C_, is the buffeting lift coefficient) 
into the equation of motion on the normal to the flight path. Once more, 
this operation yields a functional relationship of the form 


fo(h, V,W) = 0 (49) 


which, for each given weight, separates the region of the velocity-altitude 
domain where buffeting occurs from that in which it does not occur. 


9.3 Gust load limit. Consider an aircraft in level flight, and assume 
that such a vehicle is subjected to a vertically ascending gust whose speed 
is a known function of the altitude. Because of the gust, the angle of at- 
tack increases, the lift increases, and the load factor becomes larger than 
one. If the load factor is assumed to be equal to the maximum value for 
which the aircraft is designed, the functional relationship 


is obtained. This relationship defines the gust load boundary or structural 
placard and can impose severe limitations on both the maximum speed 
and the speed for best climb. 


9.4 Sonic boom limit. If an aircraft flies at supersonic speeds, a sys- 
tem of shock waves is produced and propagates through the atmos- 
phere. The shock wave reaching the ground carries an overpressure 
which, for a given aircraft configuration, is a function of the Mach 
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number, the flight altitude, and the angle of attack. If this overpressure 
is assumed to be equal to the maximum value which is permissible for 
the comfort of the population on the ground (a few pounds per square 
foot), the functional relationship 


falh, V, W) = 0 (51) 
is obtained. This relationship defines the sonic boom boundary and can 


impose severe limitations on both the maximum speed and the speed for 
best climb. 


9.5 Aerodynamic heating limit. At moderate or high supersonic speeds, 
important heat transfer phenomena occur between the surrounding me- 
dium and the aircraft. The time rate of heat transfer from the boundary 
layer to either the entire wetted area or some specific region (e.g., the 
leading edge of the wing and the nose of the fuselage) depends mainly 
on the Mach number, the Reynolds number, and the angle of attack 
(see Chapter 14). If this heating rate is assumed to be equal to the 
limiting value which is permissible in order to prevent excessive thermal 
stresses and/or deterioration of the surface (this depends on the engineer- 
ing precautions employed in order to protect and cool the surfaces), the 
functional relationship 


fs(h, V, W) = 0 (52) 


can be found and is called the aerodynamic heating boundary. In prac- 
tice, this boundary can impose severe limitations on the maximum speed 
and the speed for best climb. 


9.6 Remark. While the above limitations are characteristic of the air- 
craft, several other limitations characteristic of the engine must be con- 
sidered (see Chapter 7). As an example, the combustion chamber pressure 
of a turbojet or a ramjet is bounded by a lower limit (the flame-out 
pressure) and an upper limit (the maximum allowable pressure for which 
the engine is designed). As another example, the temperatures at the 
compressor outlet and at the turbine inlet must be less than the maximum 
allowable values for which these turbojet components are designed. If 
the analysis of the engine cycle is carried out, these limiting conditions 
can be shown to have the form 

fh, V, 7) = 0 (53) 
where m is the control parameter of the engine. Incidentally, the bound- 
ary curves defined functionally by Eq. (53) are known to impose severe 
limitations on the ceiling, the maximum speed, and the speed for best 


climb of turbojet or ramjet vehicles designed to attain supersonic 
velocities. 
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10. CONCLUSION AND INTRODUCTION TO THE 
FOLLOWING CHAPTERS 


In this chapter, quasi-steady flight in a vertical plane and a horizontal 
plane has been analyzed in connection with both the point performance 
problem and the integral performance problem. By representing the drag, 
the thrust, and the specific fuel consumption in a functional form, it has 
been possible to predict the functional nature of the solutions, even 
though these solutions have not been explicitly stated. In particular, the 
point performance problem in a vertical plane and that in a horizontal 
plane have been shown to yield a four-parameter family of solutions for 
each given aircraft. 

If particular hypotheses are employed in the representation of the 
characteristics of the aircraft and the engine, considerable simplifications 
are possible. In the first place, a large section of the performance prob- 
lem becomes amenable to analytical methods and yields closed form 
solutions. In the second place, the introduction of appropriate dimension- 
less groups allows the number of parameters characterizing each problem 
to be reduced. 

In connection with the above discussion, the performance problem will 
be treated in the following chapters for three types of aircraft: (a) a 
low-speed aircraft whose drag polar is parabolic with constant coefficients 
and whose engine characteristics are ideally independent of the Mach 
number; (b) a low-speed aircraft whose drag polar is nonparabolic and 
whose engine characteristics are ideally independent of the Mach number; 
and (c) a high-speed aircraft whose aerodynamic and engine character- 
istics are arbitrarily dependent on the Mach number. 

For problems of type (a) and (b), the point performance problem is 
no longer governed by a four-parameter family of solutions but, after 
appropriate similarity parameters are introduced, by a two-parameter 
family. On the other hand, for problems of type (c), the point perform- 
ance problem reduces to a three-parameter family. These statements 
emphasize the advantages which are inherent in the use of dimensionless 
variables and explain why they are consistently employed throughout 
the following chapters. 


EXERCISES 


1. In connection with level flight with a given weight and power setting, 
show that the following condition must be satisfied at the ceiling: 


a(T — D) _ 


av 0 (54) 


Hence, the ceiling occurs when the excess thrust is a maximum with 
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respect to the velocity for constant values of the altitude, the power 
setting, and the weight. 

2. In connection with level flight with a given weight and power setting, 
show that the following condition must be satisfied at the altitude where 
the velocity is maximum: 


a(T — D) _ 


ah 0 (55) 


Thus, the maximum speed occurs when the excess thrust is a maximum 
with respect to the altitude for constant values of the velocity, the power 
setting, and the weight. 

3. Consider the fastest climb of an aircraft with a constant power 
setting, and disregard the effects due to weight changes in the dynamical 
equations. Approximating the tangent of the path inclination, the rate 
of climb, and the fuel consumed per unit time with linear functions of the 
altitude (for intervals of about 5000 ft), show that the following analyti- 
cal solutions hold: 


-1 Ah tan Ye 
AX = Titan) 8 tan, 
_ Ah), Ce 
At = 7G log C. (56) 


_aw = AY qiC2 — Cige 
AW = SG Ah + 202 1? at 


where the subscripts 1 and 2 refer to the endpoints of each interval of 
integration. Consequently, by adding the above increments, the distance, 
the time, and the fuel consumed between any given initial and final 
altitudes can be determined. 
4. In connection with turning flight in a horizontal plane, show that 
the load factor and the angle of bank are related by 
1 


=e 7 (57) 





Hence, turning flight with maximum angle of bank is identical with 
turning flight with maximum load factor. 

5. In connection with turning flight in a horizontal plane, show that 
the evolutory velocity and the radius of curvature satisfy the following 
relationships: 


vad y? 
ee ’ r= — (58) 
gv n2 — 1 


where n is the load factor. Notice that straight and level flight can be 
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regarded as the limiting case of turning flight for r— œ. Hence, this 
limiting case occurs for n = 1, which implies that X = 0 and w=0. 

6. Consider a constant altitude turn executed with constant power 
setting and constant velocity. Neglecting the changes in the weight of 
the aircraft due to fuel consumption, show that the load factor, the angle 
of bank, the evolutory velocity, and the radius of curvature are simul- 
taneously constant. Furthermore, assuming the initial conditions 


t; = 0, X:;= Y;=0, x;=0 (59) 


show that the geometry of the trajectory is described by the parametric 
equations 


x= r sin (Xt), Y = Xu — cos (xt)] (60) 
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CHAPTER 9 
PERFORMANCE OF AN AIRCRAFT 
WITH A PARABOLIC POLAR 


1. INTRODUCTION 


In the previous chapter, the performance problem was considered in 
general with the assumption that the characteristics of the aircraft and 
the engine are arbitrary. In particular, attention was devoted to both 
flight in a vertical plane and flight in a horizontal plane. In this chapter, 
the entire performance problem is reconsidered for the particular case 
of an aircraft satisfying the following assumptions: (a) the drag polar 
is parabolic with constant coefficients; and (b) the characteristics of 
the powerplant are independent of the speed and proportional to some 
power of the atmospheric density. Obviously, because of these hypothe- 
ses, considerable limitations are imposed on the resulting theory; yet, its 
merit is that simple analytical relationships can be obtained, from which 
the essential features of the performance problem of turbojet and turbofan 
aircraft operating subsonically can be readily understood (Ref. 1). 


2. FLIGHT IN A VERTICAL PLANE 
If all the hypotheses of Section 8-2 are retained, quasi-steady flight 
in a vertical plane is represented by the equations 
X — Veosy = 0 
h—Vsiny = 0 


T—D—Wsnvy=0 (1) 
L—Weosvy=0 
W+cT=0 


where X denotes the horizontal distance, h the altitude, V the velocity, 
y the path inclination, W the weight, D the drag, L the lift, T the thrust, 
c the specific fuel consumption, and the dot sign a derivative with respect 
to time. 


2.1 Aerodynamic characteristics. In accordance with Chapter 6, the 
aerodynamic forces are defined as 


D = 4CppSV?, L= 4CrpsV? (2) 
149 
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where p is the air density, S a reference area, Cp the drag coefficient, and 
C, the lift coefficient. In turn, because of hypotheses (a), these coeffi- 
cients satisfy the relationship 


Co = Cpo + KCŻ (3) 


where Cpo is the zero-lift drag coefficient and K the induced drag factor. 
Consequently, after Eqs. (2) and (3) are combined and the lift coeffi- 
cient is eliminated, the following relation is obtained for the drag function: 


2KL? 
pSV2 





D = 5 CoopSV? + (4) 


2.2 Engine characteristics. Because of hypothesis (b) and in accord- 
ance with Chapter 7, an idealized jet engine is considered, and its main 
performance characteristics, the thrust and the specific fuel consumption, 


obey the laws 
Es ay tia (ey 
Te (2 i Cx * (5) 


where x and y are dimensionless exponents (typical values: x = 0.7 and 
y = 0.2 for tropospheric flight; x = 1 and y = 0 for stratospheric flight) 
and the asterisk denotes quantities evaluated at the tropopause. The 
quantity cC» is regarded as a characteristic constant of the engine; on the 
other hand, T% is identified with the power setting and can be controlled 
in flight between a lower bound, assumed zero, and an upper bound which 
depends on the characteristics of the powerplant. 


2.3 Dimensionless parameters. The solution of the dynamical equa- 
tions can be simplified substantially, if certain dimensionless parameters 
are introduced. They are the load factor (lift-to-weight ratio), the 
dimensionless thrust, and the dimensionless velocity. These parameters 
are defined as (Ref. 11) 


where 
Emax = ——— (7) 
2VKCpo 


is the maximum aerodynamic efficiency (maximum lift-to-drag ratio) and 


where 
2w |K 
Ve=.l— 3 
z pS NCpo (8) 
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Fic. 1. Dimensionless drag versus dimensionless speed and load factor. 


is a reference velocity. The physical meaning of these parameters can 
be clarified by rewriting the drag function (4) in the form 


WwW 2 n? 
ee («+ 5) n 
which is plotted in Fig. 1 versus the dimensionless speed for several values 
of the load factor.* While the zero-lift drag increases monotonically with 


the velocity, the induced drag decreases. Consequently, for a given load 
factor, the over-all drag has the minimum value 


D= 











WwW 
D= Dan (10) 
which occurs for 
u = vn (11) 
In particular, if the load factor is n= 1, these equations become 
WwW 
D = Ban? u= 1 (12) 


This means that the dimensionless speed is the ratio of the actual flight 
speed to that speed for which the over-all drag is a minimum in level 
flight; furthermore, the dimensionless thrust is the ratio of the actual 





* For quasi-steady flight in a vertical plane, the load factor is always less than 
or equal to one. 
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thrust to the minimum drag in level flight. To conclude this section, 
several remarks are appropriate: 

(a) Since the dimensionless speed is proportional to the square root 
of the dynamic pressure, the existence of an optimum dimensionless 
speed is equivalent to the existence of an optimum dynamic pressure. 
This consideration has a twofold implication. If the altitude and the 
load factor are prescribed, there exists a velocity which minimizes the 
drag; conversely, if the velocity and the load factor are given, there exists 
an altitude for which the drag is a minimum (see Figs. 6-19 through 
6-21). 

(b) Once the dimensionless speed and the load factor are given, not 
only can the drag per unit weight be calculated but also several other 
related quantities. One of these is the ratio of the induced drag to the 
zero-lift drag 


= (13) 





which will be referred to in the remainder of the text as the drag ratio. 
Another is the ratio of the actual aerodynamic efficiency to its maximum 
value 


2 
E _ 2VR _ 2m (14) 


which will be referred to as the aerodynamic efficiency ratio. 

(c) As Fig. 1 indicates, the drag per unit weight is almost independent 
of the load factor for flight speeds such that u>2. This means that, 
should the drag function (9) be replaced by a simplified relationship in 
which n = 1, no great loss of accuracy would be incurred in the computa- 
tion of the total drag as well as of any quantity which is related to the 
total drag, such as the path inclination and the rate of climb. 


3. GLIDING FLIGHT 


The class of shallow glide paths is now considered. After hypotheses 
(8-8) are employed and the condition of zero thrust is introduced into 
the equations of motion, the following differential set is obtained: 


X¥—V=0 
h—Vv=0 
D+Wy=0 (15) 
L-W=0 


Ww=0 
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Its properties are now investigated from both a local point of view 
(point performance) and an over-all point of view (integral performance). 


3.1 Glide angle and sinking speed. Since the load factor is n = 1, the 
aerodynamic drag is written in the form 


WwW 1 
D= E G + 4) (16) 


Consequently, the equation of motion on the tangent to the flight path 
yields the following solution for the glide angle (modulus of the path 
inclination) : 








eee 2, 1 
—Y = W 2E (u + i) (17) 
so that the sinking speed (modulus of the rate of climb) becomes 
OLN ere 3,1 
-4 = -ur = (e +i) ou 


Among all the possible glide conditions, there are two which have 
particular interest for flight operations: the flattest glide and the glide 
with minimum sinking speed. If the derivative of the right-hand side of 
Eq. (17) with respect to the dimensionless speed is calculated and set 
equal to zero, it is seen that the flattest glide occurs when 


u=i1 (19) 
which implies that R = 1 and 


1 
Emax 


Analogously, if the derivative of the right-hand side of Eq. (18) with 
respect to the dimensionless speed is calculated and set equal to zero, it is 
seen that the minimum sinking speed occurs for 


1 


—y = 





(20) 








u = (21) 
v3 
which implies that R = 3 and 
C 23 
Vg S i s 


From these results, it is concluded that the velocity for flattest glide is 
about 32% higher than that which yields the glide with minimum sinking 
speed; furthermore, the induced drag is equal to the zero-lift drag for 
flattest glide but is three times the zero-lift drag for minimum sinking 
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speed; also, the aerodynamic efficiency is equal to the maximum for 
flattest glide but is 87% of the maximum for minimum sinking speed. 
In closing, the following remarks are pertinent: 

(a) The existence of optimum flight conditions depends on the inter- 
play of the induced drag and the zero-lift drag. Both extremes of the 
velocity scale must be avoided in quasi-steady flight. In fact, low 
velocities cause a heavy performance penalty because of large induced 
drag; conversely, high velocities cause a heavy performance penalty 
because of large zero-lift drag. 

(b) According to Chapter 6, the induced drag factor of a subsonic 
aircraft is inversely proportional to the aspect ratio m. Hence, the 
glide angle and the sinking speed obey the proportionality relationships 


[Coo {Coo 
—Y~ R , —C ~ R3 (23) 


This means that a 10% decrease in the zero-lift drag coefficient causes a 
5% decrease in the glide angle and a 2.5% decrease in the sinking speed. 
Conversely, a 10% increase in the aspect ratio causes a 5% decrease in 
the glide angle and a 7.5% decrease in the sinking speed. Thus, the glide 
angle is more sensitive than the sinking speed to changes in the zero-lift 
drag coefficient, while the opposite is true with regard to changes in the 
aspect ratio. 


3.2 Range and endurance. After the altitude is selected as the new 
independent variable, the kinematical relationships on the horizontal and 
vertical directions are rewritten in the form 








dX _ 1l __ 2%? E 

da Y` l1 + us mX (24) 
d _ l1 ______ 2u Emx 

da C` 1 + ut Tao VO 


where Vro is the reference velocity evaluated at sea level and o = p/p, 
the relative density. In order to integrate these differential equations, the 
relationship u(h) must be specified. In this connection, two particular 
flight programs are now discussed, that is, the constant angle of attack 
program and the constant velocity program. 


3.2.1 Constant Angle of Attack. If the angle of attack is constant, the 
lift coefficient is constant; since both the actual velocity and the reference 
velocity are inversely proportional to the square root of the density, the 
dimensionless speed is constant. Hence, after the end-conditions 


XxX; = 0, li = 0, X; = X, y=t (25) 
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Fic. 2. The function J(h). 


are considered, one obtains the definite integrals 


x= 4 r Emax (h: o 
1 ra (26) 
_2u pe 
where the function J(h) is defined as 
1) = f * Vo dh (27) 
0 


and is plotted in Fig. 2 with reference to the 1959 ARDC Model Atmos- 
phere. From these relationships, it is clear that the maximum range is 
achieved for u = 1 and is given by 


X = Emax (hi — hy) (28) 
while the maximum endurance is achieved for u = ¥/1/3 and is given by 
3 Emax 
t= 1 Vno ith I(hy)] 29) 
awa V (hi) — I (hy ( 


In particular, Eq. (28) indicates that the glider is capable of converting 
potential energy into the work necessary to achieve range in a resisting 
medium. Since the transformation factor is the lift-to-drag ratio, it is 
concluded that this quantity is an important parameter in the aero- 
dynamic design of gliders. 
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3.2.2 Constant Velocity. If the velocity is constant, the dimensionless 
speed continuously increases along the flight path according to the law 


u = ovo (30) 


where v = V/V ao ìs a constant. If an exponential atmosphere is assumed, 
the density-altitude relationship is represented by 


o = exp (- ») (31) 


where A is a constant (see Appendix), and the differential equations for 
the range and the endurance become 


dX SN 2) Emax? 
de 1 + vito? 


dt A 2) Emax} 
do” Vro(1 + vto?) 


(32) 


Hence, after the end-conditions (25) are accounted for, the following 
definite integrals are obtained: 


vlos — 93) 
X= 2\E max arctan [pees 


— 2B max var a) 
= VRO arctan | 1 F voyo; 


(33) 





and show that the range and the endurance depend on the velocity main- 
tained along the flight path. 

If the initial and final altitudes are given, the range is maximized 
when the dimensionless velocity has the value 








1 hi + w) 
v= = exp | —.— 34 
which implies that 
. hi — hy 
X = 2)\Fyax arctan | sinh oN (35) 


On the other hand, the endurance is maximized when the dimensionless 
velocity satisfies the transcendental equation 


2 
2 Oi _ O v“(os — o) | _ 
alg vig? IF A j arctan | TF Te] re ee 


which can only be solved by graphical methods, 
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3.2.3 Comparison of Different Flight Techniques. In the previous 
sections, two flight programs were investigated, that is, constant angle of 
attack and constant velocity. A comparison of these programs shows 
that, for the same end-altitudes, the former is superior to the latter from 
both the range and the endurance standpoints. As an example, for a jet 
vehicle flying with the engine shut off from an initial altitude of 40,000 ft 
to sea level, the best constant angle of attack program yields 11% more 
range and 8% more endurance than the best constant velocity program. 


4. LEVEL FLIGHT 


For the category of level paths, the condition of zero path inclination 
is to be introduced into the equations of motion, which simplify to 


xXx—V=0 
h=0 
T—D=0 (37) 
L—-W=0 
W+cT=0 


These equations are now investigated both locally (point performance) 
and integrally (integral performance). 


4.1 Flight velocity. Since the load factor is n= 1, the aerodynamic 
drag is represented by Eq. (16). Consequently, the equation of motion 
on the tangent to the flight path becomes 


W f 1) 
T— (x +4) = 0 (38) 





and leads to 
u* — 2eu? +1=0 (39) 


where z is the dimensionless thrust. The solutions of this biquadratic 
equation are given by (Fig. 3) 


dein Baayen 

and imply that 
Uy, = 1 (41) 
Thus, of the two velocities which are physically possible in level flight, 
one is always greater and the other always less than the speed for mini- 


mum drag. Notice that, for large values of the dimensionless thrust, the 
high-speed solution and the low-speed solution may no longer hold. More 
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Fic. 3. Level flight solutions. 


specifically, the high-speed solution may be invalidated by the occurrence 
of severe compressibility effects; in turn, the low-speed solution may be 
invalidated by the circumstance that the angle of attack is so large that 
the parabolic approximation no longer holds for the drag polar. 


4.1.1 Ceiling. By definition, the ceiling is the highest altitude at which 
unaccelerated level flight is physically possible for a given weight and 
power setting. From Eqs. (40), it appears that real solutions to the level 
flight equation exist for z > 1 only. Hence, the ceiling is defined by 


z= 1 (42) 


which implies that wu = 1. 
For the particular case of stratospheric flight, the dimensionless thrust 
satisfies the relationship 


Z = Zx ò (43) 
where z is the dimensionless thrust at the tropopause and ô= p/p» the 
density ratio, that is, the density at any altitude divided by the density 


at the tropopause. Consequently, the density ratio at the ceiling is given 
by (Ref. 3) 


(44) 


Notice that, for an atmosphere in which the acceleration of gravity, the 
composition of the air, and the temperature are constant, the density 
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ratio and the altitude satisfy the relationship (see Appendix) 
k 
6 = exp[— 3 (h — he) | (45) 


where k is the ratio of the specific heats and a the speed of sound. Thus, 
if Eqs. (44) and (45) are combined, the following expression is obtained 
for the ceiling (Fig. 4): 


a 
h = hy + kg log ex (46) 
4.2 Range and endurance. If the first and the fifth of Eqs. (37) are 


employed and the weight is selected as the new independent variable, the 
following differential relationships are obtained: 


OX Vt Ye 

dw cT cD (47) 
#_ i _l 

aW T cD 


and, after the drag function (16) is accounted for, can be rewritten in 
the form 


dX  EmxVr 2w? 


aW cW 1+4u4 





(48) 
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If the subscript i denotes quantities evaluated at the initial point and 
the dimensionless variables 
Xc te 


W 
£ 7 V riEmax : c= Emax B W: 49) 





are introduced, the differential expressions for the range and the en- 
durance become 


(50) 





Since the maximum instantaneous range occurs for 
u=vV3 (51) 
while the maximum instantaneous endurance occurs for 
u=1 (52) 


the following conclusions are obtained: (a) the velocity for best in- 
stantaneous range is about 32% higher than that which yields the best 
instantaneous endurance; (b) the induced drag is one-third of the zero- 
lift drag for best range but equals the zero-lift drag for best endurance; 
and (c) the aerodynamic efficiency is 87% of the maximum for best range 
but equals the maximum for best endurance. 
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Fic. 5. Range and endurance in constant altitude-constant angle of attack flight. 
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In order to integrate differential equations (50), the relationship u(y) 
must be specified. In this connection, several flight programs are now 
discussed, that is, constant angle of attack, constant velocity, and con- 
stant thrust (Refs. 3 through 5). 


4.2.1 Constant Angle of Attack. If the angle of attack is held constant, 
the lift coefficient is constant; since both the flight velocity and the refer- 
ence velocity are proportional to Vp, the dimensionless speed is constant. 
Hence, after the fuel-to-weight ratio (ratio of the fuel weight to the 
weight of the aircraft at the initial point) is denoted by ¢ and after the 
end-conditions 


&; = 0, 6;= 0, w= 1 


(53) 
i= &F=9 mal—-s 
are assumed, one obtains the definite integrals (Fig. 5) 
p=4 l- VITA 
(54) 
0=2 a log r 
Consequently, the maximum range is achieved for 
u = V3 (55) 
and is given by 
= V3 V3(1 — VI— 8) (56) 
while the maximum endurance is achieved for 
u=1 (57) 
and is given by 
6 = log aoe (58) 


i= ¢ 


Incidentally, when this flight technique is employed, the thrust required 
is proportional to the instantaneous weight; hence, the engine must be 
throttled so as to produce a continuously decreasing thrust along the 
flight path. 


4.2.2 Constant Velocity. If the flight velocity is held constant, the 
dimensionless speed continuously increases along the flight path according 
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Fic. 6. Range and endurance in constant altitude-constant velocity flight. 


to the law 
Ui 


vu 


where u; is the dimensionless speed at the initial point. Hence, the 
differential relationships (50) are rewritten as 





(59) 


uy = 


d uh 

du u$ +p 
(60) 

6 _ ui 

a 


and, after the end-conditions (53) are considered, lead to the definite 
integrals (Fig. 6) 


2 
& = 2u; arctan -oon 
1—-¢+u; 
f (61) 
0=2 arctan —*4# 
l— ou; 


Thus, the dimensionless range and endurance depend on both the fuel-to- 
weight ratio and the dimensionless speed at the initial point. In particu- 
lar, for each given ¢, there exists one initial dimensionless speed which 
maximizes the range and another which maximizes the endurance. While 
the former can be calculated by approximate methods only, the latter can 
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Fic. 7. Range and endurance in constant altitude-constant thrust flight. 


be determined analytically and is given by 

u=VI—¢ (62) 
Incidentally, when this flight technique is employed, the zero-lift drag is 
constant along the trajectory; however, owing to the decrease in the lift 
coefficient, the induced drag decreases, so that the over-all drag decreases. 
This means that the engine must be controlled so as to produce a con- 
tinuously decreasing thrust along the flight path. 


4.2.3 Constant Thrust. If the thrust of the engine is held constant, the 
dimensionless thrust can be rewritten as 
Zi 


2 = p (63) 


where z; is the dimensionless thrust at the initial point. Hence, after the 
first of Eqs. (40) is employed, the dimensionless speed becomes 


Vi- on 


and Eqs. (50) are transformed into 
-$= iVa, aS (65) 


Thus, for the end-conditions (53), the following definite integrals are 
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obtained (Fig. 7): 


t 


=> 
Zi 


(66) 


and indicate that the dimensionless range and endurance depend on both 
the fuel-to-weight ratio and the dimensionless thrust at the initial point. 
In particular, for each given ¢, there exists one value of z; which maxi- 
mizes the range and another which maximizes the endurance. While 
the former can be determined by numerical methods only, the latter is 


iven b 
j 7 zi= 1 (67) 


which is logical, since the endurance is a monotonically decreasing func- 
tion of z; and real solutions for the velocity exist for z; > 1 only. Inci- 
dentally, when this flight technique is employed, both the dimensionless 
speed and the actual speed increase along the flight path, while the lift 
coefficient and the angle of attack decrease. 


4.2.4 Comparison of Different Flight Techniques. In the previous sec- 
tions, three flight programs were investigated, that is, constant angle of 
attack, constant velocity, and constant thrust. A comparison of these 
programs is given in Figs. 8 and 9 where the subscripts h, a, V, T denote 
the constant altitude, constant angle of attack, constant velocity, and 
constant thrust conditions, respectively. It is clear that the best constant 
angle of attack program is superior from both the range and the endur- 
ance standpoint. As an example, for ¢ = 0.5, the best constant angle of 
attack program yields 5% more range and 39% more endurance than the 
best constant thrust program. 


4.2.5 Altitude Effects. In this section, the effect of the altitude on the 
range and the endurance in the stratosphere is investigated. It is ob- 
served that the reference velocity is inversely proportional to the square 
root of the density and that the specific fuel consumption is constant. 
Consequently, if the angle of attack is assumed to have the same constant 
value at every altitude, the range ratio is given by 


x 


(68) 


1 
Xe Vö 
and the endurance ratio by 


=1 (69) 
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flight techniques from the range stand- flight techniques from the endurance 
point. standpoint. 


While the endurance is independent of the altitude, the range is influenced 
considerably by it, being inversely proportional to the square root of the 
density. Thus, the range at 50,000 ft is about 40% greater than the 
range at the tropopause. In conclusion, jet-propelled aircraft must cruise 
at high altitudes, that is, in the neighborhood of the ceiling. 


4.2.6 Case Where the Thrust Is Limited.* The previous conclusions 
are unrestrictedly valid if, and only if, the thrust is unbounded. If an 


upper limit of the form 
T < Tmax (70) 


is considered, the following question arises: If it is assumed that the 
maximum available thrust in the stratosphere varies with the altitude 


according to the law 
Tmax = Tmax 6 (71) 


what is the new solution of the maximum range problem? 

In order to answer this question, the thrust required along the best 
constant angle of attack trajectory must be determined and plotted as a 
function of the instantaneous weight (Fig. 10). Clearly, two possible 
situations may arise: (a) if inequality (70) is satisfied everywhere, then 
no modification is to be introduced in the flight program; (b) if inequality 


* For the sake of brevity, the results of this section are presented without proof. 


166 AIRCRAFT PERFORMANCE: PARABOLIC POLAR [cHaP. 9 





Fic. 10. Effect of a thrust limitation on the solution of the range problem. 
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Fic. 11. Ceiling, transition line for best range at constant altitude, and char- 
acteristic line for best range at constant power setting. 


(70) is not satisfied along some portion of the optimum path, then, for 
that portion, the constant angle of attack program must be replaced by a 
maximum thrust program. In the latter case, the transition from the 
constant thrust program to the constant angle of attack program is 
governed by the parameter 


le = PemerEines (72) 


CHAP. 9] AIRCRAFT PERFORMANCE: PARABOLIC POLAR 167 


and occurs when (Fig. 11) 
2 
V 32 


that is, when the difference between the ceiling associated with the instan- 
taneous weight and the actual ane altitude is given by 


$= 





(73) 


Ah = log 2 =œ 3000 ft (74) 
r 


where a is the speed of sound and k the ratio of the specific heats. 


5. QUASI-LEVEL FLIGHT 


In the previous section, level paths were investigated; in this section, 
quasi-level paths are considered. Hence, after hypotheses (8-20) are 
employed, the equations of motion are rewritten in the form 


X—V=0 
h—Vvr=0 
T—D=0 (75) 
L—-W=0 
W+cT=0 


and are now investigated with the assumptions that the power setting is 
given and that the flight takes place in the stratosphere. This means that 
the variation of the thrust with the altitude is represented by the first of 
Eqs. (5), where x = 1 and where the thrust at the tropopause is regarded 
as a constant. The analytical treatment is simplified substantially, if one 
introduces the dimensionless variables 

tcx 


X cx Er — W 


e a r 
Vix iEmax Emax 


ures 
Vrsi = pxS Coo (77) 


is the reference velocity evaluated at the tropopause and at the initial 
weight. 
Tf these dimensionless groups are employed, Eqs. (48) become 





E= 


where 





ae 2u? dé 2u? 1 


1 
dp TF ut u ~ dp Itutp (78) 
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Since the power setting is specified, the dimensionless speed, the weight 
ratio, and the density ratio are not independent but must be consistent 
with the level flight equation (39), which is rewritten here in the form 





itut u 
5 2U? ze; (79) 
where 
T Einar 
a = (80) 


is the dimensionless thrust evaluated at the tropopause and at the initial 
weight. Consequently, after the density ratio is eliminated from Eqs. 
(78) and (79), the differential expressions for the range and the en- 
durance become 


_ dé _ Qu* V 22x35 





du (L+u4)3/2 u (81) 
Od a i 
du luty 
Thus, the maximum instantaneous range occurs for 
u = V2 (82) 
which implies that (Fig. 11) 
3 
ô = —— 83 
QW/ 22% ( ) 
On the other hand, the maximum instantaneous endurance occurs for 
u = 1 (84) 
which implies that 
1 
ô = a (85) 


From these results, it appears that the dimensionless speed for best 
instantaneous range is about 19% higher than that which yields the best 
instantaneous endurance; clearly, the operating altitudes are not the 
same, since the best endurance occurs at the ceiling while the best range 
occurs when the difference between the instantaneous ceiling and the 
actual flight altitude is given 


Ah = © og => 1230 ft (86) 
2V2 
Hence, the actual speed for best range is only 15% higher than that for 
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best endurance. Furthermore, the induced drag is one-half of the zero- 
lift drag for best range but equals the zero-lift drag for best endurance; 
finally, the aerodynamic efficiency is 94% of the maximum for best range 
but equals the maximum for best endurance. 


5.1 Constant angle of attack. In order to integrate the differential 
equations (81), the relationship w(j#) must be specified. In this connec- 
tion, the particular case where the angle of attack is constant is now con- 
sidered; this means that the lift coefficient and the dimensionless speed 
are constant. After the end-conditions (53) are considered, the follow- 
ing definite integrals are obtained: 


= ee F usn V 22%; log —— T 


2u og — 
Ipu PT 


7 (87) 
98 = 


Hence, the maximum range is achieved for u = 4/2 and is given by 


_ 4 22% 3 1 
= 3 3 log 7—> Sp (88) 


while the maximum endurance is achieved for u = 1 and is given by 








6 = log (89) 


1 
1—¢ 

5.2 Altitude increase. The constant power setting-constant angle of 
attack program has one dominant characteristic. Owing to the fact that 
the dimensionless speed is constant, both the velocity V and the ratio 6/u 
are constant along the flight path. Hence, the altitude increases as fuel is 
being consumed (cruise-climb) ; in particular, the ratio of the final to the 
initial density is given by 


Se iat (90) 
and implies that 


2 
a 1 
hy ~h= Ty I (91) 


G 
For example, if the fuel-to-weight ratio is 0.5, the increase in altitude 
between the endpoints of the trajectory is about 14,400 ft. 

In closing, it is worth noting that the inclination of the trajectory 
with respect to the horizon is given by 


_ 3 3 ace 
= 4 22% 3 kg V RąiEmax 8) 
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and its order of magnitude is 10~° radians. Since the weight component 
on the tangent to the flight path is in the order of 1% of either the thrust 
or the drag, the hypothesis of quasi-level flight is more than justified 
from an engineering point of view. 


5.3 Comparison of different flight techniques. It is of interest to com- 
pare the constant angle of attack-constant power setting program with 
the constant angle of attack-constant altitude program. If the subscripts 
a, 7, h denote the constant angle of attack, constant power setting, and 
constant altitude conditions, respectively, and if identical initial con- 
ditions are assumed, laborious manipulations lead to the results (Ref. 7) 

Xar _ 1 log [1/0 — 9) 


Xan 21 Vi —¢ 


T 
lah ~ 
the first of which is plotted in Fig. 12. For relatively long ranges, the 
advantages of variable altitude flight are impressive; for example, if the 
fuel-to-weight ratio is 0.5, the cruise-climb technique yields 18% more 


range than the constant altitude technique. 


(93) 


5.4 Design considerations. In the previous sections, the performance 
of a given aircraft was considered, and the optimum flight conditions were 
determined. In this section, the effect of the zero-lift drag coefficient Cpo, 
the aspect ratio Æ, the wing surface S, and the design thrust Tx on the 
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Fic. 12. Comparison of different flight techniques from the range standpoint. 
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range is considered. For simplicity, the variation in the weight of the 
aircraft caused by variations of these parameters is neglected. Owing to 
the fact that the induced drag factor of a subsonic aircraft is inversely 
proportional to the aspect ratio, the stratospheric range at constant 
power setting and constant angle of attack can be shown to obey the 
proportionality relationship 


1 [RTs 
X~ Cho 5 (94) 


Consequently, a 10% increase in either the aspect ratio or the thrust at 
the tropopause causes a 5% increase in the range; on the other hand, a 
10% decrease in the drag coefficient causes a 10% increase in the range. 

With regard to the wing surface, an interesting minimal problem is 
now formulated: “Assuming that the frontal area of the fuselage-nacelle 
group S, is given, find the wing surface S which maximizes the range.” 
This problem is equivalent to finding the wing surface which minimizes 
the function CpoVS. After the over-all drag coefficient is written in the 
form 





Coo = Coow + Cor (95) 


and it is assumed that the zero-lift drag coefficient of the wing-empennage 
group Cpow and the zero-lift drag coefficient of the fuselage-nacelle group 
Cpor are constant, it is clear that the function in question is minimized 
when the following condition is satisfied (Ref. 7): 


CoorSr _ 
Coane: = |1 (96) 


Hence, the optimum design is achieved when the parasite drag of the 
nonlifting surfaces equals the parasite drag of the lifting surfaces. In 
closing, it is emphasized that the variation in the weight of the aircraft 
has been neglected in this analysis and that a design is a compromise 
between many contrasting requirements; consequently, the aforemen- 
tioned optimum configuration must be considered cum grano salis. 


6. CLIMBING FLIGHT 


For didactic purposes, the discussion of the climbing flight is divided 
into two parts. In the first part, the approximation n = 1 is employed 
in the evaluation of the drag function; in the second part, the exact 
expression for the load factor is used. The solution obtained with the 
first approach is called the simplified solution; that obtained with the 
second approach is called, within the framework of quasi-steady flight, 

the exact solution (Ref. 10). 


172 AIRCRAFT PERFORMANCE: PARABOLIC POLAR [cHaP. 9 





Ceiling 

















0, 2 3 4 5 


Fig. 13. Characteristic velocities for powered flight in a vertical plane. 


6.1 Simplified analysis. After the approximation n =1 is introduced 
into Eq. (9) and the thrust-to-weight ratio is denoted by 7 = T/W, the 
dynamical equation on the tangent to the flight path yields the following 
solution for the path inclination: 











; AT =De A 2, 1 
sin Y = — y = T a (u + +) (97) 
so that the rate of climb becomes 
mA usin Y = Tu — zy (2+3) (98) 
max 


After these two equations are multiplied by the maximum aerodynamic 
efficiency, the following results are obtained: 


; 1/ 2 1 
Emax sin Y = z — z(u +3) 


Emax 7p = zu — (e +4) 

and show that the climbing performance can be expressed in terms of a 
two-parameter family of solutions (the parameters being the dimension- 
less thrust and the dimensionless velocity) which are independent of the 
particular aircraft, that is, independent of the particular value of Emax. 

Among all the possible climbing conditions, the following have a 
particular interest for flight operations: the steepest climb, the fastest 
climb, and the most economic climb. If the derivative of the path inclina- 


(99) 
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Fic. 14. Maximum values of the path inclination and the rate of climb. 


tion with respect to the dimensionless speed is calculated and set equal 
to zero, it is seen that the steepest climb occurs when 


u=1 (100) 
which implies that 
Emax Sin Y = z — 1 (101) 


Furthermore, the condition for fastest climb is represented by the bi- 
quadratic equation 


3ut — u? —1=0 (102) 
whose solution is 
Loa 
u = — Vz + vz +3 (103) 
V3 


and implies that 


Emax =— = er Vet V2? + 3 [22 — V2? + 3] (104) 


Finally, since it is assumed that both the thrust and the specific fuel 
consumption are independent of the velocity, the fuel consumed per unit 
increase in altitude becomes inversely proportional to the rate of climb. 
Consequently, the most economic climb and the fastest climb of an 
idealized turbojet aircraft are identical. 

Relationships (100) through (104) are plotted in Figs. 13 and 14 and 
yield several interesting conclusions: 
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(a) Since z > 1 for climbing flight, the velocity for fastest ascent is 
greater than that for steepest ascent; furthermore, both these velocities 
are bounded by the level flight solutions which are obtainable with the 
given thrust. 

(b) For large values of the thrust, the ratio of the velocity for fastest 
ascent to the level flight velocity tends to 1/3. Thus, the speed for 
fastest ascent is 58% of that attainable in level flight with the same 
thrust. 

(c) For large values of the thrust, the maximum rate of climb becomes 
proportional to T°/?. Hence, a high thrust is necessary in order to obtain 
high rates of climb and, therefore, low climbing times. 

(d) For large values of the thrust, the fuel consumed per unit increase 
in altitude becomes inversely proportional to VT. Therefore, the use of 
a large thrust favors fuel economy in climbing maneuvers. 


6.2 Exact analysis. Climbing flight is now investigated by considering 
the exact expression (9) for the drag function, where n~1. By simple 
algebraic manipulations, the dynamical equations on the tangent and the 
normal to the flight path can be rewritten as 


1 2 n? . 
z—5\u + 73 — Ema sin Y = 0 
(105) 
n — cosy = 0 
Hence, after the load factor is eliminated, the following relationship is 
obtained: 
cos? Y 


1 : 
z — (e + coe) — Emax sin Y = 0 (106) 


and can be rewritten in the form 
sin? Y — 2Emexu” sin Y + 2zu7 —1—u*=0 (107) 


Consequently, the sine of the path inclination and the dimensionless rate 
of climb are given by 


2 — — 44 
RR Emast? |1 h- ve) 
Eu 


m: 


C ae 3 (+4) 2zu2 — 1 — ut 
Fa = Pa [a E S 
ax 


m: 


(108) 


where the lower sign is to be exclusively employed for r < 1, while both 
signs may yield physically possible solutions for r > 1. 
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With reference to the case where 7 < 1, the steepest climb occurs when 
the dimensionless speed satisfies the biquadratic equation 
(1 + Eitax)u* — 2eu? + (2? — Ežax) = 0 (109) 


whose solution is 


= a + Bmax V 1 + Emax — 2° 


rr a 110) 
1 + Bisx 
and implies that 
=a 2 ee 
sin y = 2Bmex — V1 Boas = (111) 


1 + Ežax 


Analogously, the fastest climb occurs when the dimensionless speed satis- 
fies the equation 


9(1 + E2,x)u® — 62(4 + E2.x)u® 
+ (6 — 3B eax + 162”)u* — 8eu7+1=0 (112) 


which must be generally solved by approximate methods. The associated 
maximum rate of climb is to be calculated with the second of Eqs. (108). 


6.3 Relationships between exact and simplified solutions. After the 
climbing problem has been solved in both an approximate and an exact 
form, the following questions arise: What is the relationship between 
these solutions? What is the error involved in the use of the simplified 
solutions? 

Concerning the first question, denote by x the quantity 


_ 2zu? — 1 — ut 


x Bu! (113) 
and assume that 
exl (114) 
If the Maclaurin expansion 
VI—-2z21-5 (115) 


2 


is employed, the exact solutions (108) reduce to the simplified solutions 
represented by Eqs. (99). 

Concerning the second question, denote by the subscripts s and e 
quantities associated with the simplified solution and the exact solu- 
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tion, respectively. Since the simplified optimum conditions depend on 
the parameter z only, while the exact optimum conditions depend also 
on Emas the following functional relationships hold for the steepest 
climb: 


sin Ye 





Ue 
Us = fı(z, Emax), sin 7, = falz, Emax) (116) 
and the fastest climb: 
Ue Ce 
Us = fa(z, Emax); C: = falz, Emax) (117) 


These relationships are plotted in Figs. 15 through 18, from which the 
following conclusions are derived: 

(a) Concerning the fastest climb, the relative errors which the simpli- 
fied solutions introduce into the computation of the optimum velocity 
and the rate of climb are negligible from an engineering point of view. 
For an aircraft whose maximum aerodynamic efficiency is 20, their order 
of magnitude is 0.1%, even for thrust-to-weight ratios approaching unity. 

(b) Regarding the steepest climb, the relative errors involved in the use 
of the simplified solutions are small as far as the path inclination is con- 
cerned but may become significant as far as the optimum velocity is con- 
cerned. However, for an aircraft whose maximum aerodynamic efficiency 
is 20, the velocity error is less than 5% while the path inclination error 
is less than 1%, as long as the thrust-to-weight ratio is less than 0.5. 

(c) From the previous discussion, it follows that the simplified solu- 
tions are acceptable for most engineering applications. Also, they are 
more valuable for fastest climb analyses than for steepest climb analyses. 
The reason is that the fastest climb is characterized by a higher velocity 
and, therefore, by a smaller induced drag than the steepest climb. 


7. KINETIC ENERGY CORRECTION 


In the previous chapter, the effect of the unsteadiness of the motion on 
the climb and descent performance was analyzed. It was shown that, if 
the aircraft is accelerating or decelerating, the quasi-steady rate of climb 
must be corrected according to the multiplying factor 


Cao — l 
C d(V2/2) 
1 
+ gh 
which is called the acceleration factor. It depends on the rate of varia- 


tion of the kinetic energy with respect to the potential energy and is now 
evaluated for a number of typical maneuvers (Ref. 12). 


(118) 
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7.1 Flight with constant dynamic pressure. Consider a climbing path 
flown with constant dynamic pressure, that is, a trajectory flown in such 
a way that 

2 
or. = Const (119) 
The derivative of the kinetic energy per unit mass with respect to the 
density is given by 
a(v?/2)_ ss? 
dp 2p 


Furthermore, for an atmosphere in which the acceleration of gravity and 
the composition of the air are constant, the aerostatic equation and the 
equation of state yield the following derivative of the density with respect 
to the potential energy per unit mass (see Appendix) : 


do. _ in (, , a2) 
d(gh) ~ a2 1+ 7 (121) 
where k is the ratio of the specific heats, a the speed of sound, R the air 
constant, and a the derivative of the air temperature with respect to the 
altitude. Consequently, if M = V/a denotes the Mach number and Egs. 
(118) through (121) are combined, the acceleration factor becomes 


O 

Cs E( ah) 
1+=(14+—)mM 
toll 


and is plotted in Fig. 19 for both tropospheric and stratospheric flight. 
The above result applies to the flattest glide, the glide with minimum 
sinking speed, and the steepest climb, since each of these maneuvers is 
flown with a constant dimensionless speed and, therefore, with a constant 
dynamic pressure. Notice that the acceleration factor is less than one. 
Hence, the actual value of the glide angle and the sinking speed are 
smaller than those predicted with the quasi-steady approach. Also, the 
actual value of the path inclination associated with the steepest climb is 
smaller thaa that which was predicted with the quasi-steady approach. 


(120) 


(122) 


7.2 Fastest stratospheric ascent. For a turbojet aircraft which climbs 
with the maximum quasi-steady rate of climb at every altitude, the 
optimum dimensionless speed is represented by Eq. (103). Consequently, 
with reference to stratospheric flight, the optimum kinetic energy per unit 
mass and the local density satisfy the relationship 


y? Ls WwW K Ee P (e ey | 


* 
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with constant dynamic pressure. est stratospheric climb. 


Since the derivative of the kinetic energy per unit mass with respect to 
the density is given by 


d(v?/2)_ Vf z 
~~ i T) a 





the acceleration factor becomes (Fig. 20) 
Ca 1 


Cy E k Z 2 
1+z3(1— ———\M 
2 ( ees) 
8. FLIGHT IN A HORIZONTAL PLANE 


In this section, curvilinear flight in a horizontal plane is investigated. 
If all the hypotheses of Section 8-8 are retained, the equations of motion 
are written in the form 


(125) 


X — Veosx = 0 

Y — Vsinx=0 

T—D=0 

Lsinu — Vk = 0 (126) 
Leossp—W=0 
W+cT=0 


where X and Y denote Cartesian coordinates measured in a horizontal 
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plane, x is the velocity yaw angle, and p is the velocity roll angle. Be- 
cause of the dynamical equation in the vertical direction, the load factor 
is always larger than one, a result which is opposite to that valid for flight 
in a vertical plane, where the load factor is always less than one. 


8.1. Solution of the dynamical equations. If the similarity parameters 
defined in Section 2 and the drag function (9) are employed, the 
dynamical equations can be reduced to the dimensionless set (Ref. 11) 

2 


22 — u — = 
nsinp — uE = 0 (127) 


ncosp—1=0 
Consequently, the following expressions are obtained for the load factor: 
n = uv2z — u? (128) 
the angle of bank: 


1 
cos u = — 129 
e uv 2z — u? (29) 


and the evolutory velocity: 


en qz- -4 (130) 


After the dimensionless radius of curvature is written in the form 


Tg u 1 

= = r = 131 

V2 VR Te i se 
g u > ut 


it is concluded that the turning performance can be expressed in terms of 
a two-parameter family of solutions, the parameters being the dimension- 
less speed and the dimensionless thrust. The main comments on these 
solutions are as follows: 

(a) In order to execute a turn with a finite radius of curvature, the 
following inequality must be satisfied: 

1f 2 1 

which means that the thrust must be greater than the drag of the aircraft 
in unaccelerated straight level flight. After this relationship is combined 
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with Eqs. (128) and (129), the following additional inequalities are 
derived: 


n > l, >o (133) 


(b) Straight and level flight can be regarded as the limiting case of 
turning flight for r —> œ. This limiting case occurs for 


z= (e + 4) (134) 
which implies that n= 1 and u = 0 in accordance with the results of 
Section 4. 

(c) While the load factor and the angle of bank depend on the di- 
mensionless speed and the dimensionless thrust only, the evolutory ve- 
locity and the radius of curvature depend also on the wing loading. More 
specifically, a low wing loading yields good turning performance, that is, 
a high evolutory velocity and a small radius of curvature. 


8.2 Special maneuvers. Among the infinite number of properly banked 
horizontal turns which an aircraft can execute, there are some special 
turns which have a particular significance, since they supply an indica- 
tion of the maneuverability of the aircraft in a horizontal plane. These 
special maneuvers are the turns with the maximum load factor, the maxi- 
mum angle of bank, the maximum evolutory velocity, and the minimum 
radius of curvature. 

Because of Eqs. (128) and (129), the turn with the maximum load 
factor is identical with the turn with the maximum angle of bank and 
occurs when the dimensionless speed has the value 


u = vz (135) 
which implies that 
n=z (136) 
and that 
cos u = : (137) 


Furthermore, the turn with the maximum evolutory velocity occurs for 
u=1 (138) 
which implies that 


ue Soe 1 (139) 
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Fic. 21. Characteristic velocities for powered flight in a horizontal plane. 
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Fic. 22. Maximum values of the load factor, the angle of bank, and the 
evolutory velocity; minimum radius of curvature. 
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Finally, the turn with the minimum radius of curvature occurs when 


u = (140) 


a 


implying that 


Paan o 1 

VE Vea1 ma 
These results are summarized in Figs. 21 and 22, from which the follow- 
ing conclusions are derived: 

(a) Since z > 1 at any altitude below the ceiling, the speed for maxi- 
mum load factor is higher than that for maximum evolutory velocity; 
furthermore, the latter is higher than the speed for minimum radius of 
curvature. At any rate, all of these velocities are bounded by the level 
flight solutions which are obtainable with the given thrust. 

(b) The turning performance improves as the parameter z increases. 
Therefore, an increase in the thrust favors good turning performance; 
furthermore, for a given weight and power setting, the turning per- 
formance is considerably better at low altitudes than in the neighborhood 
of the ceiling. 

(c) As the parameter z increases, the load factor required for any of 
the optimum turns increases. While the load factor for minimum radius 
of curvature is always less than 1/2, the load factor for maximum evolu- 
tory velocity or maximum angle of bank can be so large that the optimum 
turning maneuver may become impossible because of structural con- 
siderations. 

(d) The turn with the maximum load factor is executed at the lift 
coefficient for which the aerodynamic efficiency is a maximum. On the 
other hand, the turns with the maximum evolutory velocity and the 
minimum radius of curvature require higher lift coefficients. Since these 
lift coefficients increase with the dimensionless thrust, the turning per- 
formance calculated with the parabolic polar may become unrealistic for 
large values of the thrust. In such a case, the semianalytical method 
outlined in Chapter 10 must be employed. 


9. PERFORMANCE IN A SPECIFIED ATMOSPHERE 


In the preceding sections, flight performance was investigated in a 
dimensionless form independently of the distribution of the atmospheric 
properties versus the altitude. The next step is to determine the behavior 
of the aircraft in a specified atmosphere. For example, consider the level 
flight equation (40) and rewrite it in the functional form 


u = fie) (142) 
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which, with reference to stratospheric flight, is equivalent to 


ves J- s% E= 2] (148) 


Observe that, for a given atmospheric model (for instance, the 1959 
ARDC Model Atmosphere), the density is a known function of the 
altitude, that is, aap (144) 


Consequently, if the previous equations are combined, the following func- 
tional relationship is obtained for a given aircraft: 


V = falh, W, Ta) (145) 


This means that if the thrust at the tropopause and the weight are speci- 
fied, Eq. (145) reduces to the form 


V = falh) (146) 


which is represented in Fig. 8-5. If this procedure is repeated for the 
remaining flight conditions, it is possible to pass from the results pre- 
sented in this chapter to the corresponding results indicated in Chapter 8 
by a simple transformation of coordinates. 


10. COMPARISON OF CONSTANT THRUST AND 
CONSTANT POWER AIRCRAFT 


In the previous sections, the performance of a constant thrust aircraft 
was calculated; if a similar technique is employed, the performance of a 
constant power aircraft can be determined. If the propeller efficiency is 
denoted by 7 and the shaft horsepower by P, the thrust developed by a 
reciprocating engine-propeller combination is given by 

_ oP 

kS V 

Hence, while the performance of turbojet aircraft can be expressed in 

terms of the parameters u and z, the performance of piston-engined air- 
craft can be represented in terms of the variables u and y, where 


nPEmax 
v= ov 


is the thrust-to-drag ratio evaluated at the speed for minimum drag in 
level flight. In this connection, simple computations lead to the com- 
parative data summarized in Table 1. 

Concerning the optimum flight conditions, some important conclusions 
can be readily derived, if it is assumed that (a) the propeller efficiency 


(147) 


(148) 


CHAP. 9] 





TABLE 1 


AIRCRAFT PERFORMANCE: PARABOLIC POLAR 185 


COMPARATIVE NONOPTIMUM PERFORMANCE OF 
CONSTANT THRUST AND CONSTANT POWER AIRCRAFT 








Flight Physical Turbojet Piston-engined 
condition magnitude aircraft aircraft 
Level af z 4 
flight u z + vz? — 1 u — Qu +1 =0 
. 1/ 2 1 y 1f 2 1 
moat |e) | oo eee) 
Climbing 2 u? u 2 u? 
flight C 1/3 1 lf 3 1 
Emx 7> u—3(u +3) y—3(u +3) 
pore u’ (2z — u’) u(2p — u’) 
cos? u 
Turning VRY 2 1 Y 2 1 
flight (=) BS u? ago ye 
Va’ z 4 jE ial 
rg u? ut u3 ut 
ee ee ee 








and the shaft horsepower are independent of the velocity and (b) the 
specific fuel consumption of the piston-engined aircraft is proportional 
to the velocity when referred to the unit time and the unit thrust.* 
Simple manipulations lead to the results summarized in Table 2, where 
the subscript j refers to the jet aircraft and the subscript p to the piston- 
engined aircraft. The interesting result of the analysis is that, regardless 
of the flight condition, the following inequality holds: 


Ui > 43 (149) 


Up — 
Hence, the dimensionless velocities characteristic of jet-propelled air- 
craft are at least 32% greater than the corresponding velocities for piston- 
engined aircraft.¢ In the derivation of this important result, it was 


* This means that the specific fuel consumption referred to the unit time and 
the unit power is independent of the velocity. 

+ Concerning level flight, the difference in the operating altitudes of jet aircraft 
and piston-engined aircraft is such that the actual velocities of jet aircraft are 
at least 50% greater than the corresponding velocities of piston-engined aircraft. 
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TABLE 2 


COMPARATIVE OPTIMUM PERFORMANCE OF 
CONSTANT THRUST AND CONSTANT POWER AIRCRAFT 






































Flight Type of i 7 uj 
condition optimum z z Up 
Be rae ee es E O S 
i 1 4 
Ceiling 1 a 43 
V3 
Level 2 , 4 4 
flight Maximum range 4/3 1 V/3 
Maximum 1 4 
endurance l 4⁄3 v3 
Steepest climb 1 ut+yu—1=0| >43 
eres Fastest climb 1 1 S 
ight and most —V24+V24+3 er > V3 
economic climb v3 ME 
Maximum angle of iD 
bank and maximum Vz k 3 W/3 
load factor 
Turning Maximum 4 4 
i —-l= > 
flight evolutory velocity l eo te v3 
Mini z = 
Ainimum radius l 2 V3 
of curvature Vz 3y 








observed that jet-propelled vehicles satisfy the inequality 


R 
IV 


1 (150) 


at any altitude below the ceiling, while piston-engined aircraft are char- 
acterized by the inequality 


y 2 8⁄3 (151) 


Furthermore, the statements relative to flight with the maximum angle 
of bank and to flight with the minimum radius of curvature are sub- 
ordinated to the equal performance condition; more specifically, the 
maximum angle of bank and the minimum radius of curvature are as- 
sumed to have equal values for the jet aircraft and the piston-engined 
aircraft. 
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EXERCISES 


1. With reference to gliding flight, consider the exact form of the 
dynamical equations. Show that the flattest glide occurs for 





2 
u = «| Blas (152) 
1+ Emax 
which, following a Maclaurin expansion, can be rewritten as 
1 
eS he, (153) 
4Emax 


Consequently, the relative error involved in the approximate solution 
(19) is 0.25/E?max, that is, negligible from an engineering point of view. 
Furthermore, show that the glide with the minimum sinking speed 


occurs for 
u = 4 Ee —2 + Emax V em aa: 8 (154) 
V 6(1 + Efax) 


which, following a Maclaurin expansion, can be rewritten as 


u S Wa ( a) (155) 
Consequently, the relative error involved in the approximate solution 
(21) is 1/E? max, that is, negligible from an engineering point of view. 

2. Consider level flight for a given weight and power setting. Con- 
cerning stratospheric flight, show that the velocity is a monotonically de- 
creasing function of the altitude. Concerning tropospheric flight, show 
that, for 0.6 < z, < 1.4, the velocity is a maximum at the altitude where 
the dimensionless speed satisfies the relation 


u= V17/3 (156) 


Otherwise, the highest velocity (not an analytical maximum) occurs at 
sea level for Z4 < 0.6 and at the tropopause for z, > 1.4. 

3. Consider an aircraft in constant altitude-constant velocity flight. 
Under the assumption that 





2 
tui 


I= pF x1 (157) 


show that the range is maximized when the dimensionless speed at the 
initial point satisfies the relationship 


u: = V31 — $) (158) 
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4, Consider a turbojet aircraft flying in the stratosphere. Employing 
the equations of the standard atmosphere (see Appendix) and assuming 
a constant acceleration of gravity, prove the results expressed by Eqs. 
(74), (86), and (91). 

5. Consider a turbojet aircraft in tropospheric quasi-level flight with 
constant power setting and constant angle of attack. Show that the 
maximum range is given by 


=} aš (1 
and occurs when the dimensionless speed is u = “5/3. Also, prove that 
the maximum endurance is given by 


lpo e 
0 = 2 (2x:) E ¢)217 1| (160) 
and occurs for u = 1. 

6. Compare constant power setting and constant altitude tropospheric 
flight, assuming that the angle of attack is constant and that the initial 
conditions are identical. Prove that 





Xa al 
Xah VIr 
(161) 
tar _ 7 D/Q — 7—1 
tan 2 log {i/(i — 0] 


7. For a jet-propelled aircraft, prove that the aerodynamic efficiency 
ratio E/Emax assumes the following values: \/3/4 for best range at con- 
stant altitude; 1/15/16 for best tropospheric range at constant power 
setting; and /8/9 for best stratospheric range at constant power setting. 
Show that the drag ratio R takes the following values: 1/3 for best range 
at constant altitude, 3/5 for best tropospheric range at constant power 
setting, and 1/2 for best stratospheric range at constant power setting. 

8. With reference to tropospheric flight at constant power setting and 
constant angle of attack, prove that the wing surface maximizing the 
range is given by 





CoorSr _ 2 


CoowS 3 (162) 


9. Consider the steepest climb, and make use of the approximation 


| 


2 
max 





«x1 (163) 
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Show that Eq. (110) admits the linearized solution 


z— 1¥ 
UTE G ast) 


Hence, for an aircraft whose maximum aerodynamic efficiency is 20, the 
relative error involved in the approximate solution (100) is 1% for z = 5 
and about 5% for z = 10. 

10. Analyze the variation of the optimum turning performance with 
the altitude, assuming that the weight and the power setting are given. 
Show that the optimum velocities increase with the altitude with one 
exception: the velocity for maximum load factor, which is a constant in 
the stratosphere. 

11. In connection with the previous exercise, show that the maximum 
load factor, angle of bank, and evolutory velocity decrease with the 
altitude, while the minimum radius of curvature increases. 

12. Compare the performance of a jet aircraft and a piston-engined 
aircraft, and prove the comparative data summarized in Tables 1 and 2. 
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CHAPTER 10 


PERFORMANCE OF AN AIRCRAFT 
WITH AN ARBITRARY POLAR 


1. INTRODUCTION 


In the previous chapter, the performance of a jet-propelled aircraft 
was investigated under the assumption of a parabolic drag polar with 
constant coefficients. In this chapter, the parabolic approximation is 
removed, and the entire performance problem in both a vertical plane 
and a horizontal plane is re-examined with the aid of the following 
hypotheses: (a) the drag polar is arbitrary but independent of the Mach 
number and the Reynolds number; and (b) the characteristics of the 
powerplant are independent of the speed and proportional to some power 
of the atmospheric density. 

Because the relevant physical concepts have already been discussed 
in Chapter 9, this chapter is mainly concerned with analytical techniques. 
While the fundamental variables of the parabolic case are the dimension- 
less thrust and the dimensionless speed, the fundamental variables of 
the nonparabolic case are the thrust-to-weight ratio and the lift co- 
efficient. In particular, by investigating the optimum flight conditions 
from the lift coefficient point of view, it is possible to predict the operating 
points in the polar diagram of the aircraft; the general conclusion is that, 
while powered flight in a vertical plane is characterized by lift coefficients 
below or equal to that for maximum aerodynamic efficiency, the opposite 
occurs for gliding flight in a vertical plane as well as for powered flight in 
a horizontal plane (Refs. 1 through 5). 


2. FLIGHT IN A VERTICAL PLANE 
If all the hypotheses employed in Section 8-2 are retained, quasi- 
steady flight in a vertical plane is represented by the equations 
X — Veosy = 0 
h—Vsiny =0 


T—-D—Wsiny=0 (1) 
L—Weosy=0 
W+cT=0 
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where X denotes the horizontal distance, h the altitude, V the velocity, 
y the path inclination, W the weight, D the drag, L the lift, T the thrust, 
c the specific fuel consumption, and the dot sign a derivative with respect 
to time. 

In accordance with Chapter 6, the aerodynamic forces are defined as 


D = 4CppSV?, L= 3C pSV? (2) 


where p is the atmospheric density, S a reference area, Cp the drag co- 
efficient, and C, the lift coefficient. In turn, because of hypothesis (a), 
these coefficients satisfy the relationship 


Cp = Co(Cz) (3) 


which is called the drag polar. Furthermore, in accordance with Chapter 
7 and because of hypothesis (b), the characteristics of the powerplant 
are represented by the relationships 


2 =() 


where the asterisk denotes quantities evaluated at the tropopause. The 
symbols x and y denote dimensionless exponents (typical values: x = 0.7 
and y = 0.2 for tropospheric flight; x =1 and y =Q for stratospheric 
flight), cx is a characteristic constant of the engine, and Tẹ is the thrust 
at the tropopause or power setting. 


(4) 


z 
Y 


2.1 Dimensionless parameters. As the following analysis shows, the 
solution of the equations of motion can be simplified substantially, if 
one introduces the dimensionless parameters 


T V 
T= 7 uT (5) 


The first of these is called the thrust-to-weight ratio, and the second, the 
dimensionless speed, that is, the ratio of the flight velocity to the reference 


velocity 
2W 
Vr = q p5 (6) 


which is identical with the speed in level flight at the angle of attack 
corresponding to C, = 1. 
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3. GLIDING FLIGHT 


The class of shallow glide paths is now considered with the aid of as- 
sumptions (8-8). Consequently, the equations of motion are given by 


X¥-—-V=0 
h—Vr=0 
D+Wvy=0 (7) 
L—-W=0 
Ww=0 


and are now investigated from both a local point of view (point per- 
formance) and an over-all point of view (integral performance). 


3.1 Glide angle and sinking speed. After the definitions (2) are intro- 
duced and the dynamical equations are divided by the weight, the follow- 
ing results are obtained: 








Cow+y7=0, Ch?—-—1=0 (8) 
and imply that 
1 
C 1 
limia oes ee 9 
u= 1 
VCL 


where E is the aerodynamic efficiency or lift-to-drag ratio and —C the 
sinking speed (modulus of the rate of climb). These equations represent 
the glide performance in terms of a one-parameter family of solutions, 
the parameter being the lift coefficient. After eliminating the lift co- 
efficient, one obtains functional relationships of the form 


—7= fw,  ~ y= falw) (10) 


which are plotted in Fig. 1 for a subsonic jet aircraft having a maximum 
lift-to-drag ratio of 20 and a stalling lift coefficient of 1.5. 

Among the infinite number of glide conditions which are physically 
possible, the following are of particular importance for engineering ap- 
plications: the flattest glide, the glide with minimum sinking speed, and 
the glide with minimum velocity. These special glides occur when the 


quantities 
E, EVCL, CL 


cHaPp. 10] AIRCRAFT PERFORMANCE: ARBITRARY POLAR 193 







































20° 
15°} 
-7 
10° 
5° Sod 
0° 
0 
Fic. 1. Glide performance. 
1.5 F ; 
Slowest glide 
C1 
1.0 H 
Minimum sinking speed 
0.5 
0 
0 0.1 0.2 


Cp 


Fic. 2. Optimum glide conditions in the polar diagram. 


are, respectively, maximum. After the logarithmic derivative of the lift 
coefficient with respect to the drag coefficient* 


_ dlogCy _ Cy dCy 
SS log Cn Or dr (11) 


* For the region of the polar between the minimum drag point and the stalling 
point, the logarithmic derivative À is positive and is a monotonically decreasing 
function of the lift coefficient. 
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is introduced, it can be shown that A = 1 for the flattest glide, \ = 2/3 for 
the minimum sinking speed, and à = 0 for the slowest glide. Conse- 
quently, flattest glide occurs for a lift coefficient smaller than that for 
minimum sinking speed; furthermore, the latter is smaller than the lift 
coefficient for minimum velocity (Fig. 2). Incidentally, this minimum 
or stalling velocity is given by 








2W Vr 
S CrspS Cas ( ) 


where Cg is the stalling lift coefficient. 


3.2 Range and endurance. After the altitude is selected as the new 
independent variable, the kinematical relationships in the horizontal and 
vertical directions are rewritten in the form 


aX 1 
a aE 

a1 EVO ats) 
dh © Veo 


where Vo is the reference velocity evaluated at sea level and o = p/p, 
the relative density. These differential equations are now integrated 
under the assumption that the angle of attack is constant along the flight 
path; hence, the lift coefficient, the drag coefficient, and the aerodynamic 
efficiency are simultaneously constant. If the end-conditions 


X;=0, t; = 0 





(14) 
X; = X, ty =t 
are considered, the following definite integrals are obtained: 
X = Eth; — hy) 
(15) 
xE 
i = i) oT I(hy)] 
where the function I(h) is defined by (see Fig. 9-2) 
h 
Ilh) = T Vo dh (16) 
0 


As the first of Eqs. (15) indicates, the glider is capable of converting 
potential energy into the work necessary to achieve range in a resisting 
medium; since the transformation factor is the lift-to-drag ratio, the best 
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range is achieved by flying at the angle of attack which maximizes the 
lift-to-drag dratio. Also, from the second of Eqs. (15) it is clear that the 
best. endurance is achieved by flying at a higher angle of attack, that 
which maximizes the function EVC. 


4. LEVEL FLIGHT 
For the category of level paths, the dynamical equations simplify to 


X—V=0 
h=0 
T—D=0 (17) 
L—W=0 
W+cT=0 


and are now investigated both locally (point performance) and integrally 
(integral performance). 


4.1 Equilibrium lift coefficient. After the dynamical equations are 
divided by the weight, the following results are obtained: 


T — Cpu? = 0 





(18) 
Chu? —1=0 
and imply that 
1 1 
T= u = 19 
E Ver oe 


These equations represent the level flight performance in terms of a one- 
parameter family of solutions, the parameter being the lift coefficient. 
After eliminating the lift coefficient, one obtains the functional relation- 
ship 


u = fit) (20) 


which is plotted in Fig. 3. Since the lift coefficient is a double-valued 
function of the aerodynamic efficiency, there exist two possible solutions 
for each thrust-to-weight ratio (Fig. 4): a high-speed solution 1 char- 
acterized by a lift coefficient below that for maximum aerodynamic 
efficiency and a low-speed solution 2 characterized by a lift coefficient 
beyond that for maximum aerodynamic efficiency. As the altitude in- 
creases, the thrust-to-weight ratio obtainable for a given power setting 


196 AIRCRAFT PERFORMANCE: ARBITRARY POLAR [cHap. 10 


















Ceiling 

















0 0.1 02 , %3 0.4 


Fic. 3. Characteristic velocities for powered flight in a vertical plane. 











Fig. 4. Level flight, ceiling, and optimum climbing conditions in the polar 
diagram. 


decreases, and the aerodynamic efficiency which is required for level flight 
increases. At the ceiling, the required aerodynamic efficiency becomes 
identical with the maximum value which is available because of the 
characteristics of the aircraft. At any altitude above the ceiling, un- 
accelerated level flight is physically impossible, since the required aero- 
dynamic efficiency exceeds the maximum available value. 
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Fic. 5. Optimum range and endurance conditions in the polar diagram. 


4.2 Instantaneous range and endurance. After the weight is selected as 
the new independent variable, the first and the fifth of Eqs. (17) are re- 
written in the form 


e EV. 
dw cT cW 1) 
Da SU BEE an 
dW cl cW 


If the subscript i denotes quantities evaluated at the initial point, if the 
dimensionless coordinates 
Xc WwW 


¿= Vr 6 = te, =F; (22) 





are introduced, and if it is observed that the instantaneous velocity is 


given by 
y 2W Vp. | u 
7 Crips re ere CL (23) 


the differential expressions for the range and the endurance can be re- 
written in the form 


Æ E, 
due Crp 


This means that, for each given weight, the maximum instantaneous range 


(24) 





_ a _E 
du p 
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and the maximum instantaneous endurance occur when the functions 


E 
VCL 


are, respectively, maximum. If the logarithmic derivative of the lift 
coefficient with respect to the drag coefficient is introduced, the following 
results can be shown to hold at the stationary points under consideration: 
\ = 2 for best range and A = 1 for best endurance. Hence, the best range 
occurs for a lift coefficient smaller, and therefore for a flight velocity 
higher, than that associated with the best endurance (Fig. 5). 





? 


4.3 Integration process. The next step is to integrate the differential 
equations (24). If the angle of attack is assumed to be constant and the 
end-conditions 


= 0, 6; = 0, w= 1 (25) 
i= ¢=6 w=1l-—f¢ 


are considered (the symbol ¢ denotes the fuel-to-weight ratio), the fol- 
lowing results are derived: 
E 
g=-2—La-—vi-p 
VCL 
i (26) 
0 = E log Iç 


Incidentally, this flight technique is characterized by a continuously de- 
creasing velocity and, consequently, by a continuously decreasing thrust. 


5. QUASI-LEVEL FLIGHT 


In the previous section, level paths were investigated; in this section, 
quasi-level paths are considered. Hence, after hypotheses (8-20) are 
employed, the equations of motion are rewritten in the form 


*žŽ-vV=0 
h—Vv=0 

T—D= (27) 
L—-W=0 

W+cT =0 


and are now investigated with the assumptions that the power setting is 
given and that the flight takes place in the stratosphere. For this prob- 
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lem, it is appropriate to define the quantities 


QW he 








Vrei = pa ’ Tei = W; (28) 
and introduce the dimensionless variables 
i XCx A — WwW 
¿= Voce 0 = tcx, = W; (29) 


After it is observed that the instantaneous velocity is given by 


_ | 2T _ yp... |T# 
V= CopsS = V rei Cp (30) 


the differential equations for the range and the endurance (21) can be 
rewritten as = 
d4 E tt! dd E 
— 2 = al, - >= 31 
du uwNCp du p BD 


Thus, for each given weight, the best instantaneous range and the best 
instantaneous endurance occur when the functions 





, E 





Vo» 

are, respectively, maximum. Since A = 3/2 for best range and à = 1 for 
best endurance, the maximum instantaneous range occurs for a lift coeff- 
cient smaller, and therefore for a flight velocity higher, than that asso- 
ciated with the maximum instantaneous endurance (Fig. 5). Incidentally, 
the flight altitude is not specified in the present problem and must be 
determined from the relationship 


WwW 
~~ TE 
where ô = p/px is the density ratio. 

The next step is to integrate the differential equations (31). If a con- 
stant angle of attack is assumed and the end-conditions (25) are 
considered, the following results are obtained (Ref. 4): 


b= Bet log > 9 = Flog 7 (33) 


Incidentally, this flight technique is characterized by a constant velocity 
as can be seen from Eq. (30) and by a cruise-climb as can be seen from 
Eq. (32). The increase in altitude between the endpoints is still governed 
by Eq. (9-91); furthermore, the relative advantage of the cruise-climb 
with respect to the constant altitude flight can still be computed with Eq. 
(9-93). 


ô 





(32) 
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6. CLIMBING FLIGHT 

Climbing flight is now considered and, for didactic purposes, the dis- 
cussion is divided into two parts. In the first part, the analysis is re- 
stricted to small path inclinations; in the second part, an exact analysis 
is presented. 


6.1 Simplified analysis. If the square of the path inclination is as- 
sumed to be negligible with respect to one, the equations of motion 
are rewritten as 


X¥-—-V=0 
h—-Vv=0 
T—D-—-Wv=0 (34) 
L—-W=0 
W+cT=0 


Furthermore, after the dynamical equations are divided by the weight, 
the following results are obtained: 








T — Cpu? —Y=0, Chww?—1=0 (35) 
and imply that 
P Te 
Cai ( at) 
Va VG T- f (36) 
u = 1 
VCL 


These equations express the climbing performance in terms of a two- 
parameter family of solutions, the parameters being the lift coefficient 
and the thrust-to-weight ratio. After eliminating the lift coefficient, one 
obtains the functional relationships (Fig. 6) 


1 = faut), yz = Salty) (37) 


Thus, for each given 7, infinite climbing conditions exist; among these, 
the steepest climb and the fastest climb are analyzed here. Because of 
the first of Eqs. (36), the steepest climb occurs when the aerodynamic 
efficiency is a maximum, which implies that X= 1. On the other hand, 
because of the second of Eqs. (36), the fastest climb occurs when 


2 


NS oe 





(38) 
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Fic. 6. Path inclination and rate of climb. 


Since 7 > 1/E for ascending flight, the logarithmic derivative of the lift 
coefficient with respect to the drag coefficient satisfies the inequality 
X > 1; thus, the fastest climb occurs for a lift coefficient smaller, and 
therefore for a flight velocity higher, than that associated with the 
steepest climb (Figs. 3 and 4). 


6.2 Exact analysis. Climbing flight is now investigated by consider- 
ing the exact form (1) for the equations of motion. In particular, after 
the dynamical equations are divided by the weight, the following results 
are obtained: 


T — Cpu? — sin Y = 0, Cru? — cosy = 0 (39) 
and imply that 
cos Y 
E 


where E is the lift-to-drag ratio. After this equation is rearranged in the 
form 





T— — sin Y = 0 (40) 


(1 + E?) sin? Y — 2rE? sin Y + r?E? —1=0 (41) 
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the sine of the path inclination is given by 


rE? VT + 0 — 79) 


sın Y = 1+ E? 


(42) 


where the lower sign is to be exclusively employed for r < 1, while both 
signs may yield physically possible solutions for 7 > 1. Furthermore, the 
dimensionless rate of climb and the dimensionless velocity become 


Va E Te a T rP VIREN- 7) 


x [a D VIF EX = 75| (43) 


apt PVE rA 
Vi DRE 


Relationships (42) and (43) supply the most general solution of the dy- 
namical equations in a vertical plane in terms of the lift coefficient and 
the thrust-to-weight ratio. In particular, if the approximation 








7? K1 <E? (44) 


is employed, they lead once more to the simplified solutions represented 
by Eqs. (36). 


7. FLIGHT IN A HORIZONTAL PLANE 


In this section, curvilinear flight in a horizontal plane is investigated 
employing all the hypotheses of Section 8-8. Consequently, the equations 
of motion are written in the form 


X — Veosx =0 
Y — Vsinx = 0 

T—D=0 (45) 
Leosp —W=0 

W+cT=0 


where X and Y denote Cartesian coordinates measured in the horizontal 
plane, x is the velocity yaw angle, and yp is the velocity roll angle. 
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7.1 Solution of the dynamical equations, After the dynamical equa- 
tions are divided by the weight, the following relationships are obtained: 
tT — Cpu? = 0 
XVR 
g 


Cru?’ cosu —1=0 


Cusin u — = 0 (46) 


and can be solved explicitly in terms of the lift coefficient and the thrust- 
to-weight ratio. Once the dynamical equations have been solved, the 
load factor and the radius of curvature of the flight path can be de- 
termined from the relationships 

rg u 


z2 2 CEP am 
n = Cru , A = XV Rg (47) 


In this connection, simple manipulations lead to the results (Ref. 5) 


u= a 
= Cp 


n = TE 
1 
cosu = -9 (48) 
XVr _ qajo 2 Co 
g a L Op T 
rg 1 


Va VCE — Co/7)? 
which, after the lift coefficient is eliminated, yield the functional rela- 
tionships (Figs. 7 through 10) 
n= filu, T), u= fo(u, T) 
XVR 
g 


z (49) 
= fa(u, T), Vz = falu, T) 


Incidentally, for large values of the thrust-to-weight ratio, that is, for 


(rE)? > 1 (50) 
the evolutory velocity and the radius of curvature can be approximated 
by 

We_o, ft, MaL 
m CL īp’ =T (51) 
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Fic. 9. Evolutory velocity. Fic. 10. Radius of curvature. 


7.2 Particular cases. Among the infinite number of properly banked 
horizontal turns which the aircraft can execute for a given thrust-to- 
weight ratio, three special maneuvers are now analyzed: the turn with 
the maximum load factor (or the maximum angle of bank), the turn 
with the maximum evolutory velocity, and the turn with the minimum 
radius of curvature. These maneuvers occur when the functions 


Ci Cp 2 (ey 
E, T Op a gt CL ee 
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Fic. 11. Characteristic velocities for powered flight in a horizontal plane. 
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Fic. 12. Optimum turns in the polar diagram. 


are, respectively, maximum. If the logarithmic derivative of the lift co- 
efficient with respect to the drag coefficient is introduced, it can be shown 
that A = 1 in the turn with the maximum load factor or the maximum 
angle of bank. On the other hand, the turn with the maximum evolutory 
velocity occurs when 


I 1 
rats + sam) (52) 
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while the turn with the minimum radius of curvature occurs when 


I 


\ = Fepe 


(53) 
Since t > 1/E at any altitude below the ceiling, the turning flight with 
the maximum load factor or the maximum angle of bank is characterized 
by an angle of attack lower than that associated with the maximum 
evolutory velocity; furthermore, the maximum evolutory velocity occurs 
for an angle of attack lower than that associated with the minimum 
radius of curvature (Figs. 11 and 12). 

For the particular case where the approximation (50) is valid, the 
logarithmic derivative of the lift coefficient with respect to the drag co- 
efficient simplifies to A = 1/2 for maximum evolutory velocity and \ = 0 
for minimum radius of curvature. This is equivalent to stating that the 
maximum evolutory velocity and the minimum radius of curvature are 
achieved when the functions 


CL 
VCD 
are, respectively, maximum. Thus, the maneuverability of the aircraft 


can be increased by the use of high lift devices such as flaps and slots. In 
particular, the minimum radius of curvature is expressed by 


, CL 


Vs 
t= -- 54 
7 (54) 
and, therefore, equals twice the kinetic energy height corresponding to 


the stalling velocity of the airplane in straight and level flight. 


8. PERFORMANCE IN A SPECIFIED ATMOSPHERE 


In the preceding sections, flight performance was investigated in a 
dimensionless form independently of the distribution of the atmospheric 
properties versus the altitude. The next step is to determine the be- 
havior of the aircraft in a specified atmosphere. For example, consider 
level flight in the stratosphere, and rewrite the functional relationship 
(20) in the form 


Vee = hi (Zs 2) (55) 


For a given atmospheric model, the density is a known function of the 
altitude; hence, Eq. (55) yields the relationship 


folh, Y, W, Tx) = 0 (56) 
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which, if the thrust at the tropopause and the weight are specified, re- 
duces to the form 


fo(h, V) = 0 (57) 


that is represented in Fig. 8-5. If this procedure is repeated for the 
remaining flight conditions, it is possible to pass from the results pre- 
sented in this chapter to the corresponding results indicated in Chapter 8 
by a simple transformation of coordinates. 


9. PARABOLIC POLAR 
Since the parabolic polar has the form 


Cp = Coo + KCi (58) 


where Cpo is the zero-lift drag coefficient and K the induced drag factor, 
the results indicated in the previous chapter can be derived as a par- 
ticular case of those presented here. With particular regard to the 
optimum flight conditions, the transformation is readily performed, if it 
is observed that the logarithmic derivative of the lift coefficient with 
respect to the drag coefficient can be written as 





_1+R 
a= =R (59) 
and implies that 
= 1 
R= | (60) 


where R = KC2/Cpo is the drag ratio, that is, the ratio of the induced 
drag to the zero-lift drag. 

For example, consider gliding flight, and observe that A=1 for the 
flattest glide and A = 2/3 for the minimum sinking speed. Use of Eq. (60) 
shows that the optimum values for the drag ratio are R =1 for the 
flattest glide and R = 3 for the minimum sinking speed, in agreement 
with the results of Section 9-3. 


10. COMPARISON OF CONSTANT THRUST AND 
CONSTANT POWER AIRCRAFT 


In the previous sections, the performance of a constant thrust aircraft 
was determined. If a similar technique is employed, the performance of a 
constant power aircraft can be calculated. If y denotes the propeller 
efficiency and P the shaft horsepower, the thrust developed by a recipro- 
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TABLE 1 


COMPARATIVE NONOPTIMUM PERFORMANCE OF 
CONSTANT THRUST AND CONSTANT POWER AIRCRAFT 







Flight Physical Turbojet Piston-engined 


























condition magnitude aircraft aircraft 
7 1 1 
Level V CL V CL 
flight ğ 1 1 
a rV/ Cz 
bs 1 1 
VOL VCL 
Climbing 1 1 
fight z T- tv0 -5 
LA 1 (- 1 ) PE. 
Vr VCL E EVOL 
aes 3 T 
5 D Cp 
1 N23 
n = TE C ELIS 
Turning cos u Cp 
flight y 2 2/3 2/3 
Gy) ages (eG) aq) 


cating engine-propeller combination is given by 


— 1P 
T=% (61) 


Hence, while the performance of turbojet aircraft can be expressed in 
terms of the parameters Cz and 7, the performance of piston-engined air- 
craft can be represented in terms of the variables C, and m, where 





(62) 
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TABLE 2 


COMPARATIVE OPTIMUM PERFORMANCE OF 
CONSTANT THRUST AND CONSTANT POWER AIRCRAFT 











Flight Type of i A; 
condition optimum i Ap K 
Ceiling 1 2/3 3/2 
Level Maximum range 2 1 2 
flight Maximum 
endurance 1 2/3 3/2 
Stecpest climb 1 na HONS >3/2 
Climbing 2+ rEVCL 


Fastest climb 
and most 
economic climb 


flight 





Jo GE 2/3 23/2 


Maximum angle of 
bank and maximum 1 2/3 3/2 
load factor 


Turning Maximum 1 1 1 a eee 
fight | evolutory velocity | 3|! + Gaz] | 3 + Oven” om 


Minimum radius 1 se A 3/2 
of curvature (TE)? 3(mEVC1)*? 














is the thrust-to-weight ratio evaluated at the level flight velocity which 
corresponds to C, = 1. In this connection, simple computations lead to 
the data summarized in Table 1. 

Concerning the optimum flight conditions, some important conclusions 
can be readily obtained, if it is assumed that (a) the propeller efficiency 
and the shaft horsepower are independent of the velocity and (b) the 
specific fuel consumption of the piston-engined aircraft is a linear func- 
tion of the velocity when referred to the unit time and the unit thrust.* 
Simple manipulations lead to the comparative results summarized in 
Table 2, where the subscript j refers to the jet aircraft and the subscript 
p to the piston-engined aircraft. The conclusions of the analysis are the 
following: 


* This means that the specific fuel consumption referred to the unit time and 
the unit power is independent of the velocity. 
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(a) For flight in a vertical plane, the optimum conditions of turbojet 
aircraft occur at lift coefficients below or equal to that for maximum lift- 
to-drag ratio; the opposite occurs for piston-engined aircraft. 

(b) For curvilinear flight in a horizontal plane, the optimum condi- 
tions of both turbojet and piston-engined aircraft occur at lift coefficients 
beyond or equal to that for maximum lift-to-drag ratio. 

(c) Regardless of the flight condition, the following inequality holds: 


Aj 3 
ae (63) 
Hence, turbojet aircraft utilize lower angles of attack (and, therefore, 
higher flight velocities) than piston-engined aircraft. 

In the derivation of these important results, it was observed that jet- 
propelled vehicles satisfy the inequality 


TE > 1 (64) 


at any altitude below the ceiling, while piston-engined aircraft are 
characterized by the inequality 


nEVC, > 1 (65) 


Furthermore, the statements relative to flight with the maximum evolu- 
tory velocity and to flight with the minimum radius of curvature are 
subordinated to the following constraint: the load factors pertaining to 
these conditions are assumed to have equal values for the jet aircraft 
and the piston-engined aircraft. 


EXERCISES 


1. With reference to gliding flight, consider the exact form for the 
dynamical equations. Derive the relationships 





: 1 
—sn Y = — 
VI+ 
c_ 1 f # \" 
Ve EVG; (Fp) a 
1 4] E? 





Oo Vey VIF 


which, for large values of the lift-to-drag ratio, reduce to the simplified 
solutions represented by Eqs. (9). Furthermore, if the angle of attack is 


cHAP. 10] AIRCRAFT PERFORMANCE: ARBITRARY POLAR 211 


constant and the end-conditions (14) are employed, show that the follow- 
ing particular integrals hold: 


X = E(h; — hy) 


= EVLE 


3/4 (67) 
Tro LEEA [I(hi) — I(hy)] 


and, for large values of the lift-to-drag ratio, reduce to the simplified 
solutions represented by Eqs. (15). 

2. Prove that the following differential expressions are a mathematical 
consequence of Eqs. (1): 


Ww 


E {dh _ 1dW 
a+ 2 (G11 mt) - 


ax + e(a + ZW) BA, 
7 (68) 


For the particular case where both the angle of attack and the velocity 
are held constant in the stratosphere, derive the relationships 


X+ z(h + iog w) = Const 
(69) 


h,1 
+E(* + = log w) = Const 


the second of which is subordinated to the hypothesis that cos y = 1 
(shallow path). Hence, if the variation in potential energy is small with 
respect to the work dissipated because of the aerodynamic forces, these 
integrals simplify to 


X+ Vlog W = Const 
i (70) 


t+ F log W = Const 


By nondimensionalizing Eqs. (70) and applying the proper end-condi- 
tions, rederive Eqs. (33). 

3. Consider a path flown with constant power setting and constant 
angle of attack in the stratosphere. Prove that the increase in altitude 
between the endpoints of the trajectory is given by Eq. (9-91). 

4. Consider a turbojet aircraft operating at constant power setting 
and constant angle of attack in the troposhere. Denoting by ¢ the fuel- 
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to-weight ratio, show that the dimensionless range and endurance are 
given by 


E= r Z(H 1) 
“VOL v1l—¢ 


7 1 
E 

5. Compare a constant power setting path and a constant altitude 
path, assuming that the angle of attack is constant and that the initial 
conditions are identical. After calculating the range and the endurance, 
rederive Eqs. (9-93) which are valid for stratospheric flight and Eqs. 
(9-161) which are valid for tropospheric flight. 

6. Consider the exact climbing flight of a constant-thrust aircraft and 
focus attention on the solutions represented by Eqs. (42) and (43). As- 
suming that the aerodynamic efficiency is given and defining the follow- 
ing limiting thrust-to-weight ratio: 


Tim = V(E? + 1)/E? (72) 


show that only one set of solutions is possible for tT <1, while two sets 
are possible for 1<7< Tm. Finally, prove that quasi-steady climb is 
physically impossible if the thrust-to-weight ratio exceeds the above 
limiting value. 

7. The results of the present chapter are valid for a drag polar having 
the form Cp = Cp(C,). By specializing this polar into a parabolic one, 
calculate the results already derived in Chapter 9. 

8. Compare the performance of jet aircraft and piston-engined aircraft, 
and prove the comparative data summarized in Tables 1 and 2. 


(71) 
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CHAPTER li 


AIRCRAFT PERFORMANCE 
AT HIGH SUBSONIC, TRANSONIC, 
AND SUPERSONIC SPEEDS 


1. INTRODUCTION 


In Chapters 9 and 10, the performance of a jet-propelled aircraft was 
investigated under the assumption that the characteristics of the aircraft 
and the engine are independent of the Mach number. In this chapter, 
the above restriction is removed, and the analysis is extended to cover 
the case where the coefficients of zero-lift drag, induced drag, thrust, and 
specific fuel consumption are arbitrarily dependent on the Mach number. 
For the sake of discussion, the treatment refers to turbojet and turbofan 
aircraft. However, the method presented here is applicable to turbo- 
prop aircraft without modification; furthermore, it can be applied to 
ramjet vehicles, provided that the corrected rotor speed of the turbojet 
or turbofan engine is replaced by the corrected fuel-to-air ratio of the 
ramjet engine (Ref. 6). 


1.1 Characteristics of the performance problem. A peculiarity of the 
high-speed performance problem is that the solutions are so strongly in- 
fluenced by the aircraft and the engine that it is simply impossible to 
reach general conclusions which are unrestrictedly valid for every case 
and subcase. For that reason, this chapter is concerned only with the 
analytical and graphical procedures necessary to determine the per- 
formance of a given aircraft powered by a given engine; the design 
problem is not considered, since it is so complex that it escapes an ana- 
lytical approach. However, the method presented here is preliminary 
to design, since the basic design philosophy consists of (a) considering 
a discrete number of configurations which depend upon certain arbitrary 
parameters (for instance, the surface area, the aspect ratio, the angle of 
sweep, and the thickness ratio of the wing), (b) determining the drag 
polar, the weight, and the flight performance of each of these configura- 
tions, and (c) selecting that particular configuration which meets the 
desired requirements. Incidentally, the design problem may or may not 
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have real solutions, depending upon the specifications imposed; further- 
more, when real solutions exist, they are generally not unique. 


1.2 Multivalued solutions. For the low-speed performance problem 
considered in the previous chapters, the level flight equation was found 
to have one pair of solutions; furthermore, the optimum flight conditions 
were found to admit unique solutions. This situation is generally un- 
changed in the high-speed case, as long as the aircraft operates in the 
high-subsonic, low-transonic domain. On the other hand, if the aircraft 
is designed to attain supersonic speeds, the level flight equation may have 
one, two, or several pairs of solutions; furthermore, the optimum flight 
conditions may be single-valued or multivalued (Refs. 6 through 8). 
When several solutions exist, they must be studied in detail in order to 
distinguish relative maximum points from relative minimum points as 
well as to determine that particular point which yields the absolute 
maximum or minimum for the function under consideration. For these 
reasons, it is didactically convenient to separate the discussion of high 
subsonic~low transonic flight from that of supersonic flight. While the 
former is considered in the beginning sections of this chapter, the latter 
is presented at the end in less detail, since the analytical method is the 
same. 


1.3 Organization of the following sections. In the following sections, 
the performance problem is formulated in a dimensional form and, then, 
simplified by introducing appropriate similarity parameters. Among 
these, two are characteristic of the aircraft (the load factor and the 
dimensionless wing loading), two are characteristic of the engine (the 
corrected rotor speed and the coefficient of specific fuel consumption), 
and two are common to both the aircraft and ithe engine (the Mach 
number and the modified thrust coefficient). Both nonoptimum and 
optimum conditions are investigated using either a parabolic or an 
arbitrary polar. In particular, the optimum conditions are determined 
with two alternative and complementary methods: a direct graphical 
procedure and an indirect analytical approach. In order to illustrate the 
theory, numerical examples are developed for two particular aircraft con- 
figurations: a Mach 0.9, swept-wing transport powered by turbofan 
engines (Sp/S = 0.028) and a Mach 3, delta-wing transport powered by 
turbojet engines (Sp/S = 0.050). For these configurations, the aero- 
dynamic characteristics were presented in Chapter 6, and the engine 
characteristics, in Chapter 7. At any rate, it must be emphasized that, 
while the formulas and the procedures of this chapter are general, the 
majority of the engineering conclusions are particular, since they are 
based on specific aircraft configurations. 


CHAP. 11] AIRCRAFT PERFORMANCE: HIGH SPEED 215 


2. FLIGHT IN A VERTICAL PLANE 


If all the hypotheses of Section 8-2 are retained, quasi-steady flight in 
a vertical plane is governed by the equations 


X — Veosy=0 
h—Vsiny =0 


T—D—Wsnv=0 (1) 
L— Weosvy=0 
W+cT=0 


where X denotes the horizontal distance, h the altitude, V the velocity, 
y the path inclination, W the weight, D the drag, L the lift, T the thrust, 
c the specific fuel consumption, and the dot sign a derivative with respect 
to time. 


2.1 Aerodynamic characteristics. It is known from Chapter 6 that, 
if Reynolds number effects are neglected, the characteristics of a high- 
speed configuration can be expressed in terms of the drag coefficient Cp, 
the lift coefficient C}, and the Mach number M. These dimensionless 
groups are defined by 


x 


2L z @) 


? Ci = y?’ a 


2D 
Cp = pSV2 
where S is a reference surface, p the air density, and a the speed of sound. 


If p denotes the free-stream pressure and k the ratio of the specific heats, 
the speed of sound can be written as 


a= fe? (3) 


Consequently, the aerodynamic: coefficients become 


2D 2L 


Co = jpsm2’ = ©! = ipSM2 (4) 


Notice that these coefficients and the Mach number are not independent 
but are related by the drag polar. In particular, if the parabolic approxi- 
mation is employed, the drag polar is expressed by 


Cp = Cyo(M) + KM)Ci (5) 


where the zero-lift drag coefficient Cpo and the induced drag factor K 
are functions of the Mach number only. 
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Fic. 1. Drag per unit weight versus Mach number and dimensionless wing 
loading. 


2.1.1 Drag per Unit Weight. After Eqs. (4) and (5) are combined and 
the aerodynamic coefficients are eliminated, the drag function becomes 











_k 2, 2KL? 
Furthermore, if the load factor 
n=z (7) 
and the dimensionless wing loading 
2W 
o= pas (8) 
are introduced, the drag per unit weight can be written in the form 
D CnoM? , Kw 
woo Me ©) 
For the particular case where n = 1, the drag function becomes 
2 
D _ CpoM Ka (10) 


w M2? 
and, with reference to the subsonic, swept-wing transport under considera- 
tion, is plotted in Fig. 1 versus the Mach number for several values of the 
dimensionless wing loading. Notice that the œ = Const curves in Fig. 1 
are divided into two parts. The solid portion is that along which the para- 
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bolic approximation holds. The dashed portion is that along which the 
parabolic approximation does not hold, even though the trends predicted 
are qualitatively correct; thus, if a more precise estimation of the drag is 
desired, the exact expression of the polar must be employed (see 
Section 9). 


2.1.2 Drag Ratio and Aerodynamic Efficiency Ratio. Once the Mach 
number, the dimensionless wing loading, and the load factor are given, 
not only can the drag per unit weight be calculated but also several other 
related quantities. One of these is the ratio of the induced drag to the 
zero-lift drag or drag ratio 

_ Ki __K (ay 

— Cpo Cpo\M? 
Another is the ratio of the actual aerodynamic efficiency to its maximum 
value or aerodynamic efficiency ratio* 


E _ 2VR _ __ 2VK/Cpown/M? (12) 


Emax 1+ Rk 1+ (v K/Cpown/M?)? 


2.1.3 Minimum Drag Condition. As Eq. (10) and Fig. 1 indicate, the 
drag of an aircraft in level flight depends on both the Mach number and 
the dimensionless wing loading. In particular, for each given Mach num- 
ber, there exists a dimensionless wing loading (and, hence, a flight alti- 
tude) which minimizes the over-all drag; conversely, for each given 
dimensionless wing loading, there exists a Mach number such that the 
over-all drag is a minimum. 

If the Mach number is held constant, the dimensionless wing loading 
for minimum drag is given by 


w= M?, [Eze (13) 


D 1 
W T Eam (14) 


On the other hand, if the dimensionless wing loading is held constant, 
the Mach number for minimum drag is defined by the equation 


2 
o = M° [ovo P+ Cpom (15) 


* It is recalled that the maximum aerodynamic efficiency for a given Mach 
number is given by Ey, = 1/2 VKCpo 





(11) 


which implies that (Fig. 2) 
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Fic. 2. Minimum drag condition. 


in which the subscript M denotes a logarithmic derivative with respect 
to the Mach number, that is, 





(16) 
Ky = GEFF 


The corresponding value for the minimum drag is given by (Fig. 2) 


D__1 4+ (Cpo0/K)u 
WwW 2Emax (2 + Cpom)(2 — Km) 


In connection with these results, the following conclusions arise: (a) 
the minimum drag in the transonic region is considerably higher than 
the minimum drag in the subsonic region; (b) if the Mach number is 
given, the induced drag associated with the minimum drag condition is 
equal to the zero-lift drag; on the other hand, if the dimensionless wing 
loading is given, the induced drag associated with the minimum drag 
condition can be considerably larger than the zero-lift drag (see 
Exercises); and (c) in the low subsonic region, differentiation with 
respect to w and differentiation with respect to M yield identical results; 
for this region, both the drag ratio and the aerodynamic efficiency ratio 
tend to unity, in accordance with the low-speed theory developed in 
Chapter 9 (see exercises). 





(17) 
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2.2 Engine characteristics. It is known from Chapter 7 that, if Rey- 
nolds number effects are neglected, the characteristics of a turbojet or 
turbofan engine can be expressed in terms of the coefficient of thrust Kr, 
the coefficient of specific fuel consumption K,, the Mach number M, and 
the corrected rotor speed N.. These dimensionless groups are defined by 





T cal 
Risse. Roe 
7 PSR ga 
18 
2, Wee e g 
a c Nmax @ 


where Sp is a fixed reference area of the engine, g the acceleration of 
gravity, N the actual rotor speed, Nmax the maximum rotor speed, and 
the asterisk denotes quantities evaluated at the tropopause. Notice that 
these similarity parameters are not independent but satisfy the expressions 


Kr = Kr(M,N.), K. = K.(M,N.) (19) 


which fulfill for the engine a function analogous to that of the drag 
polar for the aircraft. 

As the subsequent theory shows, performance analyses can be simpli- 
fied to some degree if the thrust coefficient is replaced by the modified 
thrust coeficient 


LeS kb @ St (20) 


and if the dependence of the coefficient of specific fuel consumption on the 
corrected rotor speed is disregarded (this approximation is always per- 
missible for some interval of the corrected rotor speed). This means that 
relationships (19) are replaced by the functions 


K: = Ki(M,N.), Ke = K.(M) (21) 


3. GLIDING FLIGHT 


The class of shallow glide paths is now considered and, after hypotheses 
(8-8) are employed, the following differential set is obtained: 


X—V=0 
h—Vvr=0 
D+Wrv=0 (22) 
L—W=0 


ý = 
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Fic. 4. Optimum glide conditions. 


Since the load factor is n = 1, the drag function is represented by Eq. 
(10), so that the glide angle becomes 


D _ CoM? , Ke 





To Te (a) 
while the sinking speed can be written in the form 
_C_ _ yy — CooM* | Ko 
BS ae (24) 
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After these functions are plotted versus the Mach number for several 
values of the dimensionless wing loading (Fig. 3), the flattest glide and 
minimum sinking speed conditions can be found graphically by deter- 
mining the lowest points of the w = Const curves. An alternative pro- 
cedure consists of differentiating the right-hand sides of Eqs. (23) and 
(24) with respect to the Mach number and setting the results equal to 
zero. This operation yields the expressions (Fig. 4-left) 


_ a2 [Coo |2 + Cpom 
o = w° f N2 Ku 
— m2 [Cpo |3 +Cpom 
w= ar f IL Ky 


the first of which determines the Mach number for flattest glide, and the 
second, that for minimum sinking speed. Since these functions have the 
form M = M (w), the minimum glide angle and the minimum sinking 
speed can be expressed in terms of the dimensionless wing loading only 
and are indicated in Fig. 4-right. In closing, the following remarks are 
pertinent: 

(a) Since the atmospheric pressure increases as the glider descends 
toward lower altitudes, the parameter œw decreases along the flight path. 
Hence, for the subsonic, swept-wing transport under consideration, the 
Mach number continuously decreases in either a flattest glide or a mini- 
mum sinking speed maneuver. 

(b) The drag ratios for fiattest glide and for minimum sinking speed 
are given by 


(25) 


pR — 2 t Copom 


2 — Km (26) 
_ 3 +Cpom 
R = 1— Ky 


and depend strongly on the instantaneous Mach number. For the particu- 
lar case of low subsonic flight, the logarithmic derivatives of the aero- 
dynamic coefficients with respect to the Mach number vanish, and the 
drag ratios reduce to R = 1 and R = 8, respectively, in accordance with 
the low-speed theory developed in Chapter 9. 

(c) As the previous analysis indicates, there exist two methods for 
finding the optimum flight conditions, one direct and another indirect. 
With the direct method, a sequence of nonoptimum conditions is calcu- 
lated prior to determining the optimum point. With the indirect method, 
nonoptimum conditions are bypassed, and the search for the optimum 
operating point is carried out by employing the analytical expressions 
for the maximum or minimum under consideration. The main advantage 
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of the first method over the second is that it supplies not only the op- 
timum point but also the behavior of the function in its vicinity; its main 
disadvantage is that the optimum conditions cannot be determined accu- 
rately unless a considerable number of nonoptimum points are calculated 
for each of the w = Const curves. For these reasons, direct and indirect 
methods must be considered as complementary, rather than competitive; 
both methods can be of assistance in performance analyses if employed 
with discrimination and good judgment. Incidentally, the indirect method 
demands that the logarithmic derivative of the aerodynamic coefficients 
with respect to the Mach number be evaluated; consequently, either 
techniques of numerical differentiation must be employed or an analytical 
expression for the variation of the aerodynamic coefficients with the 
Mach number must be found. 

(d) In order to calculate the range and the endurance along either a 
flattest descent trajectory or a minimum sinking speed trajectory, Eqs. 
(8-14) must be integrated subject to either the flattest glide condition 
or the minimum sinking speed condition (see exercises). For example, 
consider the flattest glide, and observe that, since w is a known function 
of the altitude, the instantaneous Mach number, the glide angle, and the 
sinking speed can be uniquely related to the altitude. Since the right- 
hand sides of Eqs. (8-14) become known functions of the altitude, the 
integration process reduces to that of a simple quadrature. An analogous 
remark holds for the maneuver of minimum sinking speed. 

(e) For some types of gliding paths, the variation in kinetic energy 
may not be negligible with respect to the variation in potential energy; 
under such conditions, the quasi-steady approach is no longer justified, 
and the present results must be corrected in order to account for the 
unsteadiness of the motion. The correction factor depends on the rate of 
variation of the kinetic energy with respect to the potential energy and 
can be calculated with the procedure which was developed in Chapter 8. 


4. LEVEL FLIGHT 


For the category of level paths, the condition y = 0 is to be introduced 
into the equations of motion which simplify to 


X—V=0 

h=0 
T—D=0 (27) 
L—W=0 


WicT=0 
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These equations are now investigated both locally (point performance) 
and integrally (integral performance). 


4.1 Flight velocity. Since the load factor is n = 1, the drag is repre- 
sented by Eq. (10). Consequently, after the equation of motion on the 
tangent to the flight path is multiplied by the factor 2/kpS, the following 
relationship is obtained: 


2 
K: = CoM?’ + K ya (28) 


and involves the three variables w, Ne, M, so that a two-parameter fam- 
ily of solutions exists. This means that, if the dimensionless wing loading 
and the corrected rotor speed are specified, the only unknown is the 
Mach number; it can be determined graphically by plotting the thrust 
available (left-hand side of the level flight equation) and the thrust 
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Fic. 5. Solution of the level flight equation. 
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required (right-hand side of the level flight equation) versus the Mach 
number and finding the points where these curves intersect. In this con- 
nection, a particular example is indicated in Fig. 5-top and shows that, 
for prescribed values of the corrected rotor speed and the dimensionless 
wing loading, there exist two solutions for the Mach number, a high-speed 
solution 1 corresponding to flight with low angle of attack and a low- 
speed solution 2 corresponding to flight with high angle of attack. 

While this graphical procedure is physically intuitive, its utility is 
limited to the case where only a few particular solutions must be found. 
On the other hand, if the totality of level flight solutions is desired, a 
different approach is recommended. Since Eq. (28) is an algebraic rela- 
tion of the second degree in the dimensionless wing loading, the following 
explicit solution can be obtained: 


= 2 
w= M [Ee — CpoM? (29) 


and is plotted in Fig. 5-bottom for the swept-wing, turbofan transport 
under consideration. 


4.2 Ceiling. The theoretical ceiling is now investigated with the as- 
sumption that the corrected rotor speed is prescribed. Since w is inversely 
proportional to the static pressure and since the static pressure is a mono- 
tonically decreasing function of the altitude, the highest point of each 
of the N, = Const curves in Fig. 5-bottom is the ceiling corresponding to 
the prescribed corrected rotor speed. In addition to this graphical pro- 
cedure, the ceiling can also be determined by differentiating the right- 
hand side of Eq. (29) with respect to the Mach number and setting the 
result equal to zero. Simple manipulations yield the relationship 


24+ (Cpo/K)u 
2+ (K./K)u 


whose left-hand side represents the thrust available, and whose right- 
hand side, the thrust required at the ceiling; hence, the equilibrium Mach 
number can be determined with the procedure illustrated in Fig. 6-left. 
By repeating this procedure for several corrected rotor speeds, the func- 
tion M(N,), which is the locus of the ceiling conditions, can be obtained 
and is plotted in Fig. 6-right. The associated dimensionless wing loading 
can be obtained by substituting the Mach number at the ceiling into 
either Eq. (29) or 


_ yp Gna. BF Cool Km 
SSMN REN TE RIDE = 


and, in consideration of Eq. (30), can be expressed in terms of the cor- 


K, = CpoM (30) 
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Fic. 6. Ceiling. 


rected rotor speed only (Fig. 6-right). Once the dimensionless wing load- 
ing is known, the static pressure at the ceiling can be calculated; subse- 
quently, the altitude can be determined from the tables of the standard 
atmosphere (see Appendix). Incidentally, the drag ratio at the ceiling 


N 
KR p = 2+ Cpo/K)m 
2 + (K:/K)m 


and reduces to R = 1 if the logarithmic derivatives of the aerodynamic 
and thrust coefficients with respect to the Mach number vanish; this 
result is in agreement with the low-speed theory which was developed in 
Chapter 9. 


(32) 


4.3 Range and endurance. If the first and the fifth of Eqs. (27) are 
employed and the weight is selected as the new independent variable, the 
differential relationships for the range and the endurance are given by 


-YV Y 
dW T eD (33) 
-#2 ll 
aW eT cD 
and can be reduced to a dimensionless form if the variables 
_ x9 _ ‘ga 
¿= a? , 0 = až (34) 


are introduced. In fact, after Eqs. (33) and (34) are combined with the 
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Fic. 7. Instantaneous range and endurance in level flight. 
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Fic. 8. Optimum range and endurance conditions in level flight. 


drag function (10), the following relationships are obtained: 


a aaa M aa 
dw K.(CpoM4 + Kw?) (35) 
do M? 


~ do K(CpoM* + Kw?) 


After these functions are plotted versus the Mach number for several 
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values of the dimensionless wing loading (Fig. 7), the best range and 
endurance conditions can be found graphically by determining the highest 
points of the w = Const curves. 

An alternative procedure consists of differentiating the right-hand sides 
of Eqs. (35) with respect to the Mach number and setting the results 
equal to zero. Simple manipulations yield the expressions 


2 [Coo {1+ (CooKe)m 
ae oe V3— (KK)u 


— m? [C20 |2 + (CpoK:)m 
eS AEN Roe (Ra 


the first of which determines the Mach number for maximum range and 
the second, that for maximum endurance (Fig. 8-left). Since these ex- 
pressions have the form M = M (w), the maximum instantaneous range 
and endurance can be expressed in terms of the dimensionless wing load- 
ing only (Fig. 8-right). In closing, the following remarks are note- 
worthy: 

(a) If the instantaneous condition for best range or best endurance is 
maintained everywhere along the trajectory, the optimum Mach number 
continuously decreases, owing to the consumption of fuel and the associ- 
ated decrease in the parameter œ. Consequently, the maximum range and 
endurance must be evaluated by integrating the functions represented in 
Fig. 8-right with respect to the independent variable œw. Generally 
speaking, approximate methods are needed, since analytical solutions are 
possible only for special cases (see Chapter 9 and exercises). 

(b) The drag ratios for maximum range and for maximum endurance 
are given by 


(36) 


R= 1+ (CpoK) m 


3 — (KK.)m (37) 
R= 2+ (CpoKe)m 
2 — (KK.)m 


and depend strongly on the instantaneous Mach number. For the par- 
ticular case where the logarithmic derivatives of the aerodynamic and 
engine coefficients with respect to the Mach number are zero, these drag 
ratios reduce to R = 1/3 and R = 1, respectively, in accordance with the 
low-speed theory which was developed in Chapter 9. 


5. QUASI-LEVEL FLIGHT 


In the previous section, level paths were investigated; in this section, 
quasi-level paths are considered. Hence, after hypotheses (8-20) are 
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employed, the equations of motion are rewritten in the form 


X—V=0 
h—Vv=0 
T—D=0 (38) 
L—-W=0 
W+cT=0 


and are now investigated with the assumptions that flight takes place in 
the stratosphere* and that the corrected rotor speed is constant. 


5.1 Point performance. If quantities evaluated at the tropopause are 
denoted by an asterisk and if the dimensionless variables 





oJ ee 
— Px = Epas 
Xg i (39) 
¿= az’ = i 
are introduced, Eqs. (33) yield the expressions 
JM 
dw» TKK: (40) 
l 
dwy 7 TKK: 


whose right-hand sides depend on the Mach number and the pressure 
ratio. However, these variables are not independent but must be con- 
sistent with the level flight equation (29). Hence, after it is observed that 


Wx | K 
MNK: no CpoM2 


and after the pressure ratio is eliminated, the following relationships are 


obtained: 
dt _ME _ M? [K.—CpoM? 
dlogwx K. K.K: K 
_ _E_ M [K. — CpoM? 
dlogwe K. K.K: K 


*In the following developments, this assumption has a relevant importance 
only as far as the endurance is concerned; the formulas relative to the range 
are also valid for tropospheric flight. 


(41) 


Wx 
T = — = 
Ww 











(42) 
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Fic. 9. Determination of the best range and endurance conditions for quasi- 
level flight with a constant corrected rotor speed. 


The left-hand sides of these equations are called the range factor and the 
endurance factor, respectively, and are plotted in Fig. 9-top versus the 
Mach number for a constant corrected rotor speed. The conditions for 
best range and best endurance can be determined graphically by finding 
the highest points of the N, = Const curves indicated in the figure. 
They can also be obtained by differentiating the right-hand sides of Eqs. 
(42) with respect to the Mach number and setting the results equal to 
zero. Laborious manipulations yield the expressions 


Ky = CpoM? $+ (C2o/KK?K?) u 


4— (KKK) 


K, = CpoM? 4 (Coo/KK-Ki) w 


2 — (KKK) a 


(43) 
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Fic. 10. Optimum range and endurance conditions for quasi-level flight with 


a constant corrected rotor speed. 
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the first of which determines the Mach number for best instantaneous 
range and the second, that for best instantaneous endurance. Since the 
left-hand sides of Eqs. (43) represent the thrust available and the right- 
hand sides, the thrust required, the optimum Mach numbers can be de- 
termined with the procedure described in Fig. 9-bottom. If this pro- 
cedure is repeated for several corrected rotor speeds, the functions M(N,), 
which are the loci of the best range and endurance conditions for a 
given corrected rotor speed, can be determined and are plotted in Fig. 10- 
top; in consideration of Eqs. (438), the range and endurance factors be- 
come functions of the corrected rotor speed only and are plotted in Fig. 
10-center. Also, the dimensionless wing loadings for best range and best 
endurance (which determine the local atmospheric pressure and, hence, 
the flight altitude) are given by the expressions 


v = M? [Coo 2 + (Cpo/Kt)m 
K N4 — (KK?Ki)u 


v= M? [Coo 2 + (Cpo/K:i)m 
K N2 — (KK?Ki)u 
which are plotted in Fig. 10-bottom. In closing, the following remarks 
are of interest: 

(a) The Mach number for best instantaneous range is higher than the 
Mach number at the ceiling, while the latter is higher than the Mach 
number for best endurance. 

(b) If the corrected rotor speed is increased, the Mach numbers for 
best range and best endurance increase; an analogous remark applies to 
the corresponding optimum operating altitudes. 

(c) While the endurance is favored by the use of relatively low cor- 
rected rotor speeds, the range of the swept-wing transport under con- 
sideration is a maximum when N, = 0.825. Any increase in the corrected 
rotor speed with respect to this optimum value is accompanied by a de- 
crease in the range and by a simultaneous increase in the Mach number. 
Thus, shifting the corrected rotor speed from 0.825 to 0.9 causes a 2.5% 
decrease in the range and a 1.8% increase in the Mach number. 

(d) The optimum drag ratios are given by the expressions 


2 + (Cyo/Ki)m 
4 — (KK?K.)mu 


_ 2+ (Cpo/K)m 
~ 2 — (KK?K;)m 


(44) 


R= 
(45) 
R 


the first of which applies to the range problem and the second, to the 
endurance problem. For the hypothetical case where the coefficients of 
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zero-lift drag, induced drag, thrust, and specific fuel consumption are 
independent of the Mach number, these drag ratios reduce to H = 1/2 and 
R = 1, respectively, in accordance with the low-speed theory which was 
developed in Chapter 9. 


5.2 Integral performance. Consider, now, a trajectory which is flown 
with constant corrected rotor speed, and assume that either the best 
instantaneous range condition or the best instantaneous endurance con- 
dition is maintained at all time instants. Since the weight is nowhere 
present in Eqs. (43), the optimum Mach number is independent of the 
amount of fuel consumed between the initial point and any arbitrary 
point of the trajectory. Since the Mach number is constant, the range 
and endurance factors are simultaneously constant. Consequently, after 
the end-conditions 


& = 0, 0 =0 


(46) 
Ez E $; Oy =6 
are assumed and it is observed that 
woss Wto Se 
be We Lf (47) 


where ¢ is the fuel-to-weight ratio, the integration of Eqs. (42) yields the 
following expressions for the dimensionless range and endurance: 


M [K,—Cpolf? 1 
a ef DONE gi oe 
E= KK, N K Brp a 
_ M [Ik CoM? 1 
e= EEN K log => 


which can be rewritten in either of the equivalent forms 


{= oM | 1 — ME) 1 
= KK, $1- K, 81r 


= cO = L iraa 

K.K t 1 — t K. 1— t 
where £ is the lift-to-drag ratio or aerodynamic efficiency. 

An interesting consequence of the Mach number being constant is that 
the lift coefficient, the drag coefficient, the aerodynamic efficiency, and 
the dimensionless wing loading are constant everywhere. In particular, 
the fact that the dimensionless wing loading is constant implies that. 


(49) 
6 


x = Const (50) 
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Hence, if a constant corrected rotor speed and a constant Mach number 
are maintained, fuel is consumed in such a way that the instantaneous 
weight is proportional to the local atmospheric pressure. The resulting 
flight technique is called the cruise-climb and has the following property: 
the difference between the instantaneous ceiling and the optimum oper- 
ating altitude is constant along the flight path (see exercises). Since the 
static pressures at the endpoints of the trajectory are related by 


BWP as 


the equations of the standard atmosphere lead to the following expression 
for the increase in altitude: 





2 
ae Fe log 1 (52) 


kg S127 
6. CLIMBING FLIGHT 


Climbing flight is now considered and, for didactic purposes, the dis- 
cussion is divided into two parts. In the first part, the approximation 
n = 1 is employed in the evaluation of the drag function; in the second 
part, an exact analysis is presented. 


6.1 Simplified analysis. If the approximation n = 1 is employed in 
Eq. (9), the drag function reduces to Eq. (10). Consequently, the dy- 
namical equation on the tangent to the flight path yields the following 
solution for the sine of the path inclination: 





= — 2 
Sinna E D _K:— CooM _ g2 (53) 


W w M2 
while the rate of climb becomes 
u) 
M — K i (54) 


Hence, if 7 = hg/a denotes the dimensionless altitude, the climb econ- 
omy factor (derivative of the logarithm of the weight with respect to 
the dimensionless altitude) can be written in the form 


2 
C Z M siny = E CooM" 
a Ww 


a dlg W _ KK: K.K: (55) 
dy w/a (Ki — CooM2)M — Kw?/M 

After these functions are plotted versus the Mach number for several 
values of the dimensionless wing loading and for a constant corrected 
rotor speed (Fig. 11), the optimum climbing conditions can be determined 
graphically by finding the stationary points of the w = Const curves. 
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Fic. 11. Path inclination, rate of climb, and climb economy factor. 
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An alternative procedure consists of differentiating the right-hand sides 
of Eqs. (53) through (55) with respect to the Mach number and setting 
the results equal to zero. Laborious manipulations yield the expressions 


JEM (Coo |2 +Cpom — KımK:/CpoM? 
= K 


2 — Ku 
_ 442 [Coo 3+ Cpoom — (1+ Kim)Ki/CpoM? 


wo = m? [C22 , [8 + (Co0/K Kim — (1 — Kem)Ki/CpoM? 
K 1+ (K-Ki/K) mu 


which determine the Mach numbers for steepest climb, fastest climb, and 
most economic climb, respectively. These functions have the form 
M=M(@,N,) and are plotted in Figs. 12 through 14-left; the corre- 
sponding values for the path inclination, the rate of climb, and the fuel 
consumed per unit increase of altitude are indicated in Figs. 12 through 
14-right. In connection with these results, the following comments are of 
particular importance: 

(a) Since the atmospheric pressure decreases as the aircraft climbs 
toward higher altitudes, the parameter w increases along the flight path. 

(b) The Mach number for fastest climb is greater than the Mach 
number for most economic climb; in turn, the latter is greater than the 
Mach number for steepest climb. However, for a hypothetical engine 
whose product K.K, is independent of the Mach number, the most eco- 
nomic climb and the fastest climb would be identical. 
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Fic. 12. Steepest climb. 
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Fic. 14. Most economic climb. 


(c) The climbing performance improves as the corrected rotor speed 
increases. Hence, the steepest climb, the fastest climb, and the most 
economic climb should be performed by maintaining N = N max every- 
where. 

(d) Each of the N. = Const curves represents the climbing technique 
of the aircraft only if a constant corrected rotor speed is maintained, 
Should the aircraft employ a constant actual rotor speed N, the corrected 
rotor speed would increase with the altitude, and the optimum operating 
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point would shift continuously from one N, = Const curve to another in 
the course of the climb (see Fig. 13 and Section 8). 

(e) For some climbing paths, the variation in kinetic energy might not 
be negligible with respect to the variation in potential energy; under such 
conditions, the quasi-steady approach is no longer justified, and the re- 
sults of this section must be corrected in order to account for the un- 
steadiness of the motion. More specifically, the actual values of the path 
inclination, the rate of climb, and the fuel consumed per unit increase of 
altitude are different from those predicted with the quasi-steady ap- 
proach. The correction factor depends on the rate of variation of the 
kinetic energy with respect to the potential energy and can be calculated 
with the procedure which was developed in Chapter 8. 


6.2 Exact analysis. Climbing flight is now investigated by considering 
the exact expression (9) for the drag function, where n~1. By simple 
algebraic manipulations, the dynamical equations can be rewritten as 


Ki 0set = lt edi =o, n — cos Y = 0 (57) 
M2 


so that, after the load factor is eliminated, the following relationship is 
obtained: 


K, ~ CpoM® — yu? cos? 7 — wsin'y = 0 (58) 
If this expression is rearranged in the form 
K vsin? Y — wsin Y + K: — CooM? — Éw =0 (89) 
M2? M2 


the following solution is obtained for the sine of the path inclination: 


2 


where the lower sign is to be exclusively employed if the thrust-to-weight 
ratio is less than one, while both signs may yield physically possible solu- 
tions if the opposite is true. Furthermore, the rate of climb and the climb 
economy factor become 


C M? 4K 2 K 2 
= agal! y1- Hts (Ee — Cool — se) 61) 


_ dlog W _ 2KK.K./M? 


dy [4K K 
12 1 — jra (E: — CooM? — pae’) 
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The discussion of the exact climbing problem is entirely analogous to the 
discussion of the simplified climbing problem, the only difference being 
that Eqs. (60) and (61) replace Eqs. (53) through (55); hence, no special 
comment is necessary. In closing, an interesting relationship between the 
present and the previous solutions can be pointed out. If x denotes the 


quantity ik pa 
= iñ (x, — CpoM? — Ker) (62) 


and the approximation «<1 is employed in combination with the 
Maclaurin approximation 


x 


Vi-em1-§ (63) 


the present exact solutions reduce to the simplified solutions represented 
by Eqs. (53) through (55). 


7. FLIGHT IN A HORIZONTAL PLANE 


In this section, curvilinear flight in a horizontal plane is considered, and 
all the hypotheses of Section 8-8 are retained. Consequently, the equa- 
tions of motion are written as 


X — Veosx = 0 
Y — Vsinx = 0 


T—D=0 as 
Lsinu ~Z vx = 0 


Leoosp —W=0 
W+ceT=0 


where X and Y denote Cartesian coordinates in the horizontal plane, 
while x and p indicate the velocity yaw and roll angles, respectively. 


7.1 Solution of the dynamical equations. If the similarity parameters 
defined in Section 2 are employed, the dynamical equations on the 
tangent, the principal normal, and the binormal can be reduced to the 
dimensionless set 


K. — CpoM? — en? zip 
nsinu — M* = 0 (65) 


ncosp—1=0 
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which admits the solutions 


W K 
cosu = TNX, — Opo? ee) 


So (67) 


a? = xa/g K:—CpoM? 1 
\ Kw? M 


In conclusion, the turning performance can be expressed in terms of a 
three-parameter family of solutions, the parameters being the Mach 
number, the dimensionless wing loading, and the corrected rotor speed. 


7.2 Special maneuvers. Among the infinite number of properly banked 
horizontal turns which the aircraft can execute, there are some special 
turns which have particular significance. They are the turns with 
maximum load factor (or maximum angle of bank), maximum evolutory 
velocity, and minimum radius of curvature. If the right-hand side of the 
first of Eqs. (66) is differentiated with respect to the Mach number for 
constant values of the dimensionless wing loading and the corrected rotor 
speed and the result is equated to zero, the condition for maximum load 
factor is represented by 


uz 4 + (Cpo/K)u 
2+ (Ki/K)u 


Since this equation is identical with Eq. (30), the Mach number for 
maximum load factor is identical with the Mach number at the ceiling, 
regardless of the dimensionless wing loading. If a similar procedure is 
followed, the maximum evolutory velocity and the minimum radius of 
curvature can be shown to occur when the Mach number satisfies the 
following relationships, respectively: 


K: = Coo (68) 





w = M? Cog 2 F (Cpo/K)u + (K/K)mK:/CpoM? 
(69) 
2 
w = W [C20 S/Opo/ Lu | 24 E/K JulKk:/CnoM? 





2 K 
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In connection with these results, the following comments are pertinent: 

(a) Since the atmospheric pressure decreases with the altitude, the 
parameter w increases as the turn is executed at higher altitudes. 

(b) While the Mach number for maximum load factor or maximum 
angle of bank is independent of the dimensionless wing loading (and, 
hence, independent of the altitude if the corrected rotor speed is con- 
stant), the Mach numbers for maximum evolutory velocity and minimum 
radius of curvature increase with w and, hence, increase as the altitude 
increases. 

(c) The Mach number for maximum load factor is greater than the 
Mach number for maximum evolutory velocity; in turn, the latter is 
greater than the Mach number for minimum radius of curvature. 

(d) As the corrected rotor speed increases, the turning performance 
improves; hence, the maneuverability of the aircraft in the horizontal 
plane improves. 


8. PERFORMANCE FOR A GIVEN ROTOR SPEED IN 
A SPECIFIED ATMOSPHERE 


In the previous sections, the performance of a turbofan aircraft was 
investigated independently of the distribution of the atmospheric prop- 
erties versus the altitude and represented in terms of several dimension- 
less groups, one of which is the corrected rotor speed of the engine. This 
quantity is a natural similarity parameter of the engine and, conse- 
quently, is instrumental in representing flight performance in terms of 
the lowest number of independent variables. 

There are many problems, however, in which the behavior of the air- 
craft in a specified atmosphere must be determined under the assumption 
that the quantity which is prescribed and constant is the actual rotor 
speed N rather than the corrected rotor speed Ne. Consequently, before 
the coordinate transformation from the previous system to any new 
system is performed, the following question arises: What is the form of 
the analytical results for the case where N rather than N, is given? 

In order to answer this question, two situations must be discussed: 
stratospheric flight and tropospheric flight. Concerning stratospheric 
flight, the static temperature (and, hence, the speed of sound) is constant; 
since the actual rotor speed is proportional to the corrected rotor speed, 
both the nonoptimum and the optimum results derived in the previous 
sections are still valid. Regarding tropospheric flight, the static tempera- 
ture (and, hence, the speed of sound) is not constant; since the actual 
rotor speed is not proportional to the corrected rotor speed, the conversion 
of the results obtained for a given N, into those valid for a given N must 
be done according to the following precepts: (a) the nonoptimum per- 
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formance formulas already established in terms of the corrected rotor 
speed are also valid for the case where the rotor speed is given; and (b) 
an analogous remark holds for the optimum performance, as long as the 
altitude is kept constant in the differentiation process; if the altitude is 
not constant in this process, new relationships are generally needed for 
the optimum performance, unless it is proved otherwise. 

In connection with the previous discussion, a few particular problems 
are now illustrated. For example, consider the level flight equation (29), 
and rewrite it in the functional form 





M = fiw, Ne) (70) 
which is equivalent to 
V p (W, N a 
a =f (* Nmax =) aN 


Observe that, for a given atmospheric model (for instance, the 1959 
ARDC Model Atmosphere), the pressure and the speed of sound are 
known functions of the altitude, that is, 


p = phh), a= alh) (72) 


Consequently, if Eqs. (71) and (72) are combined, the following relation- 
ship is obtained: 


V = fa(h, W, N) (73) 
and, if the weight and the rotor speed are specified, reduces to the form 
V = falh) (74) 


which is represented in Fig. 15. 

As a second example, consider the steepest climb, the fastest climb, 
and the most economic climb, and observe that the optimum solutions (56) 
can all be rewritten in the functional form (70). Consequently, if the 
weight and the rotor speed are prescribed, the optimum climbing tech- 
niques can be represented by relationships having the form (74), which 
are plotted in Fig. 15. Comparison of this figure and Fig. 8-14 shows 
that, for the particular aircraft under consideration, compressibility ef- 
fects have a substantial influence on the optimum flight technique. Thus, 
while the velocity for fastest climb increases monotonically with the alti- 
tude in the low-speed case (Fig. 8-14), it has a maximum at the altitude 
of 15,000 ft if compressibility effects are considered. Also, while the 
velocity for most economic climb increases monotonically with the alti- 
tude in the low-speed case (Fig. 8-14), it has two stationary points if 
compressibility effects are considered: a maximum at the altitude of 
30,000 ft and a minimum at the tropopause. 
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As a third example, consider curvilinear flight in a horizontal plane, 
and focus attention on the turning maneuvers with maximum load factor, 
maximum evolutory velocity, and minimum radius of curvature. Observe 
that the optimum solutions (68) and (69) can all be rewritten in the 
functional form (70). Consequently, if the weight and the rotor speed are 
specified, the optimum turning conditions can be represented by relation- 
ships having the form (74), which are plotted in Fig. 16. Comparison 
of this figure and Fig. 8-18 shows that compressibility effects have a 
considerable influence on the optimum flight conditions. In particular, 
while the velocity for maximum load factor increases with the altitude in 
the low-speed case (Fig. 8-18), the same is not true if compressibility 
effects are included. 
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9. PERFORMANCE OF AN AIRCRAFT WITH AN 
ARBITRARY POLAR 


In the previous sections, the performance of an aircraft was calculated 
under the assumption of a parabolic polar. A more general case occurs 
when the polar is arbitrary, that is, obeys the relationship 


Cp = Cpo(CL, M) (75) 


in which Cp is the drag coefficient, C,, the lift coefficient, and M the Mach 
number. The treatment of this case is conceptually analogous to that de- 
veloped for the parabolic case and, hence, is not systematically repeated. 
The main difference is that analytical solutions are no longer possible, so 
that graphical methods must be employed. In this connection, the main 
results relative to gliding flight, level flight, quasi-level flight, climbing 
flight, and turning flight are summarized in Table 1 and are now illus- 
trated by means of a few examples. 

Consider gliding flight, and multiply the dynamical equations by the 
factor 2/kpS. Simple manipulations yield the results 


w¥+CpM?=0, w—C,M*?=0 (76) 
so that the glide angle and the sinking speed become 
2 3 
oO, afer (77) 
w a Ww 


Consequently, the following procedure is suggested for each given com- 
bination of dimensionless wing loading and Mach number: (a) determine 
the equilibrium lift coefficient from the second of Eqs. (76); (b) deter- 
mine the drag coefficient from the polar of the vehicle; and (c) calculate 
the glide angle and the sinking speed with Eqs. (77). If this procedure is 
repeated several times, the functions y(M,q@) and (C/a)(M,q@) which 
solve the glide problem can be determined. After these functions are 
plotted as in Fig. 3, the optimum conditions (flattest glide and glide with 
minimum sinking speed) can be determined graphically. 

As a second example, consider level flight, and multiply the dynamical 
equations by the factor 2/kpS. Simple manipulations yield the relation- 
ships 

K,—CpM?=0, w—C,M?=0 (78) 


which must be solved with the following procedure for each given com- 
bination of corrected rotor speed and Mach number: (a) determine the 
modified thrust coefficient from the engine performance diagrams; (b) 
calculate the drag coefficient from the first of Eqs. (78); (¢) determine 
the lift coefficient from the polar of the vehicle; and (d) calculate the 
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dimensionless wing loading from the second of Eqs. (78). If this pro- 
cedure is repeated several times, the function œ(M, N.) which solves the 
level flight problem can be determined. After this function is plotted as in 
Fig. 5, the level flight Mach number corresponding to given values of the 
dimensionless wing loading and the corrected rotor speed can be deter- 


mined graphically. 
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10. SUPERSONIC AIRCRAFT PERFORMANCE 


In the previous sections, a general method for analyzing the perform- 
ance of high-speed aircraft was developed, and its application to a high 
subsonic-low transonic aircraft was demonstrated. In this section, the 
case of an aircraft designed for supersonic speeds is considered. Even 
though the analytic method is identical with that employed for the sub- 
sonic aircraft, the engineering results can be considerably different, de- 
pending on the characteristics of the aircraft and the engine. Some of 
the essential differences between supersonic aircraft performance and sub- 
sonic aircraft performance are now illustrated with reference, for the 
sake of discussion, to a Mach 3, delta-wing transport powered by turbojet 
engines. No systematic analysis is presented in that only a few important 
topics are discussed. 


10.1 Aerodynamic drag. The aerodynamic drag of a supersonic air- 
craft in flight with load factor n = 1 is expressed by Eq. (10) and is 
plotted in Fig. 17 versus the Mach number for several values of the 
dimensionless wing loading. While the drag has only one stationary point 
for a subsonic aircraft, it may have one or three stationary points for a 
supersonic aircraft, depending on the dimensionless wing loading. When 
three stationary points exist, the first is generally subsonic and yields a 
relative minimum for the drag, the second is generally transonic and 
yields a relative maximum, and the third is generally supersonic and 
yields a relative minimum. In conclusion, the behavior of the supersonic 
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Fic. 17. Drag per unit weight versus Mach number and dimensionless wing 
loading. 
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aircraft is considerably different from that of the subsonic aircraft from 
the drag standpoint, a circumstance which has a considerable influence 
on the entire performance problem. 


10.2 Level flight. For a supersonic aircraft, the totality of level flight 
solutions is still represented by Eq. (29) and is plotted in Fig. 18 in the 
Mach number-dimensionless wing loading domain for several values of 
the corrected rotor speed. For given values of the dimensionless wing 
loading and the corrected rotor speed, there are only two solutions for a 
subsonic aircraft (Fig. 5), while there may be two or four solutions for 
a supersonic aircraft. In addition, while the ceiling associated with a 
given corrected rotor speed is unique for a subsonic aircraft, it may not 
be unique for a supersonic aircraft. More specifically, there exists a 
small interval of the corrected rotor speed for which two ceilings occur, 
one subsonic and one supersonic. 


10.3 Quasi-level flight. The range factor of a supersonic aircraft in 
quasi-level flight with a constant corrected rotor speed is represented 
by the first of Eqs. (42) and is plotted in Fig. 19 versus the Mach number 
for several values of the corrected rotor speed. While the range factor 
of a subsonic aircraft exhibits only one stationary point (Fig. 9), the 
range factor of a supersonic aircraft exhibits three stationary points: 
one subsonic, one transonic, and one supersonic. The first point yields a 
relative maximum, the second yields a relative minimum, and the third 
a relative maximum. For the particular example under consideration, the 
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Fic. 18. Level flight solutions. 
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supersonic maximum is also an absolute maximum; hence, the supersonic 
solution must be preferred to the subsonic solution not only from the 
time standpoint but also from the range standpoint. 


10.4 Climbing Flight.* There exist two important differences between 
the climb of subsonic aircraft and the climb of supersonic aircraft. In the 
first place, the solutions for the optimum climbing performance are single- 
valued in the subsonic case but may be multivalued for the supersonic 
case (this point has been already emphasized in connection with level 
and quasi-level flight and, hence, is not reiterated here). In the second 
place, while it is logical to calculate the climbing performance of a sub- 
sonic aircraft using the quasi-steady approach in combination with the 
kinetic energy correction developed in Chapter 8, the same might not be 
true for a supersonic aircraft. This point can be readily clarified, if the 
following two examples are considered: 

(a) For a subsonic aircraft which is transferred from take-off speed 
and sea level to M = 0.9 and h = 35,000 ft, the variation in kinetic energy 
is about one-third the variation in potential energy. On the other hand, 
for a supersonic aircraft which is transferred from take-off speed and sea 
level to M = 3 and h = 60,000 ft, the variation in kinetic energy is more 
than twice the variation in potential energy. 

(b) For a climb with constant dynamic pressure, the acceleration fac- 
tor, that is, the ratio of the accelerated rate of climb C, to the quasi- 
steady rate of climb C, is given by Eq. (9-122) and is plotted in Fig. 20 






0.8 


dë 19-3 


“dlog ws 
0.6 

















Frc. 19. Range factor. 


* The conclusions of this section are also valid for descending flight. 
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Fic. 20. Kinetic energy correction for flight with constant dynamic pressure. 


versus the Mach number for both tropospheric and stratospheric flight. 
Thus, for the particular case of stratospheric flight, the accelerated rate 
of climb is 85% of its quasi-steady value at M = 0.5 but 26% at M = 2. 

From these examples, it is concluded that the quasi-steady approach 
in combination with the kinetic energy correction yields a reasonably 
accurate prediction of the optimum climbing performance for subsonic 
aircraft but perhaps not for supersonic aircraft. This is due to the fact 
that the term neglected in the first approximation (the kinetic energy 
term) is small with respect to that accounted for (the potential energy 
term) for a subsonic aircraft but not for a supersonic aircraft. Thus, a 
radically different approach to the optimum climb performance of super- 
sonic aircraft is in order and must be carried out with due regard to the 
inertia terms in the formulation of the problem. More specifically, the 
flight path can no longer be examined from a local point of view but must 
be investigated from an integral point of view, that is, with the methods 
of the Calculus of Variations developed in Volume 2. 


EXERCISES 


1. Assuming constant altitude flight, prove that the condition for a 
stationary zero-lift drag is that 


Cpoou = —2 (79) 


Generally speaking, this equation has no real solutions, as can be shown 
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by numerical analyses; hence, the zero-lift drag is a monotonically in- 
creasing function of the Mach number. 

2. Assuming constant altitude flight, prove that the induced drag is 
stationary when the Mach number satisfies the relationship 


Ku = 2 (80) 


Numerical analyses show that this equation may have imaginary or real 
solutions, depending on the aircraft configuration. In the former case, 
the induced drag is a monotonically decreasing function of the Mach 
number; in the latter case, the induced drag generally has a minimum in 
the low transonic region and a maximum in the high transonic region. 

3. Consider an aircraft in level flight. Assuming that the Mach number 
is given, show that the drag is a minimum at the altitude where 





R=1 (81) 
which implies that 
E 
Emax =e (82) 


On the other hand, if the altitude is prescribed, show that the drag is a 
minimum when the drag ratio satisfies the relationship 





_ 2+Cpom 
r = $ Coo (83) 
which implies that 


Enar 4+ (Cpo/K)u 


For the particular case of low subsonic flight, the logarithmic derivatives 
of the aerodynamic coefficients with respect to the Mach number vanish; 
hence, Eqs. (83) and (84) become identical with Eqs. (81) and (82). 

4. Consider gliding flight in an isothermal atmosphere, and denote by 


à a constant and by 
? _f 
E exp ( +) (85) 


the pressure-altitude relationship. Show that the range X and the en- 
durance ¢ can be expressed in the form 


of 


x f" _æ_, u_ f7 æ (86) 
` uv; Y(M, w)w ` £ m, iia 


t 
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Hence, by specifying the relationship between the Mach number and the 
dimensionless wing loading (for instance, flattest glide, glide with mini- 
mum sinking speed, constant Mach number glide), the range and the 
endurance can be determined. For the particular case of a constant Mach 
number glide, prove that the following expressions hold: 


x = a = 2Emax arctan V Ri Ni (87) 
` A 1+ V R:Rş 


where R is the drag ratio. 

5. Consider level flight with a constant Mach number. Denoting by £ 
the dimensionless range, 0 the dimensionless endurance, and R the drag 
ratio, show that the following expressions hold: 


E QE VR; — VR; 
=> = 6 = —— arctan ——___- 88 
M K. 1 + vV RıRş ¢ ) 


6. Consider the stratospheric quasi-level flight of a turbofan aircraft, 
and assume that the corrected rotor speed is constant. Show that the 
difference between the instantaneous ceiling and the operational altitude 
for the best range or the best endurance is a constant at all the points of 
the flight path. 

7. Consider the simplified climbing flight with constant corrected rotor 
speed and constant Mach number. Assume that the atmosphere is iso- 
thermal (see Exercise 4), and neglect the effect of the fuel consumption on 
the path inclination and the rate of climb. Show that the distance 
traveled X, the time to climb ¢, and the fuel-to-weight ratio ¢ are given 
by the approximate relationships 


X -irlo (Hia 
aM a TBI ay lF a; 














(89) 

2 — a2\4 

rei-(; = = 3) 

ias ar OF 
where 
1 

g = — 

2V K(K; — CyooM?) 
K.K: (90) 


Y = kK: — CpoM)M 


sents So 
“=~ M NK, — Cool? 
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8. Consider the exact climbing flight of a turbofan aircraft whose polar 
is parabolic. Show that the equilibrium lift coefficient associated with 
given values of the corrected rotor speed, the dimensionless wing loading, 
and the Mach number is defined by the biquadratic equation 


ACi, + BCL +C = 0 (91) 
where 
A= K? 
K 
B=1+2K (coo _ Ks) (92) 


K 2 2 
c = (Coo — $6) S 


9. Consider the exact climbing flight of a turbofan aircraft whose polar 
is arbitrary, that is, obeys the relationship 


Cp = Cp(C1, M) (93) 


Show that the equilibrium lift coefficient associated with given values of 
the corrected rotor speed, the dimensionless wing loading, and the Mach 
number is defined by the relationship 


2 2 
(co- My += (94) 


With reference to the drag coefficient-lift coefficient domain, this relation- 
ship is a circle of radius w/M? and center at K,/M?, 0. Consequently, the 
equilibrium lift coefficient can be determined graphically by intersecting 
the circle (94) with the drag polar (93). 
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Part UT 


NONSTEADY FLIGHT OVER 
A FLAT EARTH 


INTRODUCTION TO PART III 


The analysis of the flight paths of rocket-powered aircraft, ballistic 
missiles, satellite vehicles, skip vehicles, and hypervelocity gliders as well 
as the study of the transient behavior of aircraft propelled by air-breath- 
ing jet engines require that the nonsteady point of view be adopted, that 
is, that the acceleration terms be included in the equations of motion. 
When this approach is used, the flight path can no longer be treated from 
a local point of view but must be considered in its entirety. Consequently, 
any information on the behavior of an aircraft or a missile in flight can 
only be deduced by integrating the equations of motion subject to the ap- 
propriate command programs for the angle of attack, the thrust modulus, 
and the thrust direction as well as to the appropriate initial and/or final 
conditions. 

Because of the complicated distribution of the physical properties of 
the atmosphere versus the altitude as well as the complicated behavior 
of the drag function at high subsonic, transonic, and supersonic speeds, 
closed form solutions are not usually attainable in nonsteady flight. Con- 
sequently, numerical solutions by means of digital computing equipment 
are necessary (precision approach). However, closed form solutions are 
possible if particular hypotheses are accepted for the distribution of the 
atmospheric properties versus the altitude, the flow regime, and the 
characteristics of the flight path (feasibility approach). Since feasibility 
studies have led to the greatest conceptual advances in the engineering 
applications of Flight Mechanics in the past, they must also be expected 
to do so in the future; therefore, analytical solutions are emphasized 
throughout Part ITT. 

With these ideas in mind, the succeeding chapters consider the non- 
steady flight of a vehicle over a flat Earth in conjunction with the 
following topics. First, the unpowered flight and the powered flight of an 
aircraft operating at low subsonic speeds are analyzed in Chapter 12. 
Next, the other extreme of the velocity spectrum, the hypervelocity 
regime, is investigated in Chapter 13 in connection with sounding rockets, 
ballistic missiles, glide vehicles, and skip vehicles. Since problems of a 
thermal nature are of paramount importance for hypervelocity vehicles, 
they are considered in Chapter 14. Then, Chapters 15 and 16 analyze 
the performance of a single-stage rocket and a multi-stage rocket in a 
vacuum. Finally, Chapter 17 presents the effects of the aerodynamic 
forces on the performance of sounding rockets, air-to-air missiles, and 
rocket-powered aircraft. 
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CHAPTER 12 


NONSTEADY AIRCRAFT 
PERFORMANCE 


1. INTRODUCTION 


In the previous four chapters, the performance of an aircraft was 
analyzed from a quasi-steady point of view, that is, the inertia terms 
appearing in the equations of motion were neglected. In this chapter, the 
more difficult case where the inertia terms are significant is considered in 
connection with flight in a vertical plane over a flat Earth with the thrust 
tangent to the flight path. In the light of these hypotheses and of Eq. 
(7-6), Eqs. (4-42) are rewritten in the form 


X — Veos¥Y=0 
h—Vsiny=0 
, ý 
t—D—w(siny+4) =o (1) 


1 — W(coss +2) =o 
W+cT=0 


where X denotes the horizontal distance, A the altitude, V the velocity, 
y the path inclination, W the weight, D the drag, L the lift, T the thrust, 
c the specific fuel consumption, g the acceleration of gravity, and the dot 
sign a derivative with respect to time. 


1.1 General integration problem. If the drag is assumed to have the 
form D = D(h,V,L) and if the thrust and the specific fuel consumption 
are expressed as T = T (h, V,m) and c = c(h, V,m), where m is the con- 
trol parameter of the engine, the previous differential system has one 
independent variable, the time, and seven dependent variables (X, h, 
V, y, W, L, m). Therefore, there are two degrees of freedom, which 
is logical since the flight path can be changed by varying the elevator 
position and the power setting. Thus, for a given set of initial con- 
ditions for X, h, V, y, W, infinite trajectories exist, more specifically, 
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one trajectory for each arbitrarily prescribed pair of functions L(t), w(t) 
or equivalent conditions. Because of the dissipative nature of the aero- 
dynamic forces, no first integral can be written for the general case; 
consequently, the study of particular flight conditions is of great interest 
from an engineering point of view. 


1.2 Numerical versus analytical solutions. Because of the complicated 
distribution of the physical characteristics of the atmosphere versus the 
altitude as well as the complicated behavior of the drag function at high 
subsonic, transonic, and supersonic speeds, closed form solutions are not 
usually attainable. Consequently, numerical solutions by means of digital 
computing equipment are necessary. However, closed form solutions are 
possible if particular hypotheses are accepted for the distribution of the 
atmospheric properties versus the altitude, the flow regime (e.g., sub- 
sonic), and the characteristics of the flight path. With this point of view 
in mind, the following special problems are now considered: glide paths 
flown at constant altitude, glide paths flown with constant angle of 
attack, level paths flown with constant thrust, conservative paths flown 
with constant load factor, and conservative paths flown with constant 
lift coefficient. From the same point of view, take-off and landing 
performance is also investigated in this chapter, even though the 
third and the fourth of Eqs. (1) must be modified by the inclusion of 
additional terms which are due to the physical contact of the aircraft 
with the ground. 


1.3 Simplified problem. Except for the class of glide paths, the fifth 
of Eqs. (1) always interacts with the remaining four equations. Con- 
sequently, the equations composing the previous differential system must 
be integrated simultaneously; however, there are many problems in 
which the variation of the weight due to the fuel consumed is small 
with respect to the initial weight. For these problems, Eqs. (1) become 
uncoupled, in the sense that the first four equations can be integrated 
independently of the fifth by regarding the weight as a constant. In 
turn, the fifth equation is employed a posteriori to determine the fuel 
consumed during the maneuver under consideration. 


2. GLIDE AT CONSTANT ALTITUDE 


The problem of decelerating a glider from one velocity to another 
in level flight is now considered. If the conditions y=0 and T=0 
are imposed, the second and the fifth of Eqs. (1) can be integrated to 
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give k = Const and W = Const, respectively. The remaining equations 
simplify to 


xXx—V=0 

, D 

V+gp=0 (2) 
L—-W=0 


Because of the third of these equations, the expression C,V? is constant 
everywhere; therefore, owing to the progressive decrease in the speed, 
the angle of attack must be continuously increased in order to satisfy the 
condition of dynamic equilibrium on the normal to the flight path. 

A mathematical consequence of the kinematic relationship in the hori- 
zontal direction and the dynamic relationship on the tangent to the flight 
path is the set of differential equations 


aX WV 
ay >. GB: 
y (3) 
a W 
dV gD 


whose integration must generally be accomplished by means of approxi- 
mate procedures. However, an analytical solution is possible if the drag 
polar is assumed to be parabolic with constant coefficients (Ref. 10). 

For such a case, it is convenient to introduce the dimensionless co- 
ordinates (see Chapter 9) 





aN — —*9 | oe 
a Vr i £ — V2 Emax = V rREmax (4) 
where 
Enex = —+— (5) 
um 2V/KCbo 


is the maximum aerodynamic efficiency of an aircraft with zero-lift drag 
coefficient Cpo and induced drag factor K and where the reference velocity 


= PW E 
Ve aos ps Coo (6) 


is the speed at which minimum drag occurs in level flight. Because of the 
equation of motion on the normal to the flight path, the drag per unit 
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Fic. 1. The functions A(u) and B(u). 
weight can be written in the form 


D__1 (2,1 
W Ea (u + i) 


Consequently, Eqs. (3) yield the differential set 





EE A 
du 1+ u4 
do 2u? 
du 1+ ut 


whose general integral is given by 
¿ = —A(u) + Const 
6 = —B(u) + Const 


where the functions A and B are defined as 


A(u) = Slog (1 + u) 





ot uV2_ Lte teva] 
Bw) = artan 2 5 ET 


and are plotted in Fig. 1 versus the dimensionless speed. 
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(7) 


(8) 


(9) 


(10) 
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Fic. 2. Level flight deceleration dis- Fic. 3. Level flight deceleration time 
tance of a typical jet transport. of a typical jet transport. 


In conclusion, if a glider is decelerated at constant altitude between 
prescribed initial and final velocities and if the following end-conditions 
are considered: 


&=6;= 0, Es = &, Os = 6 (11) 


the distance and the time are given by 


2 
x = Ties [A (ui) — A(w)] 
(12) 


t= Ens Blu.) — Blup) 


Since the reference velocity depends on the altitude, the deceleration 
distance and time also depend on the altitude. In this connection, a 
typical example is plotted in Figs. 2 and 3 for the end-conditions 


V; = 750 ft sec’, V; = 300 ft sec 


and for a jet transport aircraft whose aerodynamic characteristics are 


Cpo = 0.015, K = 0.042 


Two values of the wing loading are considered, that is, 60 and 100 lb ft7. 
The graphs indicate that the low wing loading aircraft decelerates in a 
shorter distance and time near sea level than the high wing loading air- 
craft, while the opposite occurs in the neighborhood of the tropopause. 
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The physical justification for this result lies in the fact that, of the two 
vehicles compared here, the low wing loading aircraft has a greater zero- 
lift drag and a smaller induced drag. Since, for the particular example 
under consideration, the zero-lift drag is the predominant component of 
the drag at low altitudes, the low wing loading aircraft has a greater total 
drag and, hence, better deceleration performance at low altitudes. Con- 
versely, since the induced drag is the predominant component of the drag 
at high altitudes, the high wing loading aircraft has a greater over-all 
drag and, hence, better deceleration performance at high altitudes. 


3. GLIDE AT CONSTANT ANGLE OF ATTACK 


This section considers the class of gliding paths which are smooth and 
shallow, that is, glide trajectories which are characterized by a negligible 
curvature and a small inclination with respect to the horizon. Because 
of the weight being constant and because of the hypotheses 


VY 


cos Y & I, sin Y & 7, T «x1 (13) 
Eqs. (1) simplify to 
X—V=0 
h—Vv=0 
; D\ _ (14) 
V+g (r + 2) =0 
L—-W=0 
If the relative density o = p/p, and the reference velocity 
2W 
Yr = 4| 


are introduced, the equation of motion on the normal to the flight path 


becomes 


fe (16) 


V C Lo 
Furthermore, if the aerodynamic efficiency is denoted by ZH = C,/Cp and 
it is observed that D = W/E and y = h/V, the equation of motion on the 
tangent to the flight path and the kinematic relationship in the horizontal 
direction yield the differential set 





A yato 
' (17) 

dt dh aV 

Ey g ? 
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which is now integrated with the assumptions that the drag polar has 


the form Cp = Cp(C_,) and that the lift coefficient is constant (Ref. 10). 
Hence, the distance is given by 


X y? 
F +h+ g Const (18) 
while the time is expressed in the form 
t yn, 
È +VCL Ve + ~ Const (19) 


where the function I (h) is defined as (Fig. 9-2) 


h 
I(h) = f Vo dh (20) 


In conclusion, Eqs. (16), (18), and (19) supply the solution of the 
proposed problem in parametric form, the parameter being the instan- 
taneous altitude. More specifically, Eq. (16) determines the velocity 
distribution at all points of the flight path. Once the velocity is known, 
Eq. (18) determines the distance, and Eq. (19), the time. Since the in- 
stantaneous inclination of the flight path is given by 


I 1 
"=~ ET _ V2 dloge (21) 
29 dh 
both the altitude and the velocity continuously decrease along the tra- 


jectory. 
Consider, now, a trajectory flown between given initial and final con- 
ditions, and assume that 
X:=0, t = 0, X; = X, y=t (22) 


After the distance and time integrals are written in the form 
X=E @ — hy + vi) 


BY Co 


(23) 


pe Hey 





Mh) — I(hy)] + B 


it becomes clear that the =i is capable of converting both potential and 
kinetic energies into the work necessary to achieve range in a resisting 
medium. Since the transformation factor is the aerodynamic efficiency, it 


264 NONSTEADY AIRCRAFT PERFORMANCE [cHap. 12 


is concluded that, if the total energy or energy height 


2 
uE h+ 3 (24) 


is prescribed at both the initial and final points, the maximum range is 
achieved by flying at the angle of attack which maximizes the aero- 
dynamic efficiency. On the other hand, the maximum endurance is 
achieved by flying at a higher angle of attack, more specifically, one 
between that which maximizes the function ZH and that which maximizes 
the function EVC. 


3.1 Quasi-steady solution. If the variation in kinetic energy is small 
with respect to the variation in potential energy,* the previous equations 
simplify to 

X = Elh; — h) 


t= EXCL a.) — 10) 
R 


(25) 





Consequently, under the assumption that the initial and final altitudes are 
given, the range is proportional to the aerodynamic efficiency, while the 
- endurance is proportional to EVC, a result already known from Chap- 
ter 10. 


4. ACCELERATION AT CONSTANT ALTITUDE 


The problem of accelerating an aircraft from one velocity to another 
at constant altitude is now considered. If the condition y = 0 is imposed, 
the kinematic relationship on the vertical direction can be integrated to 
give h = Const. Furthermore, if the variation in the weight due to the 
fuel consumption is neglected in the dynamical equations, that is, if the 
present problem is treated within the framework of the simplified ap- 
proach outlined in Section 1.3, the motion of the vehicle is described by 
the differential set 


X¥~V=0 

+ Gg ne sis 

ÝY- p(T- D=0 (26) 
L~W=0 


Because of the third of these equations, the product C,V? is constant 
along the trajectory; since the velocity is increasing, the angle of attack 


*This approximation is equivalent to neglecting the inertia term in the 
equation of motion on the tangent to the flight path. 
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must be continuously decreased in order to satisfy the condition of 
dynamic equilibrium on the normal to the flight path. 

A mathematical consequence of the kinematic relationship in the 
horizontal direction and the dynamic relationship on the tangent to the 
flight path are the differential equations 


X- W V 
dV g T—D (27) 
dt Ww 1 


dV g9 T—D 
whose integration must usually be carried out by means of approximate 
procedures. However, an analytical solution is possible if it is assumed 
that the thrust is independent of the velocity and that the drag polar 
is parabolic with constant coefficients. After the dimensionless coordi- 
nates defined by Eqs. (4) are introduced, the following differential 
relationships are obtained: 


ge E 
T 2 2 
du ut 2zu2 +1 (28) 
do 2u? 
du — ut — 2u? + 1 


where z = TE max/W is the thrust-to-minimum drag ratio. Consequently, 
the integration process leads to 


g = — A(z, u) + Const 


(29) 
0 = —B(z, u) + Const 
where the functions A and B are defined as (Figs. 4 and 5) 
1 
A(z, u) = ut — už [u?} log (uï — u’) — uz log (u? — u3)] 
1 2 (30) 
- 1 = uw H uU u + ua] 
Bz, u) = ea = al uy Ea ai + Ue log ae 
and where 


wy = VetVeA—-1, Ug = Vz — Vz? — 1 (31) 


denote the solutions of the biquadratic equation which results by setting 
the denominator of the expressions on the right-hand side of Eqs. (28) 
equal to zero; hence, u, and wu, are the two velocities which are physically 
possible in unaccelerated level flight with the given thrust. 
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Fic. 4. The function A(z, u). Fic. 5. The function B(z, u). 


In conclusion, if an aircraft operating with a constant thrust is 
accelerated at constant altitude between prescribed initial and final 
velocities and if the following end-conditions are assumed: 


&=6=0, &=t &=8 (32) 
the distance and the time are given by 
2 
x = VEe Ale, ui) — Ale up) 
: (33) 
t = Rios (Be, u) — Ble, w) 


Notice that the reference velocity depends on the altitude and that, if 
the power setting is given, the thrust depends on the altitude; hence, 
the time and the distance necessary to obtain a given increase in velocity 
with a given power setting are functions of the altitude. In this connec- 
tion, a typical example is plotted in Figs. 6 and 7 for the end-conditions 


V; = 300ftsec-?, Vy = 750 ft sec! 
and for a jet transport aircraft whose aerodynamic characteristics are 
Cpo = 0.015, K = 0.042 


Two values of the wing loading are considered, that is, 60 and 100 lb ft; 
furthermore, the thrust-to-weight ratio is 0.4 at sea level and varies with 
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Fic. 6. Acceleration distance of a Fic. 7. Acceleration time of a typi- 
typical jet transport. cal jet transport. 


the altitude according to the 0.7-power of the density. The graphs indi- 
cate that the high wing loading aircraft accelerates in a shorter distance 
and time than the low wing loading aircraft near sea level, while the 
opposite occurs in the neighborhood of the tropopause. The physical justi- 
fication for this result lies in the fact that, of the two aircraft being com- 
pared, the one with the high wing loading has a smaller zero-lift drag 
and a greater induced drag. Since, for the particular example under con- 
sideration, the zero-lift drag is the predominant component of the drag 
at low altitudes, the high wing loading aircraft has a smaller total 
drag and, hence, better acceleration performance at low altitudes. Con- 
versely, since the induced drag is the predominant component of the drag 
at high altitudes, the low wing loading aircraft has a smaller over-all drag 
and, hence better acceleration performance at high altitudes. 

If the limiting process z->0 is carried out, the equations of this 
section reduce to those of Section 2 relative to the deceleration distance 
and time of a glider. The rather laborious manipulations, omitted for 
the sake of brevity, are based on the circumstance that the unaccelerated 
level flight solutions (31) become imaginary for a glider. They are 
given by 


ui = vi, uz = Vi (34) 


where 2 is the imaginary unit and can be rewritten in the form 


Iti, „alzi 
p= 
V2 /2 








(35) 


ui = 
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5. CONSERVATIVE PATHS 


The class of flight paths flown with the thrust equal to the drag at 
all time instants is now considered within the framework of Section 1.3; 
hence, the equations of motion are written as (Ref. 1) 


X — Veosy = 0 

h—Vsiny =0 
V+gsiny = 0 (36) 

Y y” cos Y) 0 


where n = L/W is the load factor. A mathematical consequence of the 
kinematic relationship in the vertical direction and the dynamic relation- 
ship on the tangent to the flight path is the energy integral 


y? 
h+ X% = Const (37) 


which holds regardless of the load factor distribution and is indicatiye 
of the conservative nature of the flight path. This result is logical, since 
the power delivered by the propulsion system is entirely expended in 
generating and maintaining the aerodynamic field around the aircraft. 

In the following sections, two particular types of conservative paths 
are investigated, one in which the load factor is constant and one in 
which the lift coefficient is constant. The analysis can be simplified sub- 
stantially if the time is eliminated, the path inclination is selected as the 
new independent variable, and the dimensionless coordinates 


Xg hg y 
ERIR 7 2’ “= 7 (38) 


are introduced, where V; is the initial velocity. In this way, the follow- 
ing differential system is obtained: 


dg _ u? cosY 

dY n — cos Y 

d u? sin Y 

a = aL (39) 
dY n — cos Y 

du __ usinY 

dy = n— cosy 


while the energy integral is rewritten in the form 


u? 
n + a Const (40) 
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Fic. 8. Velocity distribution for a constant load factor loop. 


5.1 Constant load factor. The case where the load factor is constant 
is now discussed in connection with the initial conditions 


Y= & == 0, u; = 1 (41) 


the last of which is due to the way the reference velocity has been 
selected. After the variables are separated, the integration of the third 
of Eqs. (39) leads to 


u(n — cos Y) = Const (42) 


which, in consideration of the initial conditions (41), implies that 


n—1 
U= a cos e 
This function, which supplies the velocity distribution along the flight 
path, is plotted in Fig. 8 for several values of the load factor. Notice that 
the trajectory is a loop as long as the load factor is larger than one; in 
particular, the velocity at the highest point of the loop (y = 77) is given by 
n—1 
and, therefore, is one-third the velocity at the lowest point if the load 
factor is two. 
Once the velocity distribution is known, the geometry of the trajectory 
can be obtained by employing the first of Eqs. (39) and the energy 
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Fic. 9. Geometry of a constant load factor loop. 


integral (40). In fact, the differential equation for the distance becomes 


dg _ L n2 
a ed) 


cos Y 
(n — cos Y)3 


(45) 


and, because of the initial conditions (41), leads to the particular solution 











p=1n>1 sin Y ( n +223) 
~2n+i1n— cosy \n — cosy ' n? — 1 
Bn n+l Y 
+ -—— 3t artan ( tan x) 46 
(n+ 1)?Vn? — 1 n—1 2 ve 


Furthermore, the distribution of altitudes is given by 


1 n—1 \ 
n= 41 -(4=4)'] (47) 
The last two equations supply the geometry of the trajectory in para- 


metric form, the parameter being the path inclination. Elimination of y 
from these equations leads to a functional relationship of the form 


F(E, 1, n) = 0 (48) 


which is plotted in Fig. 9 for several values of the load factor. Inci- 
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dentally, the coordinates of the highest point of the loop are given by 


a 3r n , = 2n 
2 mt DVn i "O nFF 


In closing, it is important to note that the lift coefficient required along 
a constant load factor loop flown in a homogeneous atmosphere is given by 


(49) 











Cti 
GET a (50) 
which implies that 
CL _ {nti 2 
Cri (: = i) 6) 


at the highest point. Since the required lift coefficient cannot exceed 
the stalling lift coefficient Czs, a constant load factor loop is physically 
possible only if the following inequality is satisfied: 


as VCis + VC: 
VCrs — VCLi 


5.2 Constant lift coefficient. In the year 1908, Lanchester attempted 
to supply one of the first analytical theories of the flight paths of an air- 
craft and considered the class of phugoid trajectories, that is, conservative 
trajectories flown with constant lift coefficient in a homogeneous medium. 
In order to investigate these trajectories, the initial conditions (41) are 
retained, and Eqs. (39) are employed with this provision: since the lift 
coefficient is constant, the load factor is no longer constant but varies 
according to the law 


(52) 


n = nu? (53) 


where n; is the load factor at the initial point. 
After the third of Eqs. (39) is combined with Eq. (53), the following 
differential relationship is obtained: 


niu? du — cos Y du + u sin Y dY = 0 (54) 


and leads to the general integral 


u3 
nimy — U COS Y = Const (55) 


Consequently, in consideration of the initial conditions (41), the velocity- 
path inclination relationship is represented by 


=k ne 3 — ni 
cos Y = (nav ge ) (56) 
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Fic. 10. Velocity distribution for phugoid trajectories. 


and is plotted in Fig. 10 for several values of the initial load factor. In 
this connection, the following remarks are in order: 
(a) For n; = 1, Eq. (56) becomes 


cos Y = (e + 2) (57) 


and its only real solution is represented by u = 1 and y = 0; hence, the 
resulting phugoid is a constant velocity-constant altitude rectilinear path. 
(b) For 1 < n; < 3, the right-hand side of Eq. (56) is always positive. 
Hence, a closed loop is not possible, and the resultant phugoid trajectory 
has a wavelike, undulatory form. 
(c) For n, = 3, Eq. (56) reduces to 


cos Y = u? (58) 


which, for u=0, is solved by y = +7r/2; hence, a cusp exists in the 
geometry of the flight path. 
(d) Finally, for n; > 3, the cosine of the path inclination may become 
negative. Consequently, the resulting phugoid is a looped path. 
Once the velocity distribution is known, the distribution of abscissas 
can be obtained by integrating the differential equation 
d u? cos Y 


dY nw? — cosy (59) 
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Fic. 11. Geometry of phugoid trajectories. 


which results from the first of Eqs. (39) in combination with Eq. (53). 
Furthermore, because of the energy integral, the distribution of altitudes 
is given by 

_1-¥v 
ape ae 





(60) 


Consequently, after the initial conditions (41) are accounted for, the 
integration process leads to the parametric equations 


f= (Y, Ni); n = n(Y, ni) (61) 
which, after y is eliminated, yield the functional relationship 
F(é, n, ni) =0 (62) 


which is plotted in Fig. 11 for several values of the initial load factor. 

Since, generally speaking, the integration of Eq. (59) must be accom- 
plished by approximate methods, an analytical expression for the geom- 
etry of the trajectory is not possible. However, an exception is the case 
where n; = 3, in which one obtains 


#? + n(n — 1) = 0 (63) 
for the ascending branch and 
(1 — 8? + n(n — 1) =0 (64) 


for the descending branch. 
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6. TAKE-OFF AND LANDING 


Take-off and landing are accelerated maneuvers which include two 
phases: a ground phase (considered here) and an airborne phase (see 
exercises). Owing to the fundamental role played by the human element 
in these maneuvers, it is not convenient to introduce too many mathe- 
matical complications in the analysis. Rather, it is appropriate to con- 
sider those simplifying assumptions which, without violating the essence 
of the phenomena, yield closed form solutions (Refs. 3 through 9). 


6.1 Definitions. The following velocities are particularly significant 
in take-off and landing analyses: the stalling velocity (minimum velocity 
at which the aircraft can be maintained in level flight), the lift-off 
velocity (velocity at which the aircraft becomes airborne in take-off), and 
the touchdown velocity (velocity at which the aircraft makes contact 
with the runway in landing). The stalling velocity is defined by 


2W 
Vs = 1 ospS (65) 


where Cz is the stalling lift coefficient.* On the other hand, the lift-off 
and touchdown velocities can be identified with the same symbol 


_ fw 
Vo = | Tool (66) 


provided Cy is regarded as the lift-off ft coefficient in take-off and the 
touchdown lift coefficient in landing. 

Existing regulations prescribe that the lift-off and touchdown velocities 
be somewhat greater than the stalling velocity, that is, 


Vo = KoVs (67) 


where the coefficient K, > 1 depends on the aircraft and has slightly 
different values for take-off and landing. Consequently, the lift-off and 
touchdown lift coefficients satisfy the relationship 


c 
Cro = Ke (68) 


* The stalling lift coefficient of an aircraft is primarily a function of the geom- 
etry of the wing, increasing with the camber ratio and decreasing with the angle 
of sweep. The most common way of augmenting Cs during take-off or landing 
consists of using flaps and/or slots. Typical values of the maximum lift coefficient 
for subsonic wings without flaps are in the neighborhood of 1.0-1.4; these values 
can be augmented as much as 0.4-0.8 (and, sometimes, even more) depending on 
the flap design. 
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where Cz is the stalling lift coefficient. For example, if K, = 1.2 for take- 
off, the lift-off lift coefficient is about 70% of the stalling lift coefficient. 


6.2 Equations of motion. While in the airborne phase the forces acting 
on the aircraft are the thrust, the drag, the lift, and the weight, two 
additional forces are present in the ground phase: the normal reaction 
of the runway on the aircraft and the tangential force due to the rolling 
friction plus the possible application of brakes. Therefore, if it is assumed 
that the runway is horizontal (y = 0) and if the weight variation due 
to the fuel consumption is neglected, the equations governing the take-off 


and landing runs are written as i 
X-V=0 


T-D—-pR—-7V=0 (69) 


R+L—-W=0 
where R is the reaction exerted by the runway on the aircraft, u the 
friction coefficient,* and wR the friction force. If the reaction of the 
runway on the aircraft is eliminated from Eqs. (69) and the velocity is 
selected as the new independent variable, the differential equations for 
the distance and the time become 


aX W __ V _ 
d g T—-D—nW—L) (70) 
A W o ooo ct 
dV. y TDW- 


and must generally be integrated by means of approximate procedures. 
However, an analytical solution is possible if it is assumed that the 
take-off and landing runs are divided into parts, in each of which the 
thrust, the friction coefficient, and the angle of attack are constant. In 
such a case, it is convenient to introduce the nondimensional coordinates 


V s Xg tn 
u = Vo i i= y2 (T L), 0 = VY, (T B) (71) 
where T = T/W is the thrust-to-weight ratio and where V, is the lift-off 
velocity in take-off and the touchdown velocity in landing. After the 
dimensionless ratio 
JS uC — Cp 
CrolT — p) 
* The coefficient of friction depends on the nature of the surface on which the 
aircraft is rolling. If brakes are not applied, a typical value is w = 0.02 for a 


dry concrete surface. If brakes are applied, the coefficient of friction can be as 
high as 0.3-0.4. 


(72) 
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Fic. 12. The function A(y, u). Fic. 13. The function B(y, u). 


is defined, Eqs. (70) yield the differential equations 


d_u , SOU td 
du ity du 1+ yu? (73) 
Consequently, the integration process leads to 
£ = A(y, u) + Const, 6 = By, u) + Const (74) 
where the functions A and B are expressed by 
(Y>0),  AW,u) = 5 log + yu), 
By, u) = abe arctan (./yu) 
y 
u? 
(75) 


Bly, u) = u 
(y < 0), Ay, u) = ge log (1 + yu’), 


1 tog + V—yu 
2V —y 1 — V —yu 


and are plotted in Figs. 12 and 13 versus the parameter y for several 
values of the dimensionless speed. 


B(y, u) = 
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6.3 Take-off run. While the previous solutions are simultaneously valid 
for both take-off and landing, they are now applied to the specific case of 
the take-off run in connection with the end-conditions 


ui = ți = 6=—0 


us = 1, & = &, 6; = 8 
It is assumed that the thrust is independent of the speed, that the entire 
take-off run takes place at a constant lift coefficient Cz < Cro, and that, 
when the lift-off velocity is reached, the aircraft is rotated instantaneously 
to the angle of attack which corresponds to the lift-off condition. Con- 
sequently, the following expressions are obtained for the nondimensional 
distance and time: 


(76) 


and imply that 


_ KeVs AY, 1) 


X 

g T— H (78) 
i= Ko Vs By, 1) 

9 TF 


These relationships indicate that the take-off performance improves as 
the thrust-to-weight ratio increases, the wing loading decreases, and the 
stalling lift coefficient increases. Therefore, it becomes clear why high 
lift devices (e.g., flaps, slots) have been introduced in aeronautics and 
why so much attention is being devoted to their improvement. 

It is worth noting that, for given values of the thrust-to-weight ratio, 
the wing loading, and the stalling lift coefficient, the ground run is a 
monotonically decreasing function of the parameter y. Since this param- 
eter depends on the angle of attack employed, the lift coefficient which 
minimizes the ground run is identical with that which maximizes the 
parameter y. For an arbitrary drag polar, this occurs when the following 


condition is satisfied: 
dD 
dC. = pu (79) 
which reduces to 


CL (80) 


Lake 
2K 
for the particular case of a parabolic polar.* The associated optimum 


* Because of ground interference effects, the induced drag factor K in take-off 
is somewhat smaller than in free flight. 
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value for the parameter y is given by 


Coo (uE max)” — 1 
=e eet, | 81 
CSG ea (81) 
where Cpo is the zero-lift drag coefficient and Czo the lift-off lift co- 
efficient. 


6.4 Landing run. The landing performance is now calculated in con- 
nection with the end-conditions 
w=1 &=4=0 (82) 
us = 0, & = &, Oo; = 0 


It is assumed that the aircraft is rotated instantaneously from the 
touchdown lift coefficient to the landing run lift coefficient and that 
the latter is subsequently kept constant; that mechanical brakes are 
applied at the instant of touchdown and that the friction coefficient 
is subsequently kept constant; and that the engines are idling during 
the entire landing run (T = 0). Consequently, the nondimensional dis- 
tance and time are written in the form 


§= —Aly, 1) (83) 
= —B(y, 1) 
and imply that 
_ Kevs AWD) 


X 
g H (84) 
¿— EVs Bo,1) 
g H 


where the parameter y is given by 


Cp — uC 


ČLO (85) 


y = 


6.5 Effect of thrust reversal on the landing performance. A modifica- 
tion of the previous problem occurs in the case where reverse thrust is 
applied over a portion of the landing run. In order to analyze this prob- 
lem, denote by V, the velocity at which the thrust is reversed, and assume 
that the engines are idling in the velocity interval V,, V, and producing 
a constant negative thrust in the velocity interval V,, 0. If all the other 
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conditions of the previous paragraph are retained, the landing distance 
and time are given by 


X= K?V? [Ae 1) — AY, Ur) a Ayr, “| 
g H HT (86) 
i= Ki.Vs | Bite 1) — BlYyo, ur) a Bly, w| 
g H HT 


where y, is the value of the parameter y when the engines are idling and 
y, the value obtained when the reverse thrust is applied. 

To understand the significance of the previous formulas, consider the 
particular case in which the angle of attack is such that y, = y,=0. By 
simple manipulations, the previous equations lead to 





2772 
Xj = EY; Vs 
K.Vs 
y= 
gu 


if no reverse thrust is applied and to 


Kev ( 2 T ) 
X = = (1 — 
2? 2gp a a 


KaVa( T ) 
t = =S (1 — u 
2 gu p 





(88) 
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if the reverse thrust r is applied at the velocity u,. Consequently, the 
effect of thrust reversal on the landing performance is represented by 
the ratios 








Zaou 2 

i (89) 
LE ESA 4 

ty T— Hu 


which are plotted in Figs. 14 and 15 for several values of the dimension- 
less speed at which the reverse thrust is applied. For example, under the 
assumption that r = —0.4 u and u, = 0.9, thrust reversal yields a 23% 
decrease in the landing run and a 26% decrease in the landing time. 


EXERCISES 


1. Consider a smooth, shallow glide path flown with constant angle of 
attack, and denote by A = d log C,/d log Cp the logarithmic derivative of 
the lift coefficient with respect to the drag coefficient. Assuming that the 
end-altitudes are fixed, show that the maximum range is obtained when 
the following condition is satisfied: 


= W_ 1/p: — 1/py 
A=14+ Se Se (90) 
On the other hand, if the total energies are fixed at the endpoints or if 
the end-velocities are fixed and the atmosphere is exponential, show that 
the maximum range occurs for A = 1. 
2. Consider a smooth, shallow glide path flown in an exponential at- 
mosphere whose scale-height factor is A. Introducing the dimensionless 
coordinates 





x h g 


u = f= > a? 0=t ` (91) 


7, 
VN 
solve the glide problem in terms of the instantaneous dimensionless speed. 
More specifically, assuming that the angle of attack is constant, show that 
the distributions of path inclination, abscissa, altitude, and time are 
represented by 


i 2 
Y = ZL už 
z= 2 log u J + Const 


(92) 
= log Kz + 2log u 


n 
0 2 
Ba Ut Const 
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where 


Kr = CipoSrg/2W 


Furthermore, assuming the end-conditions 


&=6=0, &=§& F=8 (93) 


= E (n — n +H a) 
(94) 
6 = 2EV Kr (Vo; — Voi) + Elu: — uy) 


3. Consider a smooth, shallow glide path flown with constant angle of 
attack. Show that the rate of change of the kinetic energy with respect 
to the potential energy is given by 


prove that 











d(V?/2) __ _ V? dlogp 
dg). Og dh (95) 
which reduces to 
2 2 2 
a(V?/2)_ VW? _ w (96) 


d(gh) ~ 2g” 2 


for flight in an exponential atmosphere whose scale-height factor is AX. 
Hence, the quasi-steady solution holds provided that u?< 2. 

4. Consider a glide trajectory characterized by a relatively small 
curvature, and write the equations of motion in the form 


X — Veosy = 0 
h — Vsiny = 0 

(97) 
0 


p+w(snr +2) 
L— Wesy=0 


Assuming that the angle of attack is constant, show that Eq. (18) is still 
valid. 

5. Consider an aircraft accelerating along an arbitrarily inclined recti- 
linear path in a homogeneous atmosphere, and assume a parabolic polar 
with constant coefficients. Define the dimensionless coordinates 
Xg 


y 
E = V2 Bmax ’ u = Vr (98) 


_ tgcos¥ 
~ VrEmax 


where the reference velocity 


W ae Y 
Vr = a — {= (99) 
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is the velocity for minimum drag along the prescribed path. After intro- 
ducing the dimensionless parameter 


zS T — W siny 
~ WceosY ma 


show that the differential equations governing the distance and the time 
can be reduced to Eqs. (28). Hence, Eqs. (29), which were established 
for level flight, are also formally valid for inclined trajectories provided 
that the new definitions for 0, €, u, z are used. 

6. Study a conservative circular trajectory employing the dimensionless 
coordinates (38). Retaining the initial conditions (41), show that the 
distributions of abscissa, ordinate, and velocity are given by 


(100) 


(101) 


t= sin Y _ 1— cosy ” ni — 3 + 2 cos Y 
Smi "Z mI ni — 1 


where n; is the load factor at the initial point. Prove that the dimension- 
less radius of curvature is given by 


1 
ni; — 1 





r= (102) 
Finally, show that a loop is physically possible if, and only if, n; > 5. 

7. Consider a trajectory flown with constant lift coefficient and con- 
stant thrust in a homogeneous atmosphere. Define the dimensionless 
coordinates 

V _ Xg h 


byt 


and select the quantity Vp = V2W/C_pS as the reference velocity. After 
eliminating the time, show that the equations of motion lead to the 
differential set 

du” os 2u? E(r — sin Y) — u? 


AY E u? — cos Y 


dg u? cos Y 


dy” u? — cos Y (104) 


dy _ wu’ sin 
dy wu? — cosy 


where E is the aerodynamic efficiency and r is the thrust-to-weight ratio. 
The integration of these equations, which are of interest for the transition 
arc connecting the take-off point and the beginning of the climbing 
phase, must generally be performed by approximate procedures. How- 
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ever, an analytical solution is possible if the path inclination is small 
and the velocity variation is negligible; more specifically, assuming that 
¥i = &, == 0, show that the geometry of the trajectory is given by 


nozli, 
1 = é (105) 





where n is the load factor. 
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CHAPTER 13 


PERFORMANCE OF 
HYPERVELOCITY VEHICLES 


1. INTRODUCTION 


In the previous chapter, the nonsteady flight of an aircraft was ana- 
lyzed with particular regard to the low subsonic regime. Here, the other 
extreme of the velocity spectrum, the hypervelocity regime, is explored 
in connection with vehicles flying with engine shut off at all points of 
the flight path. Because of the assumption that 7’=0, the weight is 
constant. Consequently, Eqs. (12-1) are rewritten as 


X — Veos¥ = 0 
h—Vsiny = 0 


D+W(sinr+%) =0 (1) 


L— W (cosy + ¥¥) = 0 


where X denotes the horizontal distance, h the altitude, V the velocity, 
y the path inclination, D the drag, L the lift, W the weight, g the ac- 
celeration of gravity, and the dot sign a derivative with respect to time. 


1.1 General integration problem. If a drag function of the form 
D = D (h, V, L) is assumed, the previous differential system has one inde- 
pendent variable, the time, and five dependent variables (X, hk, V, y, L). 
Consequently, there is one degree of freedom, which is logical since 
the flight path can be changed by operating the elevator control. 
Thus, for a given set of initial conditions for X, h, V, y, infinite tra- 
jectories exist which are physically and mathematically possible, more 
specifically, one trajectory for each arbitrarily prescribed lift program 
L(t) or equivalent condition. In view of the dissipative nature of the 
aerodynamic forces, no first integral can be written for the general case 
and, as a consequence, the study of particular flight conditions is of great 
interest from an engineering standpoint. In this connection, the follow- 
ing sections discuss the integration of Eqs. (1) under various approxi- 
mations relative to the atmosphere (e.g., exponential), the flow regime 
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(e.g., hypervelocity), and the relative magnitude of the forces involved. 
Attention is focused on the ascent of a sounding rocket and on the 
reentry of ballistic missiles, glide vehicles, and skip vehicles. 


2, ASCENT OF A SOUNDING ROCKET 


The ascent of a sounding rocket includes in general two phases: one 
in which power is applied (see Chapter 17) and one in which the engine 
is shut off. In this section, the unpowered portion of the trajectory is 
analyzed under the assumption that y = 7/2. For vertical flight, the 
kinematic relationship on the horizontal direction can be integrated to 
give X = Const. Furthermore, since the equation of motion on the normal 
to the flight path implies that LD =0, the drag function is reduced to 
the form 


D = D(h, V) (2) 
The remaining equations (1) are written as 
h-V=0 
3) 
D ( 
V+g (2 + 1) = 0 


and involve only two unknown functions, that is, the functions h(t) and 
V(t); furthermore, after the time is eliminated, they imply that 


dV , gf{D _ 
V1 ¢(Ps1)=0 (4) 


Generally speaking, this differential equation must be integrated by 
approximate methods. However, an analytical solution is possible if the 
drag, coefficient is assumed to be constant and if the following exponential 
law is assumed for the relative density-altitude relationship 


o = exp (- i) (5) 


where A is a constant (see Appendix). If the dimensionless variables 


Sm. yet (6) 


are introduced and it is observed that the drag per unit weight is given by 


D T 2 5 a CppSrg 
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Eq. (4) is transformed into 
du 1 
dy | Kov exp (C) +3750 (8) 
This nonlinear differential equation can be converted into a relatively 


simple linear form if a further coordinate transformation is performed. 
If the expressions 


Y 


t = 2Kp exp (—n), e= > (9) 


denote the drag per unit weight at u = 1/2 and the dimensionless kinetic 
energy per unit mass, respectively, the following differential equation 
is obtained: q i 
€ 
mo Er 0 (10) 


and its general solution is given by 
e€ = [C + Ei(—7)] exp (7) (11) 


where C is a constant. The exponential-integral function appearing in 
this equation is defined as 


hii = Í a (12) 


o T 





and is tabulated in Ref. 4; furthermore, it can be expanded in the 
following manner: 





mEn = Ve + log + 53 (13) 
m nin 
where yg = 0.5772 is the Euler constant. 

Assume, now, that the initial values of the velocity and the altitude 
are prescribed, and consider the problem of determining the peak altitude 
reached by a sounding rocket, that is, the altitude achieved when the 
final velocity is zero. After the integration constant is determined in 
terms of both the initial and final conditions, the following result is 
obtained (Ref. 13): 


2 
Bi(—my) — Ei(—r) +% exp (—m) = 0 (14) 
and contains the solution to the proposed problem implicitly. In particu- 


lar, if the final conditions are such that 7;<«<1 (peak altitudes in the 
order of 200,000 ft or higher), the final altitude can be approximated by 


2 
n = Ve + log (2K p) — Bi(—mi) + Fexp(—m) (15) 
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locity and the initial altitude. locity and the drag factor. 
which reduces to u? 
Ser. (16) 


for flight in a vacuum; this is logical, since the sum of the potential and 
kinetic energies must be constant if no dissipative effects are present. 

In connection with these results, Fig. 1 shows the peak altitude reached 
by a sounding rocket versus the initial velocity and the initial altitude 
for Kp = 0.1; furthermore, Fig. 2 shows the peak altitude versus the 
initial velocity and the drag factor for 7, = 0. Now, consider a family 
of geometrically similar sounding rockets, and observe that the cross- 
sectional area varies as the square of a characteristic dimension l, while 
the weight varies as the cube. Consequently, the parameter Kp (and, 
therefore, the drag per unit weight) is inversely proportional to the 
characteristic dimension |, increasing as the size of the rocket decreases. 
It appears that, for u;=10 and Ky = 0.1, the peak altitude shown in 
Fig. 2 is about 82% of that which would be obtained in a vacuum; on 
the other hand, if the size of the rocket is decreased to one-tenth of the 
original (Kp = 1), the peak altitude is only 16% of that corresponding 
to flight in a vacuum. In closing, it is emphasized that, while the results 
of this section are qualitatively correct, they must be considered with 
caution from a quantitative point of view, since the dependence of the 
acceleration of gravity on the altitude and that of the drag factor on the 
Mach number have been disregarded. For these reasons, this problem 
will be analyzed again in Volume 3. 
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3. REENTRY OF A BALLISTIC MISSILE 


The trajectory of a ballistic missile can be divided into three parts: 
launch, ballistic flight, and reentry. Because of the great ranges associ- 
ated with the ballistic portion of the flight path, the consideration of the 
sphericity of the Earth is indispensable. On the other hand, launch and 
reentry involve relatively short ranges and, hence, can be investigated 
within the framework of the flat Earth model. Here, the reentry portion 
is analyzed under the assumption that L = 0, so that the drag function 
has the form D=D(h,V). For didactic purposes, the discussion is 
divided into two parts: in the first part, the effect of gravity in the 
equation of motion on the tangent to the flight path is neglected; in the 
second part, the effect of gravity is considered (Refs. 1 and 9). 


3.1 Analysis neglecting gravity. In this section, a constant-geometry 
configuration is considered, and an approximate analysis of the reentry 
problem is developed under the assumption that 


W siny & D (17) 


which means that the weight component on the tangent to the flight 
path is negligible with respect to the drag. Consequently, the motion of 
the missile is governed by the set of differential equations 


X — Veosy =0 
h —Vsny=0 


V+gZ=0 


7 +9" =0 





which, after the time is eliminated and the altitude is selected as the new 
independent variable, become 





a = cot Y 

dV _ g D 

dah  VWsnY (19) 
dY g 

Th ya cot Y 


From the third equation, it is seen that the over-all variation in the slope 
of the flight path during reentry is proportional to the average value of 
cot y/V?. Hence, for the velocities which are characteristic of inter- 
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mediate range and long range ballistic missiles and for relatively steep 
trajectories, the over-all variation in the path inclination is small, a 
circumstance which simplifies the integration problem considerably. In 
fact, after the sine of the path inclination is approximated by its value 
at the initial point, the second of Eqs. (19) yields the velocity-altitude 
distribution; in turn, the third equation can be employed a posteriori in 
order to determine the distribution of path inclinations; finally, once the 
function y(h) is known, the first equation yields the geometry of the 
flight path. 

Assume, now, that the drag coefficient is constant and that the density 
is an exponential function of the altitude; also, retain definitions (6) 
and (7). After the modified drag factor or ballistic factor is defined as 

Kp CppSrg 


Ks = — sin Y; = — 32W sin Yi (20) 


and the dimensionless variables 


u? 


t = 2Kp exp (—n), e= 5 (21) 
are introduced, the second of Eqs. (19) can be rewritten in the form 
de 
ir +e=0 (22) 


The general solution of this equation is given by 


e = C exp (—7) (23) 


where the integration constant C can be approximated by 
2 = (24) 


for initial altitudes in the order of 200,000 ft or higher. Typical values of 
such a constant are C = 100-200 for intermediate range missiles and 
C = 300-400 for long range missiles. 

Because of Eqs. (21), (23), and (24), the velocity along a reentry 


path is given by ü ie 
qe (= 2) (25) 
and is plotted in Fig. 3 versus the altitude for several values of the 
ballistic factor. As the diagram indicates, for small values of the ballistic 
factor the over-all velocity variation during reentry is small. On the 
other hand, for Kz > 0.5 a considerable decrease in velocity occurs; this 
means that a large fraction of the kinetic energy of the missile is ex- 
pended in generating and maintaining the aerodynamic field around the 
body. Incidentally, although current designs are characterized by ballistic 
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Fic. 3. Velocity-altitude diagram for Fic. 4. Deceleration-altitude diagram 
several values of the ballistic factor. for several values of the ballistic factor. 


factors between 1 and 10, the engineering trend is toward smaller values 
in order to decrease the reentry time and, hence, the probability of inter- 
ception as well as the drift due to wind. 
In order to study the deceleration of a ballistic missile, it is convenient 
to define the parameter 
ý 


and observe that, because of the equation of motion on the tangent to 
the flight path, it can be rewritten in the form 


a = ET (27) 
Consequently, if Eqs. (23), (24), and (27) are combined, the following 
expression is obtained: 


& _ mexp(—7) 


uz 2 
w 


(28) 


and is plotted in Fig. 4 versus the altitude for several values of the 
ballistic factor. The deceleration history has two possible behaviors 
depending on whether the ballistic factor is larger or smaller than 1/2. 
If the missile configuration is such that Ks > 0.5, the deceleration 

has the following analytical maximum: 
eS (29) 


u2 2e 
t 
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Fic. 5. Largest reentry decelerations and corresponding values of the velocity 
and the altitude. 


which occurs for 7 = 1, that is, for 


n = log (2Kz) (30) 
Since the corresponding velocity ratio is given by 
u I 
— = — 31 
Ui Ve ey 


one concludes that the maximum deceleration occurs at that point of 
the reentry path where the instantaneous velocity is approximately 61% 
of the entrance velocity. 

On the other hand, if the missile configuration is such that Kp < 0.5, 
the largest deceleration, not an analytical maximum, occurs at sea level 
and is given by a 

u2 = Kp exp (—2Kepz) (32) 
t 


The corresponding velocity ratio is 


T = exp (—Ka) (33) 


These results are summarized in Fig. 5, which supplies the envelope of 
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the largest decelerations occurring in the reentry of a constant geometry 
missile as well as the corresponding velocities and altitudes. It should 
be noted that, if the ballistic factor is larger than 1/2, the largest reentry 
deceleration V varies linearly with the sine of the entrance angle and 
quadratically with the entrance velocity. For example, if a missile with 
a ballistic factor Kg = 1 reenters the atmosphere with a path inclination 
; = —30° and a dimensionless velocity u,= 12, the maximum decelera- 
tion is approximately 13.25 times the acceleration of gravity; if the en- 
trance velocity is doubled, the maximum deceleration becomes four times 
as large, that is, 53 times the acceleration of gravity (Ref. 1). 


3.1.1 Variable-Geometry Missile. A considerable reduction in the max- 
imum reentry deceleration is possible if a variable-geometry configura- 
tion is employed. For example, consider a missile equipped with spoilers 
which are controllable in flight. In the hypervelocity regime, each 
spoiler position corresponds to a different drag coefficient and, therefore, 
to a different ballistic factor. Of particular interest is the case where the 
spoilers are continuously retracted according to the exponential law 


Kz = Kzo exp (zn) (34) 


where Kgo is the ballistic factor at sea level and x is a constant such that 
0 <x <1 (Ref. 12). 

The mathematical model pertinent to this case can be reduced to 
that used in the investigation of the constant-geometry missile if the 
coordinate transformation 





mZ 2K Bo 


2 
cerl (a), e€=G—2)5 (85) 


is introduced. In fact, it can be verified that the second of Eqs. (19) 
reduces once more to Eq. (22); hence, the kinetic energy distribution 
(23) is still valid for the variable-geometry missile provided that the 
integration constant C is no longer defined by Eq. (24) but by the 
expression 


C= (eer (36) 


After it is observed that Eq. (27) is still valid and after the instantaneous 
deceleration is written as 


- = a72 T exp (— r) (37) 
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comparison of Eqs. (28) and (37) leads to the following conclusion: If 
the ballistic factor at sea level satisfies the inequality Kso > (1 — x) /2, 
the ratio r of the maximum deceleration of a variable-geometry missile to 
the maximum deceleration of a constant-geometry missile is given by 
(Ref. 13) 


r=1—¢2 (38) 


Thus, by increasing the value of x, the maximum reentry deceleration 
can be decreased. However, since increasing the value of x corresponds 
to increasing the size of the spoilers, there exists a practical upper limit 
to x. If this upper limit is assumed to be 0.4, it is seen that the maximum 
deceleration of the variable-geometry missile is 60% of that of the basic 
configuration. 


3.2 Analysis including gravity. The limitation of the previous section is 
now removed, and the motion of the ballistic missile is analyzed including 
the effect of the weight component on the tangent to the flight path. Con- 
sequently, after the time is eliminated and the altitude is selected as the 
new independent variable, Eqs. (1) yield the set of differential equations 


x cot Y 

qV_ 9g f_D 

dh Ta wmr 1) (39) 
a — Jz oot y 


The second of these equations is now integrated under the assumptions 
that the sine of the path inclination can be approximated by its value 
at the initial point, that the drag coefficient is constant, and that the 
density is an exponential function of the altitude. After the dimension- 
less variables (21) are introduced, the distribution of kinetic energy is 
governed by the linear differential equation 


de 1 
Tr = 0 (40) 
which admits the general solution 
e = [C + Ei(r)] exp (— r) (41) 


where C is a constant. The exponential-integral function is defined as 


Ei(r) = f Z dx (42) 
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and is tabulated in Ref. 4; furthermore, it can be expanded in the 
following manner: 


Eilt) = Yg + log t + È a (43) 


The integration constant appearing in Eq. (41) must be determined from 
the known initial conditions. In particular, if initial altitudes in the 
order of 200,000 ft or higher are considered, the following approximate 
result is obtained: 


2 
C = TÈ + n — Ye — log (2K) (a 


Because of Eqs. (21) and (41), the velocity along a reentry path is 
given by 


= V2[C + Ei(r)] exp (—r) (45) 


and has a maximum at the altitude where 
Cm exp (x) ARA (46) 


Such a maximum can be calculated by substituting the value of m which 
satisfies Eq. (46) into either Eq. (45) or 


t= V2 (47) 


Physically speaking, the existence of a maximum velocity is due to the 
fact that, during the initial part of a reentry trajectory, the weight of the 
missile is generally predominant with respect to the aerodynamic drag, 
whereas this condition is usually reversed at lower altitudes. 

If definition (26) is employed, the dimensionless deceleration can be 
written in the form 


a=er—1l1 (48) 


which implies that 
a= n[(C + Ei(m)] exp (—7) — 1 (49) 


Notice that the deceleration has a maximum at the altitude where 


C= SP) _ Bir) (50) 


Such a maximum can be calculated by substituting the value of m which 
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satisfies Eq. (50) into either Eq. (49) or 


1 
m— 1 





a = (51) 
Furthermore, this maximum occurs above sea level if, and only if, the 
following inequality is satisfied: 


__ exp (2K 2) 


. 2Kg— 1 


+ Hi(2Kp) > 0 (52) 
If the missile configuration and the initial conditions are not consistent 
with this inequality, then the highest deceleration, not an analytical 
maximum, occurs at sea level and is given by 
a = 2Kz(C + Hi(2Kp)] exp (—2Kg) — 1 (53) 
3.2.1 Comparison of Results. In the previous sections, the reentry 
problem has been analyzed in two ways, first by neglecting the gravita- 
tional forces and then by including them. A comparison of these ap- 
proaches is shown in Figs. 6 and 7, where the velocity-altitude rela- 
tionship and the acceleration-altitude relationship are plotted for the 
initial conditions y, = 10, u,;=25 and for two values of the ballistic 
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factor: Kg = 0.5 and Kg=5. As the diagrams show, the reentry per- 
formance calculated by neglecting the gravitational forces (dashed lines) 
agrees quite well with that calculated by including them (solid lines). 
Thus, the use of approximation (17) yields a good engineering estimate 
of the reentry performance, even though the approximation in question 
may become locally invalid at either very high altitudes or very low 
altitudes. More specifically, at high altitudes the density of the air is so 
small that the aerodynamic drag may be smaller than the weight. 
Furthermore, at low altitudes the velocity of a missile with a large bal- 
listic factor may become so small that the drag may have the same order 
of magnitude as the weight. 


4. REENTRY OF A GLIDE VEHICLE 


In this section, the problem of a glide vehicle travelling on a smooth, 
shallow path is investigated for the case where the weight component 
on the tangent to the flight path is negligible with respect to the drag. 
Because of the hypotheses 


cos Y S 1, sin Y & Y 
; (54) 
Vig w«D 
the equations of motion simplify to 
X—V=0 
h—- Vv=0 
, Do (55) 
V +g Ww? 
L~W=0 


After it is observed that, because of the dynamical equation on the 
normal to the flight path, the aerodynamic drag is given by D = W/E 
and after the velocity is selected as the new independent variable, the 
previous equations imply that 


aX _ EV 
dV g 
E 8) 
dV g 


Consequently, if the angle of attack is constant and the end-conditions 
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(12-22) are specified, the following definite integrals are obtained: 


v? — y? 
2g 


Vea 
g 


X=E 


(57) 
t= E 


from which it is clear that the range and the endurance are simultane- 
ously maximized when the lift-to-drag ratio is a maximum. These results 
are a particular case of those derived in the previous chapter for the 
nonsteady flight of a glider over a flat Earth; in fact, they can be ob- 
tained from Eqs. (12-23) by assuming that the variation in potential 
energy is negligible with respect to the variation in kinetic energy. The 
same results can also be viewed as a special case of those obtained in 
Refs. 7 and 8 for flight over a spherical Earth; in fact, they can be ob- 
tained from those of Refs. 7 and 8 by means of the limiting process 
To —> œ, where r, denotes the radius of the Earth. 

In closing, a word of caution is in order. A verification of the assump- 
tions employed shows that they are satisfied only for velocities between 
1/6 and 1/3 of the satellite velocity at sea level. There are two reasons 
for these limitations: (a) if the final velocity is too low, hypotheses (54) 
may become invalid; and (b) if the initial velocity is too high, the range 
may become such that the flat Earth model is no longer justified (in 
particular, the equation of motion on the normal to the flight path is to 
be modified, in the sense that the weight is to be replaced by the so-called 
apparent weight, that is, the difference between the actual weight and 
the centrifugal force which is due to the curvature of the Earth). Be- 
cause of these reasons, the motion of a hypervelocity glider operating 
over a spherical Earth will be considered in Volume 3. 


5. REENTRY OF A SKIP VEHICLE 


A trajectory of interest for long-range hypervelocity vehicles is the 
skip trajectory, which is composed of an alternate succession of ballistic 
phases and skipping phases. In the ballistic phase, the vehicle operates 
in a quasi-vacuum environment beyond the outer reach of the atmos- 
phere. In the skipping phase, which is analyzed here, the vehicle enters 
the atmosphere, negotiates a turn, and is ejected from the atmosphere. 

Because of the relatively short distance covered in the skipping phase 
(order of magnitude: 10? miles), the flat Earth hypothesis is justified. 
Furthermore, since the gravitational forces are, on the average, much 
smaller than the aerodynamic forces, a simple, though approximate, 
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analysis can be carried out by disregarding the former with respect to the 
latter, that is, by assuming that 
W sin Y < D, W cosy & L (58) 
Consequently, the equations of motion simplify to 
X — Veosy = 0 
h— Vsiny =0 


59) 
: D ( 
V+? 
_ gh _ 

vw = ° 


and, after the time is eliminated and the path inclination is selected as 
the new independent variable, imply that 








dX _ V? cosy 

dy g L/W 

dh V? siny 

da y L/W (60) 
ave UV 

ay E 


where EF is the aerodynamic efficiency. 
For the particular case of an exponential atmosphere, it is appropriate 
to introduce the dimensionless coordinates 


X h 


= _A 33, 
P=? 1= 7? ar (61) 


and observe that the aerodynamic forces per unit weight are expressed by 


D Kpu’ exp (—n) 


W 
z (62) 
w” Kyu? exp (—1) 
where the dimensionless parameters 
_ CppoSrg 
Ko = “ow 
i (63) 
Keo LPN 


2W 
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are called the drag factor and the lift factor, respectively. Consequently, 
Eqs. (60) become 








d cos Y 

& = Ry exp (7) 

d sin Y 

ay eo (64) 
du_ iu 

ay” E 


and are now integrated under the assumptions that Kp = Kp(K,) and 
that the angle of attack is constant. Hence, the drag factor, the lift 
factor, and the aerodynamic efficiency are simultaneously constant. 


5.1 Altitude distribution. After the variables are separated, the inte- 
gration of the second of Eqs. (64) yields the result 


K 
1 = 108 OT cost (65) 
where the constant C is given by 
C = Krexp (—7;) — cos’; (66) 


Notice that the instantaneous altitude is a single-valued function of the 
cosine of the path inclination. Thus, if the initial and final conditions are 
assumed to be such that 

ni = ny (67) 


the following result is obtained (Ref. 7): 
Yf = — Y; (68) 


This means that, in a skipping path performed with constant angle of 
attack, the ejection angle is equal to the modulus of the entrance angle. 
Incidentally, the lowest point of a skipping path occurs when y= 0; 
hence, in order to avoid hitting the ground during the skipping phase, it 
is necessary that the lift factor be consistent with the inequality 


Kz > 1 — cos Y; (69) 


which is valid subject to the approximation 


Kz, exp (—13) 


zos Y; <1 (70) 
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5.2 Velocity distribution. After the variables are separated, the inte- 
gration of the third of Eqs. (64) yields the general solution 


Y 
u = C; exp (- z) (71) 
where C, is a constant. Since the ratio of the final velocity to the initial 
velocity is given by 
w plt 
a exp (2 a) (72) 


and since y; is negative, the final velocity is smaller than the initial 
velocity. Hence, the skipping phase occurs with a loss in kinetic energy, 
which increases as the modulus of the entrance angle increases and the 
aerodynamic efficiency decreases. Therefore, for a given entrance angle, 
relatively high values of the aerodynamic efficiency are necessary in order 
to reduce the loss in kinetic energy during the skipping phase. 


5.3 Distribution of abscissas. If the first of Eqs. (64) is combined with 
Eq. (65), the following differential equation is obtained for the distance 
traveled: 


dé cos Y 


dy cosy +C (73) 
and its general solution is represented by 
B + tan ais 
¿=YyY— A A e 7 (74) 
— tan aI. 


where 


70" x +C 
VIC 1— uP 


and where C, is a constant. If this constant is evaluated in terms of the 
initial conditions and it is assumed that é; = 0, the expression for the 
distance becomes (see exercises) 


Y Vi 
B+ tans B— tan > 


Y Yi 
B— tans B+ tans 


= Y — Y; — A log (76) 
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Fig. 8. Effect of the entrance angle on the geometry of a skipping path. 
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Fic. 9. Effect of the lift factor on the geometry of a skipping path. 


5.4 Geometry of the trajectory. Relationships (65) and (76) are the 
parametric equations of the skipping trajectory, the parameter being the 
path inclination. Elimination of y from these equations leads to the func- 
tional relationship 


Fé, M Ni Vis Kz) =0 (77) 


which represents the geometry of the trajectory and is plotted in Figs. 8 
and 9. More specifically, Fig. 8 illustrates the effect of the entrance angle 
on flight trajectories where y; = 10 and K; = 1; on the other hand, Fig. 9 
illustrates the effect of the lift factor for q; = 10 and y; = —20°. Both 
diagrams indicate that the range flown during the skipping phase de- 
creases as the lift factor and the modulus of the entrance angle increase. 
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Fic. 10. Effect of the entrance angle and the lift factor on the over-all range. 


This effect is clearly shown in Fig. 10 where the over-all range 


B — tan 3 
t, = —27; — 2A log F. (78) 
B + tan a; 


is plotted versus the entrance angle for yn; = 10 and for several values of 
the lift factor (see exercises). 


5.5 Acceleration distribution. The functional relationship (77) indi- 
cates that the geometry of the skipping trajectory depends on the initial 
altitude, the entrance angle, and the lift factor but is independent of the 
entrance velocity. Thus, as the entrance velocity increases, higher ac- 
celerations must be expected at all points of the flight path. 

In order to compute the acceleration, it is convenient to define the 
dimensionless parameters 


Vi 

a, = — 
g 

a=- (79) 
1 - 7 

a = 3 VVF V? 
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which are proportional to the normal, tangential, and total accelerations, 
respectively. Because of the equations of motion, the following relation- 
ships hold: 


an = Kyu? exp (—n) 
a: = Kpu? exp (—1) (80) 
a= VK? + Kz u? exp (—n) 


and imply that 


— on 
“= p 
a= VEz +I (81) 


Hence, if the skipping phase is performed at constant angle of attack, 
the tangential and total accelerations are proportional to the normal 
acceleration. 

After considering the velocity distribution (71), calculating the inte- 
gration constants in terms of the initial conditions, and using the approxi- 
mation (70), one can derive the following expression for the normal 
acceleration: 

z = (cos Y — cos 7;) exp [aa] (82) 


t 


which attains a stationary value at that point of the descending branch 
where 


sin Y + % (cos Y — cos Y;) = 0 (83) 


The solution of this equation is represented by (Ref. 13) 


siny = Po (E cos Y; — VE? + 48in? 7) (84) 
and is plotted in Fig. 11 versus the aerodynamic efficiency for several 
values of the entrance angle. The corresponding maximum values of the 
normal, tangential, and total accelerations are indicated in Figs. 12 
through 14 versus the aerodynamic efficiency and the entrance angle. 
The main conclusion to be derived from these diagrams is that the 
maximum acceleration increases very rapidly with the entrance velocity 
and the modulus of the entrance angle. Thus, accelerations in the order 
of 20-30 times the acceleration of gravity are possible during the skip- 
ping phase, a rather negative circumstance from a structural standpoint 
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and, for manned vehicles, from a physiological viewpoint. Notice that, 
while the normal acceleration increases monotonically with the aero- 
dynamic efficiency, the tangential acceleration decreases. Hence, the total 
acceleration has a minimum with respect to the aerodynamic efficiency; 
this minimum occurs for H = 1 if the entrance angle is —20°. 


cHaAP. 13] PERFORMANCE OF HYPERVELOCITY VEHICLES 305 


EXERCISES 


1. Consider the reentry of a ballistic missile. Neglect the effects of 
gravity in the equation of motion on the tangent to the flight path, and 
assume that the drag coefficient is constant. With reference to an ex- 
ponential atmosphere, determine the distributions of the nondimensional 
time 0 = tyVg/A and the path inclination, assuming that sin y and cot y 
can be approximated by their values at the initial point. Show that 


_ Eilm/2) 


08 = - 
u;sin Y; 


+ Const, = S21 Bir) + Const (88) 


a 


2. Consider the reentry of a ballistic missile. Include the effects of 
gravity in the equation of motion on the tangent to the flight path, and 
assume that the drag coefficient is constant and that the density is an 
arbitrary function of the altitude. Define the dimensionless quantities 


_i(v\y __ hy _ _ CpSkpo a 
i tae ES yan TO ey OO 


where a, is the speed of sound at sea level, p, the atmospheric pressure 
at sea level, and k the ratio of the specific heats. Show that the distribu- 
tion of dimensionless kinetic energy is given by 


e={c-f " exp [—aI(1)] da} exp [aZ(1)] (87) 


3. Consider the reentry of a variable-geometry ballistic missile in an 
exponential atmosphere. Include the effects of gravity in the equation of 
motion on the tangent to the flight path, and assume that the ballistic 
factor varies with the altitude according to Eq. (34). Prove that the co- 
ordinate transformation defined by Eqs. (35) reduces the second of Eqs. 
(39) to Eq. (40), that is, to the same differential equation which governs 
the reentry of a constant-geometry missile. Also, prove that the kinetic 
energy distribution (41) and the acceleration distribution (49) are still 
valid provided that the integration constant C is given by 


2 
C= (1—2) (4 + a) — 15 — log P22 (88) 


4. In connection with hypotheses (54), show that the instantaneous 
value of the path inclination associated with a glide trajectory is given by 


2g dh 


Y= FV? dlogp (89) 
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which reduces to 


(90) 


for flight in an exponential atmosphere. 
5. In connection with hypotheses (54), prove that the geometry of a 
glide trajectory flown in an exponential atmosphere is given by 


2Kpë + exp (n) = Const (91) 


6. Consider a skipping path flown with constant angle of attack in an 
exponential atmosphere. After defining the quantity 





o= aay P (n) (92) 
and neglecting first-order terms in œ in the constant A but including 
them in the constant B (this is necessary in order to prevent the loga- 
rithmic expression appearing on the right-hand side of Eq. (76) from 


becoming infinitely large), show that 
A = cot Yi, = —(1 + w) tan zi (93) 
Since the distribution of abscissas simplifies to 


+o) tan 3! — tan 5 


2+ 
° (1 + «) tan 3 i+ tan 3 





E = Y — Y; — cot Y; log (94) 


prove that, under the further approximation w <1, the over-all range 
flown during the skipping phase is given by 


sn. 
2 sin x| (95) 


s = —2Y; — 2 cot Y; E + log Ki 


7. Consider a skipping path flown with constant angle of attack in an 
arbitrary atmosphere. Show that the following expressions hold: 


Y 2W 
V exp (7) = (Cj, p— CG, gge Y = Co» (96) 


where p is the local atmospheric pressure. Furthermore, assuming that 
X;= 0, prove that the geometry of the flight path is given by 


x= — h _ 
(sY 4 
hi p — C2 


(97) 
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CHAPTER 14 


AERODYNAMIC HEATING OF 
HYPERVELOCITY VEHICLES 


by 


Martin H. Bioom* and ANGELO MIELE 


1. INTRODUCTION 


The study of the thermal problems encountered by high-speed aircraft, 
missiles, and space vehicles is of fundamental interest to the engineer 
involved in planning flight operations and in designing a vehicle for a 
given mission. Owing to the many possible combinations of speed regimes 
and vehicle components, the literature on the subject is immense. How- 
ever, since a complete discussion of heat transfer phenomena is beyond 
the scope of this textbook, only those elements which are necessary for 
the analytical development of the theory of hypervelocity flight paths 
and for the qualitative understanding of the relationships between Flight 
Mechanics, Heat Transfer, and Aerodynamic Design are presented. 

In the following sections, the physical mechanisms of heat flow are 
discussed, and representative formulas for estimating heat transfer rates 
in the hypervelocity regime are presented. Then, attention is focused on 
the methods employed in order to protect and cool the surfaces of an 
aircraft or a missile. Finally, the aerodynamic heating of ballistic mis- 
siles, glide vehicles, and skip vehicles is analyzed, and an engineering 
comparison of these vehicles is carried out. To prevent confusion, units 
of the British Engineering System are used throughout the chapter; hence, 
forces, lengths, times, and temperatures are measured in pounds, feet, 
seconds, and degrees Rankine, respectively. Derived quantities are ex- 
pressed in consistent units; in particular, heat energy, heat energy per 
unit time, and heat energy per unit time and unit area are measured in 
foot-pounds, foot-pounds per second, and pounds per foot and second, 
respectively. 


2. MECHANISMS OF HEAT FLOW INTO THE VEHICLE 


When an aircraft or a missile travels in the atmosphere, several phe- 
nomena occur which cause heat to be transferred from the surrounding 
medium to the vehicle. If, for the sake of discussion, supersonic flight 
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is considered, it is clear that a system of shock waves is formed and that 
the resulting deceleration of the flow causes the formation of high tem- 
perature regions in the inviscid flow between the shock system and the 
body. In addition, since the velocity of the stream relative to the aircraft 
must vanish at the surface (zero-slip condition), an additional decelera- 
tion occurs in the boundary layer, resulting in a further increase in the 
static enthalpy of the air. Thus, if the temperature at a small distance 
from the body is higher than the surface temperature, thermal energy 
flows into the body. As the flight velocity increases, the temperatures in 
the inviscid flow and in the boundary layer increase and may reach levels 
where the following phenomena occur in succession: (a) molecular vi- 
bration; and (b) dissociation, ionization, and recombination. Further- 
more, since these processes do not occur instantaneously, the flow may not 
be in thermodynamic equilibrium. 

It can be surmised from the above discussion that the array of phe- 
nomena occurring in the immediate neighborhood of a body is extremely 
complex. The end result of all this is that heat is transferred in two ways: 
(a) convective heating associated with the transport processes in the 
boundary layer and (b) radiant heating associated with the electro- 
magnetic properties of high-temperature gases. In particular, if con- 
vective heating is examined in detail, two coexisting mechanisms can be 
determined: heat conduction and mass diffusion. While heat conduction 
is the fraction of the convective heating which is due to the temperature 
gradients in the boundary layer, mass diffusion is the fraction due to the 
concentration gradients of chemical components. In turn, the latter are 
caused by the chemical reactions previously mentioned as well as by 
additional factors such as the injection of foreign matter into the bound- 
ary layer (for instance, a coolant or the particles leaving the surface 
because of ablative processes). 


2.1 Convective heating. The analytical and functional representation 
of the convective heating rates can be reduced to its simplest form if the 
significant dimensionless groups are expressed in terms of the local flow 
conditions at the outer edge of the boundary layer. While this point of 
view is useful in heat transfer theory, it is necessary for Flight Mechanics 
analyses that the heating rates be expressed in terms of the free-stream 
conditions. Consequently, one must correlate the outer-edge conditions 
and the free-stream conditions; this operation does not offer any con- 
ceptual difficulties and can be achieved by analyzing the inviscid flow 
around the body. As a result, the convective heating rates can be func- 
tionally (and sometimes analytically) represented in terms of a new set 
of dimensionless parameters involving only free-stream conditions. In 
accordance with the philosophy of this chapter, the detailed transforma- 
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tions necessary to pass from one representation to the other are omitted; 
thus, the pertinent heat transfer relations are expressed directly in terms 
of flight conditions. 

Now, for a family of geometrically similar, symmetric configurations 
operating at zero sideslip, dimensional analysis indicates that the follow- 
ing parameters are fundamental in representing the heat transfer rates: 

(a) The angle of attack a. 

(b) The Mach number M = V/a, where V is the velocity and a the 
speed of sound. 

(c) The Reynolds number Re = pVl/p, where p is the density, p the 
dynamic viscosity, and l a characteristic length of the vehicle. 

(d) The ratio of the specific heats k. 

(e) The Prandtl number P, = pcp/K, where c, is the specific heat at 
constant pressure and K the thermal conductivity. This number charac- 
terizes the interaction between viscous dissipation effects, heat capacity 
effects, and thermal conductivity effects. For air, its order of magnitude 
is one. 

(f) The Lewis number L, = pDc,/K, where D is the diffusion co- 
efficient. This number characterizes the interaction between mass diffu- 
sion effects, heat capacity effects, and thermal conductivity effects. For 
air, its order of magnitude is one. 

(g) The temperature ratio t = 6,,/0, where 6,, is the wall temperature 
and @ the free-stream temperature. 

(h) The particular station P at which heat transfer is being calculated. 

(i) The:Stanton number S,= q/pVE, where q is the heat transferred 
per unit area and unit time and E a reference energy per unit mass. In 
particular, if this energy is chosen to be the kinetic energy per unit mass 
(that is, if E = V?/2), the Stanton number takes the form 


2ġ 
Se = ava (1) 
which is used henceforth in this chapter. 
When these definitions are employed, the convective heat transfer from 
the boundary layer to the surface can be represented by the functional 
relationship* 


Si = F(a, M, Re k, Pr, Le, T, P) (2) 


* Other dimensionless groups may arise by a more detailed consideration of 
chemical reactions, mass transfer, and ablation. Furthermore, the groups ap- 
pearing in Eq. (2) can be replaced by any other set formed by combination of 
those cited. Thus, the widely used Nusselt number is defined as the product of 
the Stanton, Prandtl, and Reynolds numbers and may replace the Stanton 
number as a measure of the heat transfer rates. 
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TABLE 1 


Cc 


Stagnation point 1.55 X 1075 


(laminar flow) 


Sonic point 7.45 X 10-4 
(turbulent flow) 





in which the function F depends on the geometry of the body. Once this 
function is known, one can determine the distribution of heating rates 
over the surface and, thus, investigate the possible existence of regions 
which are critical from a thermal point of view; furthermore, upon inte- 
gration of the heating rate over the wetted area, one can calculate the 
over-all heating rate to the vehicle. 

The leading edge of the wing and the nose of the fuselage are among 
the regions where the heating rate achieves its highest values and, for 
this reason, deserve special attention. In particular, for a relatively 
cool* hemispheric nose in hypersonic flow with the Prandtl and Lewis 
numbers equal to one, two typical behaviors are possible. For relatively 
low Reynolds numbers, the boundary layer is entirely laminar, and the 
distribution of heating rates over the nose exhibits a maximum at the 
stagnation point. On the other hand, for relatively high Reynolds num- 
bers, the boundary layer becomes turbulent at some distance from the 
stagnation point, and a second maximum occurs at approximately the 
sonic point, that is, the point where the flow at the outer edge has a Mach 
number of one. For these special points, Eq. (2) can be written in the 
simplified form 

s, = 4 (3) 


where z is a contant. In particular, if the function f(M) is approximated 
by a power law and if convenient average values are assumed for the 
speed of sound and the dynamic viscosity, Eq. (3) becomes 
pv 

TZ 








(4) 


The dimensional constant C and the dimensionless exponents z, y, z have 
the representative values indicated in Table 1 (Refs. 3 and 14). Inci- 


g=C 


* By definition, a surface is relatively cool if the difference between the static 
enthalpy at the wall and the free-stream static enthalpy is negligible with respect 
to the free-stream kinetic energy per unit mass. 
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dentally, the heat transfer rates calculated with Eq. (4) neglect non- 
equilibrium thermodynamic effects (Ref. 8) and, for that reason, are 
overestimated for most engineering applications. 

In order to determine the over-all heating rate Q, it is necessary to 
integrate the local heating rate over the entire wetted area of the vehicle. 
Thus, if do denotes the element of exposed area and S,, the wetted area, 


the relationship 3 
af auat | ha (5) 
Sw Sw 


holds. Owing to the common origin of heat flux phenomena and skin 
friction phenomena, the Stanton number is related to the skin friction 
coefficient. The relationship in question is called Reynolds’ analogy and, 
for a relatively cool, curved surface in hypersonic flow, can be expressed 


in the form (Ref. 1) 
Cr PeVe 


where the subscript e denotes quantities evaluated at the outer edge of 
the boundary layer. Consequently, the over-all heating rate becomes 


Q = 4C rpo V? (7) 
where 


Cr = xf, Cc; = ers do (8) 


is a weighted mean friction coefficient called the equivalent skin-friction 
coefficient. The evaluation of the integral on the right-hand side of 
Eq. (8) requires that the properties of the inviscid flow and the skin- 
friction coefficient be known at all points of the wetted area. Since these 
elements depend mainly on the angle of attack, the Reynolds number, 
and the Mach number, the equivalent skin friction coefficient of a body 
of given geometry also depends on the angle of attack, the Reynolds 
number, and the Mach number. However, for ballistic missiles and skip 
vehicles reentering the atmosphere at zero or constant angle of attack, 
the variation in the equivalent skin-friction coefficient along the flight 
trajectory can be neglected as far as preliminary design estimates are 
concerned (Refs. 1 and 2). Since this point of view yields considerable 
simplifications in the analysis of flight paths, it is retained throughout 
the remainder of this chapter. 


2.2 Radiant heating. There are two forms of radiant heating from the 
outside environment to the vehicle: the radiation due to the gaseous cap 
surrounding the vehicle and the solar radiation. Both are governed by 
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the Stefan-Boltzmann law and, therefore, depend on the emissivity and 
the temperature of the source. 

To evaluate the radiation from the gaseous cap to the vehicle, the 
distribution of emissivities and temperatures in the flow field must be 
known. Since these quantities can be related to the free-stream condition, 
the radiant heating rate at a given point of a body of given geometry can 
be expressed in terms of the free-stream conditions only. As an example, 
for a hemispheric nose in hypersonic flow at velocities below 30,000 ft 
sec™!, the radiant heating rate from the gaseous cap (assumed to be in 
thermodynamic equilibrium) to the body in the neighborhood of the 
stagnation point can be approximated by (Ref. 15) 


g = Crp) ® ys (9) 
where C = 1.23 X 10-7. Generally speaking, radiant heating is negli- 
gible with respect to convective heating in the velocity-altitude domain 
of interest for ballistic missiles, glide vehicles, and skip vehicles (see 
exercises). On the other hand, the radiant heat transfer is important 
for the reentry of satellite vehicles and space vehicles. For these vehicles, 
deviations from thermodynamic equilibrium may increase the radiant 
heating rate somewhat. 

The term solar radiation is employed to designate the combined effect 
of the direct solar radiation and that due to terrestrial and interstellar 
sources; it varies with time and depends on the position and the orienta- 
tion of the vehicle in space. Its absolute value is usually negligible with 
respect to the other forms of heat transfer encountered by vehicles 
operating within the atmosphere. 


3. VEHICLE PROTECTION AND COOLING 


The next step is to examine the devices by which a surface can be 
protected and cooled. Customarily, these devices are separated into the 
following main classes: heat exchangers, heat sinks, radiant shields, mass 
transfer systems, and ablative systems. 

In the usual heat exchanger, a coolant is circulated in the interior of a 
structure and withdraws heat from the structure by convection. 

In the heat-sink system, a mass of material is employed to conduct 
away and store the heat entering the surfaces of the body. Two par- 
ticular properties determine the merit of such a system: (a) the thermal 
diffusivity and, hence, the ability to conduct heat energy away before 
local melting occurs and (b) the heat-retention capacity per unit weight. 
Rarely do these properties go together. Thus, copper has an extremely 
high thermal diffusivity but a poor heat-retention capacity, while the 
opposite is true of beryllium. 
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Even though every system radiates thermal energy to some degree, it 
is appropriate to define a radiant shield as any system in which radiation 
to the surrounding environment is a major factor in the protection from 
thermal effects. The heat radiated per unit time and unit area is given 
by the well-known formula 


g = erba (10) 


where o = 3.70 X 107° is the Stefan-Boltzmann radiation constant, € 
the emissivity (it varies between 0 and 1), and 6, the absolute tempera- 
ture of the surface. For ballistic missiles, skip vehicles, satellite vehicles, 
and reentering spacecraft, the radiant cooling is generally small with 
respect to the convective heating; consequently, these vehicles require 
protection by means of heat sink or ablation systems. On the other hand, 
for hypervelocity gliders and supersonic aircraft, the radiant cooling rate 
may have the same order of magnitude as the convective heating rate; 
thus, effective use can be made of radiant shields if the surface tempera- 
ture is allowed to be 2000°R or higher. 

In the mass transfer system, a coolant is injected into the flow through 
either a porous surface or slots and holes in the wall. Because of this, a 
thin film of gas or liquid forms over the surface and modifies the flow 
field within the boundary layer. Consequently, the passage of heat to the 
body is reduced or blocked by a combined effect of heat absorption, 
vaporization, and thickening of the boundary layer. While this scheme 
has considerable scientific interest, it has practical disadvantages because 
of the difficulty of building porous surfaces, the necessity of using addi- 
tional equipment, and the associated decrease in reliability. 

In the ablative system, a solid surface is permitted to be destroyed 
systematically while maintaining the integrity of the structure (Refs. 12 
and 13). When subjected to a heat flux, this system behaves initially as 
a heat sink. As the temperature increases, heat is radiated to the sur- 
rounding medium, while mass may be lost due to degassing phenomena. 
Finally, ablation starts and may involve processes such as melting, 
vaporization, sublimation, and pyrolysis. Hence, heat is absorbed or 
blocked from the surface by phase changes, mass transfer, and radiation. 
Two particular properties determine the merit of an ablative system: 
(a) the ability to insulate the back-up surface and (b) the capacity to 
absorb thermal energy. Hence, the combination of poor thermal diffu- 
sivity with high effective heats of ablation is desirable. Owing to the fact 
that, with materials such as teflon, effective heats of ablation equal to 
several times that required to vaporize water are possible, ablative sys- 
tems have become of primary interest for reentering ballistic missiles, 
satellites, and spacecraft. 
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4. REENTRY OF A BALLISTIC MISSILE 


In the previous chapter, the reentry of a ballistic missile was analyzed 
under the assumptions that the lift is zero, that the drag coefficient is 
constant, and that the air density is an exponential function of the 
altitude. Solutions for the velocity and the deceleration in terms of the 
altitude were derived disregarding the changes in the path inclination 
caused by the force of gravity. 

In this section, the aerodynamic heating of the missile is considered, 
and the following topics are analyzed: (a) the over-all heat transfer to 
the wetted area; (b) the rate of heat transfer to the wetted area; and 
(c) the rate of heat transfer at either the laminar stagnation point or 
the turbulent sonic point of the nose. The solution of the first problem is 
of paramount importance in determining the amount and the type of 
thermal protection (e.g., heat sink system or ablation system) which is 
required by the missile. In turn, the solution of the second and third 
problems determines the engineering precautions to be used in order to 
prevent excessive thermal stresses and/or deterioration of the surface. 

Since the results of the previous chapter indicated that only a small 
error is introduced in the velocity distribution by neglecting the effect of 
gravity in the equation of motion on the tangent to the flight path, this 
point of view is retained here. Furthermore, since the radiant heating is 
generally negligible with respect to the convective heating, only the latter 
is considered. 


4.1 Over-all heat transfer. If the hypotheses of Section 2.1 are em- 
ployed, the rate of heat transfer to the wetted area is governed by the 
differential relationship 

Q = 3CrpS.,V* (11) 


in which Cy is the equivalent skin-friction coefficient, p the density, S,, 
the wetted area, and V the velocity. If gravitational effects are neglected, 
the third of Eqs. (13-18) in combination with the definition of the aero- 
dynamic drag yields the following expression for the instantaneous 
deceleration: 

__ gC pSV” 


ae 2W 


(12) 
where W is the weight, g the acceleration of gravity, Cp the drag coef- 
ficient, and S a reference area. Consequently, the heat transfer per unit 
velocity variation becomes 


R W CrS 
dV — 2g Cp 





(13) 
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After the end-conditions 
Qa=0, QSR (14) 


are employed and constant values are assumed for the equivalent skin- 
friction coefficient and the drag coefficient, the above differential equation 
can be integrated to give 


EGR 
Q ig C58 





(Vv? — V#) (15) 


The meaning of this equation becomes clear if the law of conservation 
of energy is applied to the endpoints of the path under the assumption 
that the variation of potential energy is negligible with respect to the 
variation of kinetic energy. Clearly, the initial kinetic energy must be 
equal to the sum of the final kinetic energy and the energy dissipated 
because of the aerodynamic drag. While part of the latter is contained 
in the wake of the missile, the remainder Q enters the body in the form 
of heat. 

Now, consider an exponential atmosphere whose scale-height factor is 
A, and assume that the final point is located at sea level. After the bal- 
listic factor and the frictional ballistic factor (that part of the ballistic 
factor which is due to the friction drag) are defined as 


C DPS SAJ CrpSwrg 








Ks = — OW sin Y; Ree 2W sin Y; (16) 
the following relationship holds: 
CrSy Kar 
CoS Ke (7) 


Furthermore, after the reference energy Qr = WV2/2g is introduced and 
jt is observed that the ratio of the final velocity to the initial velocity is 
given by [see Eq. (13-33) ] 


y, 
7 = exp (—Ka) (18) 
the fraction of the initial kinetic energy which is transferred to the 
missile in the form of heat can be rewritten as 


Q _ i fer 
Qr 2 


This relationship can be employed to study the effect of the geometry of 
the configuration on the over-all heat transfer. However, since detailed 
design considerations are beyond the scope of this section, attention is 





[1 — exp (—2Kp)] (19) 
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focused on two limiting cases only: that of a relatively light ballistic 
missile (Kg>>1) and that of a relatively heavy ballistic missile 
(Kz <1). 

For a relatively light ballistic missile (one strongly retarded by aero- 
dynamic forces), the final velocity is negligible with respect to the initial 
velocity. Consequently, the previous equation simplifies to 


Q 1 Ker 
Qr 2 KS (20) 
from which it is clear that the fraction of the initial kinetic energy trans- 
ferred to the body by convective heating is equal to one-half the ratio 
of the friction drag to the total drag. Hence, in order to minimize the 
heat convected to the missile, the bluntness ratio Kgr/Kg must be made 
as small as possible, that is, the ratio of the pressure drag to the friction 
drag must be made as large as possible.* This can be achieved by em- 
ploying a shape of high pressure drag, that is, a blunt shape (Ref. 1). 
For a relatively heavy ballistic missile (one slightly retarded by aero- 
dynamic forces), the final velocity is almost equal to the initial velocity. 
Consequently, the Maclaurin approximation 


exp (—2Kz) S 1 — 2Kg (21) 
is justifiable, and Eq. (19) becomes 


L= Kor (22) 
Since the fraction of the initial kinetic energy transferred to the missile 
in the form of heat is equal to the frictional ballistic factor, the latter 
must be made as small as possible. Consequently, a shape of low friction 
drag must be employed. Incidentally, in several of the cases investigated 
in Ref. 1, this shape is a slender body. 


4.2 Over-all heating rate. In this section, the distribution of heating 
rates along a reentry path is investigated. Since the density increases 
and the velocity decreases along the path, the heating rate exhibits a 
stationary point. To determine this point, the velocity distribution is 
written in the form [see Eq. (13-25) ] 


ae = exp (- z) (23) 


* In several actual designs, the bluntness factor is on the order of 1/10. Hence, 
about 1/20 of the initial kinetic energy is transferred to the body in the form of 
heat. This reduction is significant, in that the initial kinetic energy has the same 
order of magnitude as the thermal energy required to vaporize the missile re- 
gardless of its construction. 
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Fic. 1. Over-all heating rate-altitude diagram for several values of the bal- 
listic factor. 


where 7 = 2Kzp/p,. Consequently, after the reference heating rate 


W Ker 


is introduced, the heating rate to the wetted area becomes 


f= vo(-2) 
= = rexp(— — (25) 
QR 2 
and is plotted in Fig. 1 versus the dimensionless altitude for several 
values of the ballistic factor. It appears that the heating rate has two 
possible behaviors depending on whether the ballistic factor is larger or 
smaller than 1/3. 
If the configuration is such that Kg > 1/3, the heating rate has the 
following analytical maximum: 
Q_2 
On > Be (26) 
which occurs when w= 2/8, that is, when the dimensionless altitude 
7 = h/d has the value 


n = log (3Kz) (27) 
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Fic. 2. Peak over-all heating rates and corresponding velocities and altitudes. 


Since the corresponding velocity ratio is given by 


Wa 
Vi We 
the maximum heating rate occurs at the point where the instantaneous 
velocity is 72% of the entrance velocity. On the other hand, if the con- 
figuration is such that Kg < 1/3, the peak heating rate, not an analytical 
maximum, occurs at sea level and is given by 
Q = 2K» exp (—3K B) (29) 
Qr 
These results are summarized in Fig. 2, which supplies the envelope of 
the peak heating rates to the wetted area as well as the corresponding 
velocities and altitudes. 

The main conclusion of this analysis is that, if the weight, the initial 
velocity, and the initial path inclination are given and if the ballistic 
factor is larger than 1/3 (in particular, if the missile is relatively light), 
the peak heating rate satisfies the proportionality relationship 


Kar 
oe Ke 


(28) 





(30) 
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and, hence, is minimized if a blunt shape is employed. On the other hand, 
if the missile is relatively heavy, the previous equation must be replaced 


by . 
Q~ Kar (31) 


so that the peak heating rate is minimized if a shape with a low friction 
drag is employed. 


4.3 Heating rate to the nose. If the hypotheses of Section 2.1 are re- 
tained, the rate of heat transfer at either of the two critical points of the 
nose region can be represented in the form 

TY 
¿= 027 (82) 


T? 





Since the density increases and the velocity decreases along the path, the 
heating rate has a stationary point. Prior to evaluating this point, it is 
convenient to introduce the reference heating rate 





, o) v? 
dn = C (2) mri (33) 
and rewrite the previous equation in the form 
į æ YT 
= = ex’ - SF 34 
in mW exp ( 3 ) (34) 


It appears that the rate of heat transfer has two possible behaviors de- 
pending on whether the ballistic factor is larger or smaller than 2/y (that 
is, 1/6 for the laminar stagnation point and 4/15 for the turbulent sonic 
point). 

If the configuration is such that Kpg > 2x/y, the heating rate has the 
following analytical maximum: 


å 22) 

[2 35 

Ip (z (35) 
which occurs for m = 2x/y, that is, for 


"= log (2) (36) 


z 


Since the corresponding velocity ratio is given by 


%9 o» 


the maximum heating rate at the laminar stagnation point occurs when 
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the velocity is 85% of the entrance velocity, while the maximum heating 
rate at the turbulent sonic point occurs when the velocity is 77% of the 
entrance velocity. On the other hand, if the configuration is such that 
Kp < x/y, the peak heating rate, not an analytical maximum, occurs at 
sea level and is given by 


4 = (2K5)* exp (—yK») (38) 
dr 


The main conclusion of this analysis is that, if the weight, the initial 
velocity, and the initial path inclination are given and if the ballistic 
factor is larger than x/y (in particular, if the missile is relatively light), 
the peak heating rate satisfies the proportionality relationship 


: 1 

i~ RET 
and, therefore, is minimized if a large ballistic factor is employed in 
combination with a large radius of curvature at the nose. On the other 
hand, if the missile is relatively heavy, the previous equation must be 
replaced by 


(39) 


$ 1 
(~ (40) 


so that the maximum heating rate becomes a function of the nose radius 
of curvature only; the higher the radius is, the lower the peak heating 
rate is. 

In closing, the following remarks are pertinent: 

(a) For a missile whose ballistic factor is larger than 4/15, the ratio 
of the peak heating rate at the turbulent sonic point (subscript T) to the 
peak heating rate at the laminar stagnation point (subscript L) is given 


by Å 0.3 
T roA 
af = as 41 


where C = 4.9 and is plotted in Fig. 3 versus the ballistic factor for 
several values of the radius at the nose. Thus, the peak turbulent heating 
rate is several times larger than the peak laminar heating rate. 

(b) From the present discussion and from that of the previous chapter, 
it appears that several critical points exist along a reentry path. They are 
the points where the peak values of the heating rates and the deceleration 
occur. Although the altitudes associated with these points depend on the 
ballistic factor, their relative positions are independent of it (Fig. 4). 
More specifically, the peak heating rate at the stagnation point occurs 
first; the peak heating rate at the turbulent sonic point, the peak heating 
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Fic. 3. Ratio of the peak heating rate at the turbulent sonic point to the peak 
heating rate at the laminar stagnation point. 
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Fic. 4. Critical points in the reentry of a ballistic missile. 


rate to the wetted area, and the peak deceleration follow in sequence; 
their corresponding altitudes are located 11,200 ft lower, 16,500 ft lower, 
and 26,100 ft lower, respectively, than the altitude corresponding to the 
peak heating rate at the stagnation point. In this connection, a particular 
example is shown in Fig. 5, where € = X/A denotes the dimensionless 
abscissa; this example refers to a missile whose ballistic factor is 5 and 
whose initial conditions are £; = 0, 7: = 10, Y; = —30°, Vi/Wdg = 25. 
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Fıc. 5. Critical points in the reentry of a ballistic missile. 


4.4 Remark. With reference to the relatively heavy ballistic missile, 
these comments are pertinent: (a) Although the engineering trend is toward 
lower values of the ballistic factor, the limiting case where Kg <1 is 
difficult to achieve at present; (b) the heat transfer results of the previous 
sections can also be obtained by introducing into the pertinent relations 
the assumption that the velocity is constant, as is logical owing to the 
simultaneous neglect of the aerodynamic and gravitational forces; and 
(c) for intermediate range and long range ballistic missiles, the errors due 
to neglecting gravity are small, since the heating rates depend on the 
over-all velocity rather than on the velocity change and since the velocity 
change due to gravity is small with respect to the initial velocity. 


5. REENTRY OF A GLIDE VEHICLE 


In the previous chapter, the motion of a glide vehicle was analyzed 
under the assumptions that the path is smooth and shallow, that the 
weight component on the tangent to the flight path is negligible with 
respect to the aerodynamic drag, and that the angle of attack is constant. 
Here, the thermal problem is investigated in a manner similar to that of 
the ballistic missile. In particular, the following topics are investigated: 
(a) the over-all heat transfer to the wetted area and (b) the heating 
rates to the wetted area, the laminar stagnation point, and the turbulent 
sonic point. 


5.1 Over-all heat transfer. For the glide vehicle, the expressions for the 
heating rate to the wetted area (11) and the instantaneous acceleration 


324 AERODYNAMIC HEATING OF HYPERVELOCITY VEHICLES [cHap. 14 


(12) are identical with those of the ballistic missile. For this reason, 
the differential equation (13) and its integral (15) are still valid. Thus, 
after the drag factor and the frictional drag factor (that part of the drag 
factor which is due to the friction drag) are defined as 


C DPS CrpSwr 
Kp = et, Kor = o t (42) 


Eq. (15) can be rewritten as 








_ W Kor ;y2 _ y? 
e= y KVA (43) 
and simplifies to 
Q _1 Kpr 
Qr 2 Kp (44) 


if the final kinetic energy is small with respect to the initial kinetic 
energy (this is necessary in order to achieve range). Comparison of this 
equation with Eq. (20) shows that the over-all heat input for the glide 
vehicle is formally identical with the over-all heat input for the relatively 
light ballistic missile. Now, for the relatively light ballistic missile, the 
total heating is minimized by using a shape of high pressure drag, that 
is, a blunt shape. Unfortunately, this course of action is not possible 
for the glide vehicle, since a blunt shape is unavoidably characterized 
by a low lift-to-drag ratio and, hence, its ability to convert kinetic 
energy into range is poor. From the range viewpoint, it is essential that 
a glide configuration be relatively slender, even though some blunting 
can be tolerated in such regions as the leading edge of the wing and the 
nose of the fuselage. Now, if the bluntness ratio Kpr/Kp is dictated by 
range considerations, its value is higher than that of the ballistic missile; 
hence, for the same initial velocity, the glide vehicle absorbs more con- 
vective heating than the ballistic missile. In spite of this, the glide 
vehicle requires less coolant than the ballistic missile. The reason is that, 
while the order of magnitude of the over-all heat input is essentially the 
same for the two vehicles, the flight time of a glider is in the order of 100 
times larger than that of a reentering ballistic missile; hence, the heating 
rates are reduced by a factor of 100. Thus, the glider is capable of 
radiating heat back to the atmosphere at a rate comparable to the con- 
vective heating rate,* while the ballistic missile is not. 


* Computations presented in Ref. 2 indicate that a large fraction of the con- 
vective heating can be radiated back to the atmosphere if the surface tem- 
perature is allowed to rise to 2000°R and if a relatively low wing loading is 
employed. 
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Considerations of a local nature indicate that, while the thermal 
problem is especially severe for the nose of the fuselage and the leading 
edge of the wing, it can be alleviated by blunting the nose and rounding 
the leading edge. The negative aspects of blunting (namely, the increase 
in the drag and the decrease in the lift-to-drag ratio) can be offset by 
sweeping the wing, with the simultaneous advantage of reducing the drag 
and the heat transfer at the leading edge. Thus, the delta-wing con- 
figuration appears to be a logical engineering solution for the hyper- 
velocity glider. 


5.2 Heating rates. If the equation of motion on the normal to the 
flight path is combined with Eq. (11) and the density is eliminated, the 
over-all heating rate can be shown to be proportional to V. By a similar 
procedure, the heating rate at the nose becomes proportional to V? for 
the laminar stagnation point and to V! for the turbulent sonic point. 
Since the velocity decreases as the glider descends toward the lower layers 
of the atmosphere, the heating rates decrease along the flight path. 

In closing, a word of caution is in order. A verification of the assump- 
tions employed shows that they are satisfied only for velocities between 
1/6 and 1/3 of the satellite velocity at sea level. For lower velocities, the 
relatively cool wall hypothesis as well as the assumption of a smooth, 
shallow path characterized by a negligible weight component on the 
tangent to the flight path become invalid. For higher velocities, the 
range may become such that the flat Earth model is no longer justified; 
in particular, the equation of motion on the normal to the flight path is 
to be modified, in the sense that the weight is to be replaced by the so- 
called apparent weight, that is, the difference between the actual weight 
and the centrifugal force which is due to the curvature of the Earth. 
Because of these reasons, the aerodynamic heating of a hypervelocity 
glider operating over a spherical Earth shall be considered in Volume 3. 
However, it can be anticipated that, while the conclusions relative to 
the heating rates are subject to considerable change, those relative to the 
over-all heat transfer are the same, since the equation of motion on the 
tangent to the flight path is, to a first approximation, unaffected by the 
consideration of the sphericity of the Earth. 


6. REENTRY OF A SKIP VEHICLE 


In the previous chapter, the motion of a skip vehicle was investigated 
under the assumptions that the gravitational forces are negligible with 
respect to the aerodynamic forces, that the angle of attack is constant, 
and that the atmosphere is exponential. Here, the thermal problem is 
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investigated in a manner parallel to that of the ballistic missile and the 
glide vehicle. Both the over-all heat transfer and the distribution of 
heating rates are considered. 


6.1 Over-all heat transfer. For the skip vehicle, the expressions for the 
heating rate to the wetted area (11) and the instantaneous acceleration 
(12) are identical with those of the ballistic missile and the glide vehicle. 
For this reason, the differential equation (13) is still valid. Furthermore, 
if the subscript k denotes quantities associated with the generic skip and 


if the end-conditions 
Qx= 0, Oe = OX (45) 
are employed, the following result is obtained: 


Qr = Ee Kor (y3, — v3) (46) 


If the vehicle performs n skips with the same angle of attack, the total 
heat input over the entire trajectory is given by 


_ W Kpr 2 
= ag Ko > (Vie — Vie) (47) 


The evaluation of the summation appearing on the right-hand side of this 
equation requires the knowledge of the ballistic phase intermediate be- 
tween any two skips. If the rotation of the Earth is neglected, the 
velocity at the beginning of each skip is equal to the velocity at the 
end of the previous skip (Volume 3) ; thus, if the recurrence relationship 


Viaty = Vee (48) 
is employed in combination with the assumptions 
Vi = Vi, Vin = Vz (49) 
the series appearing in Eq. (47) has the sum 


> (Vie — Vik) = Vi — V7 (50) 
k=1 


In particular, if the final kinetic energy is negligible with respect to the 
initial kinetic energy (this is necessary in order to achieve range), 
Eqs. (47) and (50) yield the following expression for the fraction of the 
initial kinetic energy transferred to the skip vehicle along the entire 
trajectory: 


x, (51) 
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which is identical with that developed for the relatively light ballistic 
missile and the glide vehicle. 

Because of range considerations, the bluntness ratio Kpr/Kp of the 
skip vehicle is generally higher than the bluntness ratio of the ballistic 
missile; hence, the skip vehicle absorbs more convective heating than the 
ballistic missile. In addition, comparison of the first skipping phase with 
a glide phase of equal decrease in kinetic energy shows that, owing to 
the difference in the flight times, the rate at which heat is convected to 
the skip vehicle is considerably larger than the rate at which heat is con- 
vected to the glide vehicle. Thus, while the glide vehicle is able to 
radiate thermal energy back to the atmosphere at a rate comparable to 
the convective rate, this is not true for the skip vehicle. In conclusion, 
the skip vehicle is thermally inferior to both the ballistic missile and the 
glide vehicle. Because of these reasons and because of the high accelera- 
tions experienced in the skipping phase, the skip vehicle is, from an 
engineering point of view, the least promising of the three types of hyper- 
velocity vehicles considered here. This seems to be a generally accepted 
conclusion, even though, for some values of the lift-to-drag ratio, the 
skip vehicle is able to convert kinetic energy into range more efficiently 
than either the ballistic missile or the glide vehicle (Volume 3). 


6.2 Heating rates. The next step is to determine the distribution of 
heating rates along the skipping path. Attention is focused on the first 
skip only, since this is the phase where the highest velocities occur and, 
hence, where the thermal problem is the most critical. Since the rate of 
heat transfer to the wetted area is proportional to pV? and since the 
velocity decreases continuously along the path, peak heating can only 
occur ir: a region where the density is increasing, that is, in the descending 
branch of the trajectory. Concerning the ascending branch, the simul- 
taneous decrease in the density and the velocity causes a sharp decrease 
in the heating rate. 

Because of Eqs. (13-65) and (13-71), the distributions of density and 
velocity along the path can be written in the form 


P- cos Y — cos Y; 
Po Ki 


y = %i— 7 (52) 
V; = exp E : 


where y denotes the path inclination, Æ the lift-to-drag ratio, and 





CLPS) 
K, = fon" (53) 
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Fic. 6. Path inclination for peak Fic. 7. Peak over-all heating rate. 
over-all heating rate. 


the lift factor. Thus, after the reference heating rate 





— W Kor ys 
År = ng Ke Vi (54) 
is introduced, the over-all heating rate becomes 
Q %;— 7 
—— = (cos Y — cos Y;) exp (3 ue) (55) 
QR E 


and attains a stationary value at that point of the descending branch of 
the trajectory where the relationship 


sin Y + 3 (cos Y — cos Y;) = 0 (56) 
is satisfied. The solution of this equation is represented by 
: 3 > 
sin Y = JFE [E cos Y; — V E2 + 9 sin? Y;] (57) 
and is plotted in Fig. 6 versus the aerodynamic efficiency for several 


values of the entrance angle. The corresponding values for the peak 
over-all heating rate are given in Fig. 7. 
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Fic. 8. Critical points in a skipping path. 


By proceeding in much the same way, the distribution of heat inputs 
per unit area and unit time at the nose can be investigated. After the 
reference rate of heat transfer 


; *vi 
n= c(R) F 8) 
is introduced, the heating rate (4) can be written as 
į 


Yi — Y 
= = (cos Y — cos Y,)” ex ( ) 59 
in ( exp (y a (59) 





and attains a stationary value when the condition 
sin Y + F (cos Y — cos Y;) = 0 (60) 
is satisfied, where n = y/x. The solution of this equation is represented 
by ; n z 
sın Y = n24 E [E cos Y; — VE? + n? sin? Yil (61) 


where n = 6 for the laminar stagnation point and n = 15/4 for the turbu- 
lent sonic point. 

From the discussion of this chapter and that of the previous chapter, 
it appears that several critical points exist in a skipping path. They are 
the points where the peak values of the heating rates and the deceleration 
occur. Although their position on the skipping path depends on the lift- 
to-drag ratio and the initial path inclination, their sequence is inde- 
pendent of these parameters. More specifically, the peak heating rate 
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at the stagnation point occurs first, while the peak heating rate at the 
turbulent sonic point, the peak heating rate to the wetted area, and 
the peak deceleration follow in sequence. In this connection, a particular 
example is shown in Fig. 8; it refers to a skip vehicle whose drag and 
lift factors are equal to one and whose initial conditions are 


$i = 0, Ni S 10, Yi = —20° 


EXERCISES 


1. Consider the reentry of a ballistic missile, and retain all the hy- 
potheses of Section 4.3. After defining the reference heat transfer per 
unit area at the stagnation point as 


= OV? A 
1r = Sin (Y) WV2rKp 


where Tm = 3.14, show that the time integral of the heat transfer per 
unit area at the stagnation point is given by 


L = Bea) — Biv) (63) 
R 


(62) 


where the error function is defined as 


Vr 
Erf VT) = a f exp (—7) d( VT) (64) 


Making use of convenient expansions for the error function, show that 
the proportionality relationship 


1 
1 ViKe 


holds for the relatively light missile, while the proportionality relation 





(65) 


1 
~ — 66 
Vr (66) 
holds for the relatively heavy missile. 
2. Consider the reentry of a ballistic missile in an isothermal atmos- 
phere, and retain the hypotheses of Section 4. Show that the Reynolds 
number achieves the following maximum value: 


oV sb 
Re = eke (67) 


3. Consider the reentry of a ballistic missile, and employ the hypoth- 
eses of Section 4.2. Define the equilibrium temperature as the ideal 
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Fic. 9. Maximum ratio of the radiant heating to the convective heating for a 
ballistic missile. 


temperature which the surface should achieve in order to radiate heat 
back to the atmosphere at a rate equal to the convective heating rate. 
Show that the distribution of the equilibrium temperature along the 
flight path is given by 
0» = 2/EF pve (68) 
4e0 


and achieves the following maximum value: 


3 
ba = 41 CrpoV; (69) 


4. Consider the stagnation point of the hemispheric nose of a missile, 
and define the total rate of heat transfer as the sum of the convective 
and radiant heating rates. Show that, for given values of the velocity 
and the altitude, this total rate of heat transfer has a minimum with 
respect to the nose radius. Prove that this minimum occurs when the 
radiant heating rate is one-half the convective heating rate. 

5. Consider the stagnation point of the hemispheric nose of a reenter- 
ing ballistic missile, and calculate the ratio of the radiant heating rate 
(subscript r) to the convective heating rate (subscript c). Retaining 
every hypothesis of Section 4.3, show that this ratio achieves the follow- 
ing maximum value (Fig. 9): 


dr - eye 
Ge K5! 





(70) 
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Fic. 10. Effect of the size of the spoilers on the peak heating rates to the nose 
of a variable-geometry missile. 


where C = 5.8 x 10-5. Thus, for the velocities characteristic of inter- 
mediate range ballistic missiles, the radiant heating is negligible with 
respect to the convective heating. On the other hand, for an interconti- 
nental ballistic missile, the radiant heating is negligible with respect to 
the convective heating only if the ballistic factor is larger than 2. 

6. Consider the reentry of a variable-geometry missile excluding the 
effects of gravity. Retain the hypotheses of Section 3.1.1 of the previous 
chapter, that is, assume that the ballistic factor varies with the altitude 
according to the law 


Kz = Kzo (ey (71) 


where Kgo is the ballistic factor at sea level and @ is a constant. Show 
that the peak heating rates at the laminar stagnation point and at the 
turbulent sonic point are reduced according to the ratios 


g(a) = z ax|(1—a) 
W0 (>) (72) 


which are plotted in Fig. 10 for a missile whose ballistic factor at sea 
level is 5. 

7. Consider the reentry of a constant-geometry missile, and retain the 
hypotheses of Section 4, but include the effects of gravity. Show that 
the peak heating rate to the wetted area, the peak heating rate at the 
laminar stagnation point, and the peak heating rate at the turbulent 
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sonic point occur when the following conditions are, respectively, satis- 
fied: 
_ 8exp(m) m 
C= a I Eilr) (73) 
where C is the constant appearing in Eq. (13—45) and where x = 1 for 
the wetted area, z = 1/2 for the laminar stagnation point, and 2 = 4/5 
for the turbulent sonic point. 
8. Consider the reentry of a glide vehicle, and retain the hypotheses of 
Section 6. Show that the equilibrium temperature defined in Exercise 3 


is given by TOW 
SASE 
Oe ANa C 8 (74) 


Hence, for a given velocity, a decrease in the wing loading leads to a 
decrease in the equilibrium temperature. 
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CHAPTER 15 


ROCKET PERFORMANCE 
IN A VACUUM 


1. INTRODUCTION 


The fundamental characteristic of a rocket vehicle is that it carries 
both the fuel and the oxidizing agent necessary to create thrust. Conse- 
quently, powered flight in a vacuum is physically possible and is in- 
vestigated here because of its great interest and mathematical simplicity. 

In the analysis of rocket performance, several facts must be considered. 
First, because of the high rate of propellant consumption, the variation 
of the mass with the time must be taken into account. Second, the inertia 
terms are important everywhere along the flight path; thus, the quasi- 
steady state, which is characteristic of vehicles powered by air-breathing 
powerplants, is practically nonexistent as far as rocket operations are 
concerned. Third, for the particular case of flight in a vacuum, both the 
drag and the lift are zero. Fourth, since the control surfaces are useless 
in a vacuum, maneuvering can be accomplished only by varying the 
thrust modulus and/or the thrust direction. For these reasons, Eqs. 
(4-42) are rewritten as 


X — Veos¥y = 0 
h— Vsiny = 0 


T cose — m(gsiny + V) = 0 (1) 
T sin e — m(g cos Y + Vý) = 0 
m+8=0 


where X denotes the horizontal distance, h the altitude, V the velocity, 
y the path inclination, m the mass, T the thrust, B the propellant mass 
flow, e the inclination of the thrust with respect to the velocity, g the ac- 
celeration of gravity, and the dot sign a derivative with respect to time. 


1.1 Engine performance. According to Chapter 7, the thrust of a rocket 
engine operating in a vacuum is given by 


T= BV. + Se e (2) 
335 
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where V, is the exit velocity, S, the exit area, and p, the exit pressure. 
Furthermore, if the equivalent exit velocity 


Se e 
Vs = Ve e (3) 
is introduced, the thrust can be rewritten in the form 


T = BVg (4) 


whose significance is now illustrated. Consider a constant geometry 
chemical rocket, and assume that the combustion chamber pressure (the 
control parameter of the engine) can be regulated in flight but that, by 
doing so, the combustion chamber temperature is unaffected. From one- 
dimensional aerodynamics of a perfect gas, it is known that, while the 
exit pressure and the propellant mass flow are linear functions of the 
combustion pressure, the exit velocity is independent of it. Hence, the 
equivalent exit velocity is independent of the combustion pressure and, 
in conclusion, is a characteristic of the engine, since it acts as a pro- 
portionality constant between the thrust and the mass flow. 


1.2 Integration problem. In the light of Eq. (4), the equations of 
motion involve one independent variable, the time, and seven dependent 
variables (X, h, V, y, m, B, €). Therefore, there are two degrees of free- 
dom, which is logical since the trajectory can be changed by controlling 
the thrust modulus and the thrust direction. Hence, for a given set of 
initial conditions for X, h, V, y, m, infinite trajectories exist, more specifi- 
cally, one trajectory for each arbitrarily prescribed pair of functions 
P(t), e(t) or equivalent conditions. In this connection, the following 
sections consider the cases where (a) the thrust modulus is either constant 
or proportional to the instantaneous mass of the vehicle and (b) the 
thrust direction is either constant with respect to the horizon or tangent 
to the flight path (Refs. 1 through 6). 


2. VERTICALLY ASCENDING PATHS 


The performance along a vertically ascending path is now investigated. 
After the condition y = 77/2 is imposed, the kinematic relationship in 
the horizontal direction can be integrated to give X = Const. Further- 
more, the equation of motion on the normal to the flight path leads to 
€=0, which means that the thrust is tangent to the flight path and, 
therefore, is always vertical. If the relationship between the thrust and 
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the mass fiow rate is considered, the remaining Eqs. (1) can be rewritten 
as 


h-V=0 
Vtg—"Y# 9 (5) 
m+p=0 


2.1 First integral. A mathematical consequence of the previous equa- 
tions is the differential expression 


dV + gdt + Vr =0 (6) 
whose general integral is given by 


V + gt + Veglogm = Const (7) 


and holds independently of the rate at which propellant is being con- 
sumed, that is, regardless of the function B(t). Incidentally, if the gravi- 
tational forces are negligible with respect to the thrust, this first integral 
simplifies to 


V + Vz log m = Const (8) 
2.2 Integration process. In order to integrate the equations of powered 


flight, it is convenient to select the instantaneous mass as the new inde- 
pendent variable and rewrite Eqs. (5) in the form 


dh V 
dm*+ p= ° 
aV Ve _9_ 
dm m Bou (9) 
dt 1 
am p e 


Consequently, if the thrust program is specified, that is, if the function 
B(m) is prescribed, the integration of the third of Eqs. (9) yields the 
time distribution; subsequently, by using the first integral (7), one can 
calculate the velocity distribution; finally, by integrating the first of 
Eqs. (9), one can determine the altitude distribution. 

The formal integration of these equations can be simplified consider- 
ably, if the dimensionless parameters 





— t — 9 LA _ m — BVE 
Pa t= pz? = Va Beas T= 9 (10) 
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are introduced, where m; is the initial mass and 7 is the instantaneous 
thrust-to-weight ratio. Consequently, Eqs. (9) can be rewritten as 


dn u 


du t maT? 

du , 1 1\ 

a ea) m 
dé 1 
du tw 


while the first integral (7) becomes 


u + 0 + log u = Const (12) 
and simplifies to 
u + log u = Const (13) 


if the gravitational forces are neglected. 


2.3 Simple thrust programs. In connection with the previous discus- 
sion, three particular thrust programs are now investigated, that is, con- 
stant thrust, thrust proportional to the instantaneous weight, and zero 
thrust. 

If the thrust is held constant along the trajectory, the instantaneous 
thrust-to-weight ratio is given by 

T: 
T= 14 
A (14) 
where 7; is the initial thrust-to-weight ratio. Hence, after Eqs. (11) are 
integrated, the following results are obtained: 





u + T:9 = Ci 
u + E 4 logu = C2 (15) 
C2 p(y pE z 
nt tu thi a \ +4 — tog) = C3 


where C through C, are constants. A characteristic of the constant thrust 
trajectory is that the acceleration continuously increases with the time; 
since this acceleration may become physiologically intolerable, a definite 
limit exists to the applicability of the constant thrust program to manned 
vehicles. 
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If the thrust per unit weight is held constant, the thrust program is 
represented by 


THT (16) 
so that the integration of Eqs. (11) leads to the solutions 


log u + T:0 = C4 





u + log u = Cs (17) 


n + St iog u ~ "pp logu = C6 
where C, through C, are constants. A characteristic of this program, 
especially desirable for manned vehicles, is that the acceleration is con- 
stant at all points of the flight path. Hence, this program can also be 
called the constant acceleration program. 
If the engine is shut off, the integration of the equations of motion is to 
be performed subject to the condition 


T=0 (18) 


Owing to the fact that Eqs. (11) become undetermined, it is necessary to 
employ Eqs. (5) which, after the dimensionless variables (10) are intro- 
duced, yield the results 


u = C7 

u + 0 = Cs (19) 
2 

1+7 =0 


The last of these equations expresses the conservative nature of coasting 
flight in a vacuum, since the sum of the kinetic and potential energies is 
constant. 


2.4 Composite thrust programs. In the previous section, a number of 
simple thrust programs were investigated, and the general integrals for 
the equations of motion were found. Here, some composite trajectories 
ICF are investigated, more specifically, those composed of a burning 
phase IC followed by a coasting phase CF. Two particular cases are con- 
sidered: one in which a constant thrust program is followed by a zero 
thrust program and one in which a constant acceleration program is 
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T 






Constant acceleration 


Constant thrust 








Fic. 1. The constant thrust-zero thrust program and the constant acceleration- 
zero thrust program. 


followed by a zero thrust program (Fig. 1). In both cases, the following 
end-conditions are assumed: 


b: = u; = ni = 0, m=l 

u=0, my=1i-¢ 120) 
where the subscript 7 denotes the initial point, the subscript f the final 
point, and £ the ratio of the propellant mass to the initial mass. It is de- 
sired to determine the conditions at the end of the burning phase 
(subscript c) as well as those at the end of the coasting phase (subscript f) 
and, in particular, the peak altitude attained by the rocket. 

If the constant thrust program is followed by a zero thrust program, 
the evaluation of the integration constants in terms of the initial and 
the final conditions leads to 
1 


C, = 1, C2 = 0, oa 


C:=1— t, Ce=%, Co= ty 
Furthermore, since Eqs. (15) and (19) are simultaneously valid at the 


burnout point C, the following results are obtained for the conditions 
at the end of the burning phase: 


¢ 


Ti 


(21) 


Ge 


I 


_ £ — log (1 — ¢) (22) 


I 


Ue 


2 
n= —3(£) thir +a — pega - 9} 


Ti 


CHAP. 15] ROCKET PERFORMANCE IN A VACUUM 341 
















0.2 Sa 
Constant thrust 
n, —— 
0.1 
Constant thrust 
0 


























Constant 
acceleration 














Fic. 4. Peak altitude. Fic. 5. Peak altitude. 


and for those at the end of the coasting phase: 


ng z log? (i) 4 eS nel =9 

(23) 
6 = —log (1 — 8) 

As Fig. 2 indicates, the burnout velocity increases with the propellant 

mass ratio and the initial thrust-to-weight ratio. Furthermore, Fig. 3 


supplies the burnout altitude, and Fig. 4, the peak altitude. While the 
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burnout altitude has a maximum with respect to the initial thrust-to- 
weight ratio, the peak altitude increases monotonically with it. Hence, 
the highest value for 7; is obtained for 7; = œ, that is, when all the 
propellant is consumed instantaneously (pulse burning). 

If the constant acceleration program is followed by a zero thrust pro- 
gram, the integration constants have the values 


C=C; =C6=0 


Cr=1-¢ (24) 
Cs = b; 
Co = ny 


Consequently, the following conditions are obtained at the end of the 
powered phase: 


6, — Zlog (1 — 9) 
Tiy == 


= og (1 = 9) (25) 





Ue 


5 Te ly ee. = 
te = 95 log" (1 — $) 





and at the end of the coasting phase: 


i—1l 
n = P 8 (1 t) 





(26) 


6; = —log (1 — $) 


In this connection, the peak altitude is plotted in Fig. 5 for several values 
of the propellant mass ratio ‘and the initial thrust-to-weight ratio. Com- 
parison of the constant thrust program and the constant acceleration 
program leads to the following conclusion: For the same propellant mass 
ratio and initial thrust-to-weight ratio, the peak altitude of the constant 
thrust program is higher than that of the constant acceleration program.* 
On the other hand, the flight time is independent of the mode of propellant 
consumption, as is logical, owing to the first integral (12). 


* The constant thrust program is not only superior to the constant acceleration 
program but also to every other arbitrary program. The demonstration of this 
important property is not possible with the present limited approach and will 
be developed in Volume 2. 
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3. GRAVITY TURN TRAJECTORIES 


A class of flight paths of particular interest for the launching of long- 
range missiles and satellites is the category known as gravity turn trajec- 
tories. The curvature of these trajectories is obtained by exploiting the 
attraction due to the Earth’s gravitational field, while the thrust is held 
parallel to the velocity. Thus, after the condition € = 0 is imposed and 
the thrust function (4) is considered, Eqs. (1) are rewritten as 


X — Veosy = 0 
h— Vsiny =0 


V+ gsiny — 2%2 = 9 (27) 
.  gcosY 
Ca =0 


m+BpB=0 


Furthermore, if the variables (10) are considered and the dimension- 
less abscissa 





= yz (28) 
‘is introduced, Eqs. (27) lead to the differential set 
as — ucosy = 0 
a — usin Y = 0 
G+siny—1=0 (29) 
H+ 7% 9 
dg +ar=0 


whose integration is now discussed for three particular cases: constant 
thrust, constant thrust per unit weight, and zero thrust (Refs. 2, 3, and 5). 

If the thrust is constant, it is convenient to use the mass ratio as the 
independent variable instead of the time. Consequently, after the thrust 
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program (14) is accounted for, the previous equations can be rewritten 
in the form 





dg _ _ ucosyY 

du Ti 

dy  _ usinyY 

du Ti 

du sinY 1 

eee ees 30 
du Ti u (30) 
dy _ cosy 

du Tit 

wt 

du Ti 


The fifth of these equations can be integrated in a closed form and yields 
the time distribution 
u + T:0 = Const (31) 


On the other hand, after the third and the fourth of Eqs. (30) are solved 
by means of approximate procedures, the velocity and the path inclina- 
tion can be obtained. Finally, the geometry of the trajectory is calcu- 
lated a posteriori by integrating the first and the second of Eqs. (30). 

If the thrust is proportional to the instantaneous weight,* it is con- 
venient to use the path inclination as the independent variable instead of 
the time. Consequently, after the thrust program (16) is accounted for, 
Eqs. (29) are transformed into 








d_ y? 

dY 

dn oa 

a u“ tan Y | 

du Ti 

w u(tany eas ) (32) 
dd _  _ u 

dY ~—s cos ¥ 

du we 

dy ‘cosy 


* While this program yields constant acceleration in vertical flight, the same 
is not true for a gravity turn, owing to the continuous change in the path 
inclination. 
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Fic. 7. The function B(y,7;). 
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Notice that the differential equation governing the velocity distribution 
can be integrated independently of those remaining. Once the velocity 
is known, the determination of the time, the abscissa, and the ordinate is 
reduced to a process of simple quadratures. In this connection, if u, de- 
notes the dimensionless velocity of the rocket at y = 0 and if the function 


y(Y) = cot G + z) (33) 
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is defined, the following results are readily derived (Ref. 2): 


= A(Y, Ti); 2 = By, Ti) + Const 
= ; (34) 
4 = C(Y, T:) + Const , u = D(Y, T) + Const 


where the functions 4, B, C, D are given by 
A, T) = RY + yt) 


til 


y-1f(4 eo 
Bor) = (+ 


1 y?! 27;+1 
cor = Et) 
27r;—2 


ae PM ere = Mee 
Dor) = (4 or, +2 


and are plotted in Figs. 6 through 9 versus the path inclination for several 
values of the initial thrust-to-weight ratio. After the time distribution is 
known, the mass can be determined from the relationship 


log u + 7:0 = Const (36) 


If the engine is shut off, the integration of Eqs. (29) must be performed 
subject to the constraint (18). After the dimensionless variables (10) and 
(28) are introduced, the following results are readily obtained: 








(35) 


u= C: 
u cos Y = C2 

0 + usin Y = 03 (37) 
g — C20 = C4 


9? 
n — C30 + z~ Cs 
where C, through C; are constants. 


3.1 Numerical example. In connection with the previous results, the 
powered portion of a gravity turn trajectory has been calculated for the 
initial conditions 

bi = i= n=O (38) 
ki = 1l, u; = 0.1, Y; = 80° 


It is assumed that the initial thrust-to-weight ratio is 7; = 2 and that the 
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Fic. 10. Velocity distribution for gravity turn trajectories. 
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Fic. 11. Geometry of gravity turn trajectories. 


propellant mass ratio is = 0.8. The results relative to both a constant 
thrust trajectory and a trajectory flown with constant thrust-to-weight 
ratio are plotted in Figs. 10 and 11. More specifically, Fig. 10 yields the 
velocity distribution, and Fig. 11, the geometry of the trajectory. Notice 
that, although the constant thrust trajectory is characterized by a lower 
increase in altitude, it has a comparatively higher increase in kinetic 
energy and, therefore, a higher increase in total energy. 
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4. TRAJECTORIES FLOWN WITH CONSTANT THRUST 
INCLINATION WITH RESPECT TO THE HORIZON 


In the previous section, trajectories flown with constant inclination of 
the thrust with respect to the velocity were considered. Here, trajectories 
flown with constant inclination of the thrust with respect to the horizon 
are investigated. For convenience, the dynamical equations are projected 
on the horizontal and vertical directions rather than on the tangent and 
the normal to the flight path; furthermore, the velocity vector is described 
in terms of its horizontal and vertical components rather than in terms 
of its modulus and path inclination. Thus, after the variables 


Vz = V cos 7, V, = YV siny, w=e+Y (39) 


are defined, where w is the inclination of the thrust with respect to the 
horizon, Eqs. (1) are rewritten as 


X¥—V,=0 
h—Vi=0 

T cosw — mV, = 0 (40) 
T sinw — mg + Vi) = 0 
m+p=0 


4.1 First integrals. The following differential expressions are a mathe- 
matical consequence of the dynamic relationships and the definition of 
propellant mass flow: 


dV, + Vz cos o Z2 =0 
(41) 


aVn + pdt + Vz sino 26 
Consequently, integration of these equations leads to the first integrals 


Vz + Ve cosw log m = Const 
(42) 
Vi + gt + Ve sinw log m = Const 


which hold regardless of the rate at which propellant is being consumed, 
that is, regardless of the function B(t). Incidentally, for the particular 
case of vertical flight, the first integral relative to the horizontal velocity 
component degenerates into a trivial expression, while the first integral 
relative to the vertical velocity component leads once more to Eq. (7). 
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4.2 Integration process. In order to integrate the equations of powered 
flight, the instantaneous mass is selected as the new independent variable, 
and Eqs. (40) are rewritten in the form 


dX , Vz 
Wage A 


dh | Va 
dVe | V g cos w 


dm m ~ o (43) 


dVn Vgsinw 


9 
dm m get 
1 


mee 
Consequently, if the function B(m) is prescribed, the fifth of these equa- 
tions supplies the time distribution; subsequently, the first integrals (42) 
yield the velocity components; finally, the geometry of the trajectory can 
be determined by means of the first and second of Eqs. (43). 
The formal integration of these equations can be simplified somewhat 
if the dimensionless variables (10), (28), and 





— V2 — Va 

p = Ve , Y = Ve (44) 
are introduced. If this is done, Eqs. (48) become 

ge 

dp Tu 

OP ei 

du TH 

de _ _ Cow 

ae i (45) 

it (cb) 

du ow Nr 

gw 1 

du so Th 
while the first integrals (42) are rewritten in the form 

g + cos w log u = Const (46) 


y + 0 + sin wlog u = Const 


350 ROCKET PERFORMANCE IN A VACUUM {cHap. 15 


4.3 Simple thrust programs. In connection with the previous discussion, 
three particular cases are now investigated, that is, constant thrust, thrust 
proportional to the instantaneous weight, and zero thrust. If the modulus 
of the thrust is constant, the integration of Eqs. (45) leads to 


Tð +u =C 
e + cos w log u = C2 





TE 7 + sinw log p = Cs (47) 
Co COS w 
ey Tg 7 PC — logu) = C4 
C3 1 Cy — pH 2 sin w _ 
0+ Sy 43 (S=# ) Pe ea log u) = Cs 


where C, through C; are constants. If as modulus of the thrust is pro- 
portional to the instantaneous weight,* the following results are derived: 


710 + log u = C6 
e + cos w log u = Cz 
y+ (sinu — 1) tog u = Cs 


(48) 


Se W 


g+ S log u — “or, 108° u = Co 


Cs — £ (sinw — Llog? u = 
n + Ti log u Or; (sino D log“ u = Cio 


where Ce through Cio are constants. Finally, if the engine is shut off, the 
integration of Eqs. (40) leads to 


u= Ci 

e = Ciz 
y +0 = Cis (49) 
E — p0 = Cis 

2 
nt = Cis 


where C,, through Ci; are constants. 


* This thrust program is characterized by constant acceleration components 
and, therefore, by constant total acceleration. For this reason, this program is 
again referred to as a constant acceleration program. 
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4.4 Composite thrust programs. In the previous sections, a number 
of simple thrust programs were investigated, and the general integrals for 
the equations of motion were found. Here, some composite trajectories 
ICF are investigated, more specifically, those composed of a burning 
phase IC followed by a coasting phase CF. Two particular cases are 
considered: one in which the burning phase is characterized by constant 
thrust and one in which the burning phase is characterized by constant 
acceleration. In both cases, the end-conditions 


bi = i = ni = gi = Yi = 0, i= 1 (50) 


n = 0, wp=1-—¢ 


are specified. It is desired to determine the conditions at the end of the 
burning phase as well as those at the end of the coasting phase and, in 
particular, the over-all range flown by the rocket. 

If the constant thrust program is followed by a zero thrust program, the 
integration constants have the values 


C=, C,;=G,=0 





C, = 28", o= Fe 
Ti Ti 
(51) 
Cr=1—-—f, Ci = g, Ciz =p +e 


e deal 
Cia = s — obf, 156 = 5 


Since Eqs. (47) and (49) are simultaneously valid at point C, the follow- 
ing burnout conditions are obtained: 


=Ż 
0, = = 


Ye = —cosw log (1 — ¢) 
Pe = — = —sin w log (1 — 9) 


CoS w (52) 


Ti 


1 sin w 


2 
t = se) +2 e 4 a — p log (L — t) 


f= [6+ (l — slog i — 9) 


and are related to the range flown with engine shut off by the expression 


tp — be = velve + V200 + ¥2) (53) 


which is a consequence of the coasting equations (49). Hence, if Eqs. 
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Fic. 12. Effect of the thrust inclination on the range. 


(52) and (53) are combined, the over-all range becomes 


&; = cosw log” (1 — §) nw = t + q sin w (sinu — 2)| (54) 


where 


slog? (1 — §) 
t+ ig t (9) 
This equation is plotted in Fig. 12 for 7; = 2 and shows that, for each 
propellant mass ratio, there exists a thrust inclination such that the range 
is a maximum. This maximum occurs for 
2 sin? w 
an 2sin2w — 1 (56) 
and can be calculated by substituting the value of œ which satisfies 
Eq. (56) into either Eq. (54) or 
i= COS 
1 2sin3 


log” (1 — ¢) (57) 





In connection with these results, the optimum thrust inclination is plotted 
in Fig. 13 versus the initial thrust-to-weight ratio for several values of 
the propellant mass ratio; as the graph indicates, w decreases as the 
initial thrust-to-weight ratio increases and reaches its lowest value of 
45° for the limiting case where r; = œ (pulse burning). The associated 
maximum range is plotted in Fig. 14 and increases with both the pro- 
pellant mass ratio and the initial thrust-to-weight ratio. 
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for maximum range. 


If the constant acceleration program is followed by a zero thrust pro- 
gram, the integration constants have the values 


Co = C7 = Cg = Co = Cin = O 


Cy i-t 
Ciz = yf 
Cis = vy + Os (58) 
Cia = Ey — Gf 
_v 
Cis = 2 


so that the following burnout conditions are obtained: 


66 = — + log (1 — $) 

ge = —cos w log (1 — $) 

ye = =E log (1 — ¢) (59) 
_ COSM, 27, 

te 74 27; log (1 t) 


RSM a De a 
ne = EES low? A — 
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Fig. 17. Comparison of constant thrust and constant acceleration trajectories. 


Since the coasting range is still represented by Eq. (53), the over-all 
range becomes 


ty = cos w log? (1 — £) ES — z + ‘/sin w (sine = 1) (60) 


and admits a maximum for the value of œ which satisfies the equation 
(Fig. 15) sin? 
mn w 


= 2an2o — l (61) 


Ti 
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Once the optimum thrust inclination is known, the associated range can 
be computed from either Eq. (60) or Eq. (57) and is plotted in Fig. 16. 

Comparison of Figs. 14 and 16 shows that, for the same propellant mass 
ratio and initial thrust-to-weight ratio, the constant thrust program is 
more efficient than the constant acceleration program. This effect is 
clearly shown in Fig. 17 for 7;=2 and £=0.6; more specifically, the 
range associated with the constant thrust program is about 16% greater 
than that of the constant acceleration program. At any rate, it is empha- 
sized that the constant thrust program is superior not only to the constant 
acceleration program but also to every other arbitrary program; this 
important property cannot be shown with the present limited approach 
and will be proved in Volume 2. 


EXERCISES 


1. Denote by h, the total energy or energy height, that is, the sum of 
the potential and kinetic energies per unit weight. Show that the follow- 
ing relationship is a mathematical consequence of Eqs. (1): 

dhe 


F TV cos € (62) 


where r is the thrust-to-weight ratio. Hence, for given values of the 
velocity and the thrust-to-weight ratio, the time rate of increase of the 
energy height is a maximum when the thrust is tangent to the flight path. 

2. Consider a gravity turn trajectory flown with constant thrust-to- 
weight ratio. Denoting by s a curvilinear abscissa measured along the 


i how that 
flight path, show tha he — T;8 = Const (63) 


Hence, the total increase in energy height is proportional to the length of 
the flight path. 

3. Consider a vertical path fiown with constant thrust-to-weight ratio, 
and assume that the initial velocity is zero. Show that the burnout alti- 
tude is a maximum for 7; = 2. 

4. Consider vertical flight, and compare the constant thrust-zero thrust 
program (subscript 1) with the constant acceleration-zero thrust program 
(subscript 2). Show that the peak altitude is the same for both programs 
if the initial thrust-to-weight ratios satisfy the relationship 

Tit 2 ¢ + log (1 — 9) 
This means that, if the propellant mass ratio is 0.8, the initial thrust-to- 
weight ratio of the constant acceleration program is to be 60% greater 
than that of the constant thrust program. 
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5. Consider a trajectory flown with constant thrust inclination with 
respect to the horizon. Show that, if the thrust-to-weight ratio is con- 
stant, the components of the acceleration and, hence, the total accelera- 
tion are constant. 

6. In connection with the previous exercise, show that, if the rocket is 
initially at rest, its powered flight trajectory is a straight line. 

7. Consider a constant thrust-zero thrust trajectory flown with constant 
thrust inclination with respect to the horizon. Retaining the end-condi- 
tions (50), show that maximum range is obtained when the thrust is per- 
pendicular to the final velocity, that is, when 


tanw = — (65) 
vy 
Prove that this property also holds for a constant acceleration-zero 
thrust trajectory. 

8. Consider a trajectory flown with constant thrust inclination with 
respect to the horizon, and compare the constant thrust-zero thrust pro- 
gram (subscript 1) and the constant acceleration-zero thrust program 
(subscript 2). Show that the range is the same for both programs pro- 
vided w is the same and the initial thrust-to-weight ratios satisfy rela- 
tionship (64). 

9. Consider a trajectory flown with constant thrust inclination with 
respect to the horizon, and focus attention on the following two burning 
programs: (a) constant thrust followed by coasting and (b) constant 
acceleration followed by coasting. Retaining the initial conditions (50), 
show that the coordinates of the highest point of the trajectory are given 
by 


= sso £ + log (1 — Je + sin w log (1 — o}| 
(66) 
= sinw i log (1 — §) {2 + $sinolo (1 — o} 
d Ti E Ti 2 € 
for program (a) and by 
p= coso (2e — 1) log? (1 — $) 
i (67) 


a Ti sinw 
n = sino (TRO — 2) jog? =O 


for program (b). 

10. In connection with Exercise 9, show that, for the particular case 
of vertical flight, the peak altitude supplied by Eqs. (66) and (67) re- 
duces to that given by Eqs. (23) and (26). 
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CHAPTER 16 


MULTISTAGE ROCKETS 
IN A VACUUM 


1. INTRODUCTION 


A considerable limitation to the performance of single-stage rockets 
arises from the fact that a large fraction of the energy developed by the 
powerplant is employed to accelerate masses which cease to be useful for 
propulsion purposes. This limitation can be overcome by dividing the 
rocket into a number of stages, each having its own powerplant and 
propellant mass. When the propellant mass of a given stage is exhausted, 
the tanks and the engine of that stage are separated from the remaining 
part of the rocket. The resulting discontinuities in the distribution of 
mass versus time are essentially responsible for the superior performance 
which multistage rockets exhibit with respect to single-stage rockets 
(Refs. 1 through 6). 

While the conceptual difficulties associated with multistage rocket 
analyses are not staggering, the mathematics is rather cumbersome; hence, 
only a few simplified cases of flight in a vacuum are investigated here. 
More specifically, after the performance limitations of single-stage 
rockets are discussed, the analysis of multistage rockets is developed in 
the light of the contribution of Malina and Summerfield (Ref. 1). 
Furthermore, for the sake of clarity, the discussion is divided into two 
parts: in the first part, gravitational effects are neglected; in the second 
part, gravitational effects in vertical flight are considered. Particular 
attention is devoted to configurations in which the parameters character- 
izing each stage (e.g., the equivalent exit velocity, the payload ratio, the 
propellant mass ratio, the structural factor, and the initial or final thrust- 
to-weight ratios) are identical. Although some of these configurations 
represent optimum designs, no attempt is made to prove any special 
property. Thus, the analytical treatment of the problem of optimum 
staging is delayed to Volume 2, where some more advanced mathematical 
techniques will be employed. 


2. DEFINITIONS PERTINENT TO SINGLE-STAGE 

ROCKETS 

In order to analyze the performance limitations of single-stage rockets, 
certain definitions must be introduced. Denote by m, the initial mass, 
m; the final mass, mp the propellant mass, M, the structural mass (tanks, 
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TABLE 1 


DIMENSIONLESS GROUPS CHARACTERIZING A SINGLE-STAGE ROCKET 


(1 — )(1 — r) 


e+ (1 — er 


e(1 — r) 








engines, pipes, ete.), and my the payload mass; and observe that, by 
definition, 


m; = Mp + Mgs, ms = Ms + My (1) 
Furthermore, introduce the dimensionless ratios 
m m m 
tT = —, =, €= —*_ (2) 
Mi Mi Ma + Mp 


which are called the payload ratio, the propellant mass ratio, and the 
structural factor,* respectively. Because of Eqs. (1) and (2), several 
relationships can be derived between the dimensionless groups character- 
izing a single-stage rocket. The calculation of these relationships is only 
a matter of algebraic manipulations and is omitted for the sake of brevity. 
The results are presented in Table 1 in terms of either the propellant mass 
ratio and the structural factor or the payload ratio and the structural 
factor. 


3. PERFORMANCE LIMITATIONS OF 
SINGLE-STAGE ROCKETS 


Consider a single-stage rocket, and assume that the thrust is tangent 
to the flight path and that both the aerodynamic and gravitational forces 
are negligible. Under these hypotheses, the following indefinite integral 
holds (see Chapter 15): 


V + Ve log m = Const (8) 


* The structural factor is a measure of the structural efficiency of a rocket. In 
practice, the lowest values obtained with present-day designs are in the neighbor- 
hood of e = 0.05-0.10. 
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Fia. 2. Limiting velocity. 


where V is the velocity, Vz the equivalent exit velocity, and m the mass. 
The corresponding definite form is represented by 


V; — Vet Vlog = 0 (4) 


where the subscript 1 denotes initial conditions and the subscript f, final 
conditions. Now, consider the end-conditions 


V;=0, Vy = Vx (5) 
where Vx denotes the burnout or payload velocity, and indicate by 


_Vs 
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the dimensionless burnout or payload velocity. If Eqs. (4) through (6) 
are combined and the final-to-initial mass ratio given in Table 1 is 
employed, the following result is obtained: 

l 
e+ (1 — er © 
Consequently, the payload ratio is given by 


u = log 


r= PW) 8) 


and is plotted in Fig. 1 as a function of the dimensionless burnout speed 
for several values of the structural factor. As the graph indicates, the 
payload ratio decreases so rapidly with the desired final velocity that 
single-stage rockets become economically prohibitive for high payload 
velocities. Furthermore, there is an upper limit to the velocity which 
can be achieved by a single-stage rocket; this limiting velocity occurs 
when the payload mass is zero and is given by (Fig. 2) 


1 
Ulim = log (9) 


For example, consider a single-stage chemical rocket having a struc- 
tural factor of 0.1 and an equivalent exit velocity of 10,000 ft sec—}; 
assume that the desired burnout velocity is 15,000 ft sec™!, as is the case 
with intermediate range ballistic missiles. Since the required dimension- 
less speed (u= 1.5) is smaller than the limiting speed associated with 
the given structural factor (wu = 2.3), this mission is physically possible; 
furthermore, the payload ratio is m = 0.14. As another example, assume 
that the desired burnout velocity is 26,000 ft sec~!, which is required for 
satellite vehicles; since the required dimensionless speed (w= 2.6) is 
greater than the limiting speed, this mission is not physically possible 
with a single-stage rocket whose structural factor is 0.1. This circum- 
stance stresses the importance of the multistage rocket which is analyzed 
in the following sections. 


4. DEFINITIONS PERTINENT TO MULTISTAGE ROCKETS 


In order to analyze the performance of multistage rockets, it is 
necessary to introduce several definitions (Fig. 3). Denote by n the 
total number of stages, k the generic stage, Mpe and Mss the propellant 
and structural masses of the kth stage, and by my and m,, the initial and 
final masses of the kth stage plus all the subsequent stages; observe that 
the following relations hold for each stage: 


Mik = Mpk + Mfk,  Mjk = Mee + Mik41) (10) 
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TABLE 2 


DIMENSIONLESS Groups CHARACTERIZING A MULTISTAGE ROCKET 


Mok 
Mik 


Se (1 — e)(1 — me) 


ae 1— t e+ (1 — earr 


Mik 


m Ék 
s e ea) 
Mik 1— & 
Mi(k-+1) 1 — e — ọr 
Mik 1 — e 





where the subscript k can take any value between 1 and n. Indicate by 


Mi m. m, 
Tk = Tikti , gk = lt ’ E€; = E ee (11) 
Mik Mik Msk F Mpk 


the payload ratio, the propellant mass ratio, and the structural factor 
of the kth stage. Since these definitions are formally identical with those 
of the single-stage rocket, the data of Table 2 can be readily established 
by analogy with those of Table 1. Denote, now, by 


n 
Mo = Mii, Me = Minti)» Mpo = 2 Mpk (12) 


the over-all mass, payload mass, and propel- 
lant mass of the rocket, and define the over-all 
payload ratio and the over-all propellant mass 


ratio as 
Mk Mpo 


To = —? o = “mo (13) 


Mo 


Simple algebraic manipulations lead to the 
following relationships between the over-all 
ratios and the partial ratios: 


n 
To = ll Tk 
k=1 





i (14) 


n k— 
f= y Sk II Ti Fig. 3. Multistage rocket 
k=1 j=l nomenclature. 
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4.1 Particular case. An interesting particular case occurs when the 
rocket is designed in such a way that the dimensionless groups character- 
izing each stage are identical. Therefore, under the hypotheses* 


Tk = T ( 1 5) 
Se= F 
the over-all payload and propellant mass ratios become 
To = T” 
n (16) 
fb =t Y a} 
k=l 


Notice that the summation appearing on the right-hand side of the second 
of Eqs. (16) is a geometric progression of common ratio a and that a 
well-known property of this progression is that the sum of the first n terms 
satisfies the relationship 





(17) 


Therefore, after Eqs. (16) and (17) are combined and the data of 
Table 2 are employed, the following result is obtained: 


fo = (1 — &)(1 — m) (18) 


Hence, for a given structural factor, there exists a one-to-one corre- 
spondence between the over-all propellant mass ratio and the over-all 
payload ratio, so that the following concepts can be inferred: (a) any 
two rockets with identical propellant mass ratios have identical payload 
ratios, even though the number of stages may not be the same; and (b) 
the relative advantages or disadvantages of multistage versus single-stage 
configurations can be discussed in terms of either the over-all propellant 
mass ratio or the over-all payload ratio. However, since the existing 
literature has been mainly developed in terms of payload ratios, this 
point of view is retained in the following analyses. In closing, it must 
be noted that several other relationships can be derived which link the 
over-all parameters and the partial parameters. While the calculation 
of these relationships is rather tedious, the results can be of considerable 
assistance in multistage rocket analyses and, therefore, are summarized 
in Table 3. 


* A mathematical consequence of Eqs. (15) is that the structural factors of 
each stage are identical, that is, € = €. 


TABLE 3 


RELATIONSHIPS BETWEEN OVER-ALL PARAMETERS AND 
PARTIAL PARAMETERS FOR A MULTISTAGE ROCKET 


e+ (1 — xl!" 
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5. ANALYSIS OF MULTISTAGE ROCKETS 
NEGLECTING GRAVITY 


The performance of a multistage rocket in a vacuum is now investi- 
gated with the assumption that the thrust is tangent to the flight path and 
that the gravitational forces are negligible. Consequently, in analogy 
with Eq. (3), the following indefinite integral holds for each stage: 


Vi + Vax log my = Const (19) 
while the corresponding definite form is represented by 
Vin — Vin + Ver log ™* — 0 (20) 


Hence, if the rocket is initially at rest and if the final velocity of each 
stage is equal to the initial velocity of the next, summation of the n 
equations (20) yields the following expression for the payload velocity: 


Va = D V er log 
k=1 





Mik 
21 
fips (21) 


which, in consideration of the data of Table 2, can be rewritten as 


z 1 
Vs = 2 V zr log aa on (22) 


Now, consider a rocket which is designed in such a way that the 
characteristic parameters of each stage are identical. Thus, under the 
hypotheses 


Vex = Ve, Tk = T, Ep = € (23) 


the dimensionless payload velocity is given by 


1 
u = MAE ale (24) 
and implies that 
__ exp (—u/n) — € 
7 1—e (25) 
Consequently, the over-all payload ratio becomes 
_ fexp (—u/n) — sf 
m = [R — (28) 


and is plotted in Fig. 4 versus the dimensionless velocity for a structural 
factor of 0.1 and for several numbers of stages. The graph indicates that, 
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Fia. 5. Payload ratio. 


if the required dimensionless velocity is ‘2 (intercontinental missile 
powered by chemical rockets), the over-all payload ratio is 0.039 with a 
one-stage rocket and increases to 0.089 with a two-stage rocket. If the 
required dimensionless speed is 2.6 (satellite vehicle powered by chemical 
rockets), there exists no one-stage solution which is physically possible 
with a structural factor of 0.1; on the other hand, a two-stage rocket with 
a payload ratio of 0.037 can accomplish this mission. Finally, if the re- 
quired dimensionless speed is 3.7 (space vehicle powered by chemical 
rockets), the over-all payload ratio is 0.004 with a two-stage rocket, 0.010 
with a three-stage rocket, and 0.012 with a four-stage rocket. 

While these results emphasize the beneficial effects which can be ob- 
tained by staging the rocket, it must be noted that the over-all payload 
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ratio does not increase indefinitely but, for n —> œ, tends to the upper 
limit ü 
To = exp (= Te z) (27) 





which is plotted in Fig. 5 for several values of the structural factor. 
Thus, in practice, it is not convenient to increase the number of stages 
beyond a certain value, because any subsequent gain in the payload mass 
is offset entirely by the increased mechanical complexity of the rocket 
and the associated decrease in reliability. In this connection, a practical 
upper limit to the number of stages for intercontinental ballistic missiles 
powered by chemical rockets is two, for satellite vehicles, three, and for 
vehicles designed for space missions, four or five.* Should nuclear rockets 
become a reality, that is, should equivalent exit velocities in the order 
of 25,000-30,000 ft sec™! be obtained, then the number of stages required 
for intercontinental missiles and satellite vehicles would be reduced to 
one, while the number of stages required for space vehicles would become 
two or three, depending on the mission.* 

While Eq. (27) yields an upper limit for the payload ratio, it is evident 
that there also exists a lower limit and that this lower limit is zero. When 
this situation occurs, the following relationship holds: 


Ulim = N log 2 (28) 


and can be interpreted in either of two ways: (a) it yields the limiting 
velocity which can be achieved with a given number of stages and shows 
that this limiting velocity is proportional to the number of stages; or 
(b) it yields the lowest number of stages required for a given velocity. 
For example, if the required dimensionless speed is 3.7 (space vehicle 
powered by chemical rockets) and the structural factor is 0.1, the lowest 
number of stages is n = 1.6; hence, the mission in question is impossible 
with a one-stage rocket but is technically possible with a two-stage 
rocket. 


5.1 Treatment of an infinite-stage rocket by a continuous process. In 
the previous section, the performance of an infinite-stage rocket was 
derived as a particular case of that relative to a rocket with a finite 
number of stages by means of the limiting process n> œ. The same 
results can be calculated by means of a continuous process, that is, by 
assuming that, in each infinitesimal time interval, an infinitesimal pro- 


* It is emphasized that these conclusions are valid subject to the zero-gravity 
approximation. Should gravity be considered, the number of stages for each 
case would increase by one. 
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pellant mass is ejected with relative velocity Vg while an infinitesimal 
structural mass is ejected with zero relative velocity. If both the aero- 
dynamic and gravitational forces are neglected and if the thrust is tangent 
to the flight path, the equation of motion on the tangent to the flight path 
is written in the form 

BVz—mV =0 (29) 
where 8 is the propellant mass flow. Notice that, if e is the constant 
structural factor of the infinitesimal stage and m is the time rate of 
change of the rocket mass, the fraction em is ejected in the form of 
structural mass and the fraction (1 — €)m in the form of propellant mass. 
Hence, the relationship between the propellant mass flow and the time 
rate of change of the rocket mass is given by 


B+ (l— e—)m=0 (30) 


If the previous relationships are combined, and the propellant mass flow 
is eliminated, the following differential expression is obtained: 


WEP — 9% =0 (31) 


and its general integral is given by 
V+ Ve(1 — e) log m = Const (32) 


The corresponding definite form is represented by 


Vy — Vit Val — ©) log! = 0 (33) 
t 
and, for the end-conditions 
V; = 0, Vy = Vx, Mf = Ms (34) 
implies that 
1 
u = (1 — 6) log (35) 


where m, is the over-all payload ratio. It can be immediately verified 
that this equation is identical with Eq. (27). 


6. ANALYSIS OF MULTISTAGE ROCKETS 
INCLUDING GRAVITY 


In the previous section, the performance of a multistage rocket was 
analyzed under the assumption that the gravitational forces are negli- 
gible. Since the payload ratios calculated in this way are somewhat 
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optimistic, a refinement of the preceding analysis is presented here, in 
that the effects of gravity are included. More specifically, vertical flight 
in a vacuum with the thrust tangent to the flight path is considered. If 
g denotes the acceleration of gravity and ż the time, the following indefi- 
nite integral holds for each stage (see Chapter 15): 


Ve + Vax log m, + gt, = Const (36) 


and its corresponding definite form is represented by 
Vir — Vir + Ver log + gts. — tix) = 0 (37) 


If the rocket is initially at rest and if the final velocity of each stage is 
equal to the initial velocity of the next, summation of the n equations 
(37) yields the following expression for the payload velocity: 


n 
Ve = Y` Vpr log ZE — gt 38 
* 2 Ek 8 mru gix ( ) 


where tą is the over-all burning time. After the final-to-initial mass 
ratios given in Table 2 are used, the payload velocity can be rewritten 
in the equivalent form 


Nn 
1 
Va = X Vae ga am 


(39) 
and, clearly, depends not only on the distribution of masses within the 
rocket but also on the over-all burning time, which in turn is related to 
the thrust program. Since the discussion of the thrust program is of 
paramount importance in understanding the behavior of a multistage 
rocket in a gravitational field, three particular classes of rockets are now 
analyzed: (a) configurations whose burning time is independent of the 
number of stages; (b) configurations in which the thrust of each stage is 
constant and the initial thrust-to-weight ratio of each stage is pre- 
scribed; and (c) configurations in which the thrust of each stage is con- 
stant and the final thrust-to-weight ratio of each stage is prescribed. 


6.1 Burning time independent of the number of stages. In this section, 
attention is focused on the class of multistage rockets which are designed 
in such a way that the over-all burning time is the same for each member 
of the class. For these rockets, Eq. (39) can be rewritten in the form 


1 


€ + (1 — €&) 1% oO 


n 
Ve = >> Vax log 


k=1 
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where F 
Va = Va + gtx (41) 


After Eqs. (22) and (40) are compared, it is seen that the performance 
relevant to the gravity-included case can be obtained from that pertinent 
to the gravity-free case by simply replacing the payload velocity with 
the augmented velocity, that is, the sum of the payload velocity and the 
modulus of the velocity loss due to gravity. 

If the rocket is designed in such a way that the characteristic param- 
eters of each stage are identical, Eq. (40) can be rewritten as 


_ [exp (—wu’/n) — ef 
To = | = | (42) 
where 

w=ut+e (43) 


is the dimensionless augmented velocity and 


— 4g 
0 = Vs (44) 
the dimensionless burning time. Consequently, Figs. 4 and 5, which were 
developed for the gravity-free case, are also valid for the gravity- 
included case provided that the burnout velocity u is replaced by the 
augmented velocity w’. Clearly, gravity causes a considerable decrease 
in the payload ratio attainable for a given burnout velocity as well as in 
the limiting velocity attainable when the payload ratio is zero. For ex- 
ample, consider a two-stage rocket whose structural factor is € = 0.1 and 
whose dimensionless burning time is 6=0.4. If the desired burnout 
velocity is u = 1.5, the payload ratio calculated neglecting gravity is 0.17 
and reduces to 0.10 when gravity is included. For the same two-stage 
rocket, the limiting velocity calculated by neglecting gravity is 4.6 and 

reduces to 4.2 when gravity is included. 


6.2 Constant thrust; given initial thrust-to-weight ratios. In this 
section, attention is focused on the class of multistage rockets which are 
designed in such a way that the thrust of each stage is constant and that 
the initial thrust-to-weight ratio of each stage is prescribed. For these 
rockets, the over-all burning time is a function of the number of stages 
and can be calculated by summing the partial burning times, each of 
which equals the ratio of the propellant mass to the mass flow of each 
stage, that is, 
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Fic. 6. Dimensionless burning time. 


After the initial thrust-to-weight ratio of each stage is defined as 


4 
Ta = FETE (46) 


and the data of Table 2 are considered, the following relationship is 
readily derived: 


È eG dam en 
to 





Ek 
Tik Mik I iT 


and simplifies 
o= 1na — m ™”) (48) 


if the characteristic parameters of each stage are identical, that is, if 
Ver = VEe, TRST, &=€, THR=Ts (49) 


With reference to the dimensionless burning time-payload ratio domain, 
Eq. (48) is plotted in Fig. 6 for € = 0.1 and for several numbers of stages. 
For a given payload ratio, the dimensionless burning time (and, hence, 
the velocity loss due to gravity) increases with the number of stages; 
furthermore, it decreases with the initial thrust-to-weight ratio, becoming 
zero for 7; = œ: this is precisely the case of negligible gravity already 
analyzed in Section 5. 

If the velocity corresponding to the gravity-free case and the velocity 
loss due to gravity are superimposed, the payload velocity becomes 


n 
= >» V zz log 
k=1 


-E LAa- am (60) 


I 
en + (1 — eme ET 
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Fic. 7. Velocity-payload ratio relationship for several numbers of stages. 
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Fic. 8. Effect of the number of Fic. 9. Effect of the number of 
stages on the payload ratio (constant stages on the burnout velocity (con- 
burnout velocity). stant payload ratio). 


and reduces to 

1 eid wal") 
e+ (1 — 6m Ti 
if the characteristic parameters of each stage are identical. If u, denotes 


the dimensionless velocity corresponding to the gravity-free case, Eq. 
(51) has the form 


u = nlog (51) 


u = Uol To, n, €) oe 6( to, N, €, Ti) (52) 


and is plotted in Fig. 7 by combining the results of Figs. 4 and 6 linearly. 
While, in the gravity-free case, the payload ratio increases monotonically 
with the number of stages, this is not true when gravity is included. 
More specifically, the fact that the n = Const curves cross each other 
indicates that, for each given burnout velocity, there exists a number 
of stages such that the payload ratio is a maximum (Fig. 8). Con- 
versely, for each given payload ratio, there exists a number of stages 
such that the burnout velocity is a maximum (Fig. 9). This interest- 
ing behavior is amenable to a simple physical interpretation if one 
observes that (a) the burnout velocity of the gravity-included case 
is equal to the burnout velocity of the gravity-free case minus the cor- 
rective term due to gravity and (b) both the burnout velocity of the 
gravity-free case and the corrective term due to gravity increase with 
the number of stages. Consequently, the beneficial effect associated with 
the ejection of useless mass is partially counterbalanced by the fact that, 
as n increases, a less effective thrust program is employed. 
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Fic. 10. Limiting velocity. 


In closing, it is worth noting that, as the burnout velocity increases, 
the payload ratio associated with given values of the structural factor, 
the initial thrust-to-weight ratio, and the number of stages decreases, 
becoming zero when the velocity attains the limiting value 


Ulim 1 l— e 

EE log oa (53) 
which is plotted in Fig. 10 versus the structural factor for several values 
of the initial thrust-to-weight ratio. As an example, for a two-stage 
rocket whose structural factor is 0.1 and whose initial thrust-to-weight 
ratio is 2, the limiting velocity calculated by neglecting gravity is 4.6 and 
reduces to 3.7 if gravity is included. 


6.3 Constant thrust; given final thrust-to-weight ratios. In this section, 
attention is focused on the class of multistage rockets which are designed 
in such a way that the thrust of each stage is constant and that the final 
thrust-to-weight ratio of each stage is prescribed.* After the final 
thrust-to-weight ratio of each stage is defined as 


_ BeV zx 
8g: (54) 


* This is equivalent to prescribing the final acceleration of each stage, since 
this acceleration and the final thrust-to-weight ratio are related by the expres- 
sion 

ý 
= Te — 1 
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Fic. 11. Dimensionless burning time. 


and the data of Table 2 are considered, the over-all burning time can be 
rewritten in the form 


n 
VEk Mp 


1 
ty = — 
9 kai Tik Mfk 


LS Vex (1 — &)(1 — Ta) 
g 2 Tre En t (l — &) me a) 


which simplifies to 


_nal—e 1—7!" 


Tf e+ (1— erl” 


if the characteristic parameters of each stage are identical. With refer- 
ence to the dimensionless burning time-payload ratio domain, this func- 
tion is plotted in Fig. 11 for € = 0.1 and for several numbers of stages. 
Notice that, for every payload ratio satisfying the inequality 0.012 < 
T, < 1, the dimensionless burning time (and, hence, the velocity loss due 
to gravity) decreases monotonically with the number of stages. On the 
other hand, for every payload ratio such that 0.001 < 7, < 0.012, the 
dimensionless burning time achieves its highest value for the two-stage 
rocket. 

If the velocity corresponding to the gravity-free case and the velocity 
loss due to gravity are superimposed, the payload velocity becomes 


6 (56) 


=> —— $ p Vall m 
Ve= 2 Vni gaea 2 ma aries © 
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Fic. 12. Velocity-payload ratio relationship for several numbers of stages. 
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and reduces to 


1 n (1 — e&(1 — a!) 
= 9) log’ ——_ ed a ee 58 
u n Ba 4+ a E ert!” Tf e Æ (1 = er!” ( ) 


if the characteristic parameters of each stage are identical. This equation 
has the form 


u= Uo( To n, €) Ez (To, n, €, Tz) (59) 


and is plotted in Fig. 12 by combining the results of Figs. 4 and 
11 linearly. Since the curves n = Const never cross each other, it be- 
comes apparent that (a) for each given velocity, the payload ratio 
increases with the number of stages and (b) for each given payload 
ratio, the burnout velocity increases with the number of stages. This be- 
havior is quite different from that shown in Fig. 7 for the case where the 
initial thrust-to-weight ratio is given and, with reference to the payload 
ratio interval 0.012 < 7m, < 1, can be explained as follows. While the 
burnout velocity of the gravity-free case increases with the number of 
stages, the corrective term due to the gravity decreases. Consequently, 
the burnout velocity of the gravity-included case increases with n, since 
the beneficial effect associated with the ejection of useless mass is 
coupled with the fact that a more effective thrust program is employed. 
An analogous explanation holds for the payload ratio interval 0.001 < 
To < 0.012 as long as n > 2. For n < 2, a complication arises in that the 
velocity loss of the two-stage rocket is greater than that of the one-stage 
rocket; in spite of this, the burnout velocity of the two-stage rocket is 
higher than that of the one-stage rocket, since the beneficial effects asso- 
ciated with the ejection of useless mass are more important than the 
detrimental effects caused by a less effective thrust program. 

Since the initial and final thrust-to-weight ratios of each stage are 
related by 

ti = e+ (1 — om" (60) 
Tf 

each point of Fig. 12 corresponds to a different initial thrust-to-weight 
ratio. In particular, the geometrical locus of multistage solutions such 
that r; = 1 is represented by the parametric equations 


u= nhier +1 =") 


Tf 
|Le 
T= l = scl 





(61) 
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Fic. 13. Limiting velocity. 


which are valid subject to the condition that 
1 
TSS (62) 


Elimination of the parameter n from Eqs. (61) leads to the relationship 


uty 


_ | lets | 1+7sdog ty —1) 
REST [a = e] S 


which is represented by the dashed line in Fig. 12. This line divides the 
velocity-payload ratio domain into two regions: The region above the 
line corresponds to multistage solutions such that 7; > 1; the region below 
corresponds to solutions such that r; < 1 and has, therefore, no interest 
for rocket operations. 

Another interesting quantity is the limiting velocity which a multistage 
rocket can achieve for given values of the structural factor, the final 
thrust-to-weight ratio, and the number of stages. If the configuration is 
such that inequality (62) is satisfied, the limiting velocity is achieved 
when 7;= 1 and is given by 


1 — Tf 
Tf 


Ulim 





= log Ts + (64) 
Otherwise, the limiting velocity is obtained when the payload ratio is 
zero and is written as (Fig. 13) 

1—e 


Ulim _ 1 2 
a ee ETJ (65) 
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As an example, for a two-stage rocket such that € = 0.1 and 7; = 10, the 
limiting velocity calculated by neglecting gravity is 4.6 and reduces to 
2.8 if gravity is included. 


6.4 Remark. It is emphasized that the results of this chapter can be 
subjected to considerable qualitative and quantitative variations if any 
or all of the following additional factors are considered: (a) the presence 
of aerodynamic forces, (b) the fact that only a part of the trajectory of 
satellite or space vehicles is rectilinear, and (c) the infiuence of the design 
parameters on the distribution of structural factors within the rocket. 
For example, if the final thrust-to-weight ratio is given, the initial thrust- 
to-weight ratio increases with the number of stages. Hence, for the same 
initial mass, the thrust of the first stage increases as n increases. In turn, 
this circumstance influences the weight of the engine and, hence, the 
structural factor. 


EXERCISES 


1. For a single-stage rocket, derive the relationships indicated in 
Table 1. Retaining the hypotheses of Section 3, show that the propellant 
mass ratio necessary to attain a given burnout velocity is given by 
¢=1-—exp(—w). 

2. For a multistage rocket, derive the relationships indicated in Table 
2. Furthermore, assuming that the parameters characteristic of each 
stage are identical, prove the relationships of Table 3. 

3. Consider a multistage rocket, and assume that the parameters 
characteristic of each stage are identical. Retaining the hypotheses of 
Section 5, show that the propellant mass ratio of each stage is given by 
€=1— exp(—wu/n), while the over-all propellant mass ratio is written as 


psili a (66) 


For given values of the structural factor and the burnout velocity, prove 

that this function decreases monotonically with the number of stages and, 
for n —> œ, tends to the lower limit 

u 

o= (1— 9 [1 - e (-75)] (67) 

4. Consider the vertical flight of a multistage rocket in a vacuum, and 

assume that the thrust of each stage is constant and tangent to the flight 

path and that the parameters characteristic of each stage are identical. 

Denoting by h the burnout altitude, by hex the total energy at burnout 
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(sum of the potential and kinetic energies per unit weight), and defining 
the dimensionless groups 


h 
n= = 
7 (68) 
— hexg 


6 


Vi 
show that the following relationships hold: 


af ni? ntl E 
=t- čt 3 £) log (1 J 





(69) 


n— i 


s2 1 i 1 | nog? (1 ) 
mwe> st + ims f} log (1 — $)| + pF log® 1 — ¢ 





For the limiting case where n = ©, prove that the burnout altitude and 
the burnout total energy associated with given values of T, €, m, become 


= a z 1 — €)? log? 
1 = ( *) (1 €)“ log" T, 
(70) 
= 1(1—1\a — è?log? 
Ne AÇ N (1 €)“ log“ To 


5. Analyze the performance of an infinite-stage rockét by mearis of a 


continuous process; that is, assume that in each infinitesimal time interval 
an infinitesimal propellant mass is ejected with relative velocity Vg while- 
an infinitesimal structural mass is ejected with zero relative velocity. 
Retaining the hypotheses of Exercise 4, show that the following result 
holds: 


V+ Vel — €) ( — 3) log m = Const (71) 


where e denotes the constant structural factor of the infinitesimal stage 
and 7 the constant thrust-to-weight ratio. Notice that, for the infinite- 
stage rocket, the final mass equals the payload mass. Hence, by applying 
the previous equation at the endpoints and ‘assuming that the initial ve- 


locity is zero, show that the dimensionless velocity at burnout is given by ` 


u = (1 — 6) ( — *) log = (72) 


6. Consider a multistage rocket in vertical flight in a vacuum. Retain 
every hypothesis used in Exercise 4, but replace the constant thrust pro- 
gram with a constant thrust per unit weight program. Assuming that the 
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physical characteristics of each stage are the same, show that the dimen- 
sionless burnout velocity, altitude, and total energy are given by 


u = -n (1 — 4) tog (1 — t) 


2 1 

n= = (1 — 1) log? (1 — §) (73) 
E 1 

Ne = = (1 — Hio? a—- 


and reduce to 


u= - (1-1) a- 9 og x. 


faat L A22 
1 1 
Ne = (1 = H) (ql — €)? log? To 


for the limiting case of an infinite-stage rocket. 
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CHAPTER 17 


ROCKET PERFORMANCE WITH 
AERODYNAMIC FORCES INCLUDED 


1. INTRODUCTION 


In Chapter 15, an introduction to rocket performance was presented 
under the assumption of flight in a vacuum. In this chapter, the previous 
analysis is extended to cover the case where aerodynamic forces are 
present. If it is assumed that the thrust is tangent to the flight path, Eqs. 
(4-42) are written as , 

X — Veosy=0 


h— Vsiny=0 


T —D— m(gsiny+ V) =0 (1) 
L — mlg cos Y + V7) = 0 
m+p=0 


where X denotes the horizontal distance, h the altitude, V the velocity, 
y the path inclination, m the mass, g the acceleration of gravity, D the 
drag, L the lift, T the thrust, £ the propellant mass flow, and the dot sign 
a derivative with respect to time. 


1.1 Engine performance. According to Chapter 7, the thrust of a rocket 
engine operating in the atmosphere is given by 


T= BVe + Se(pe = p) (2) 


where V, is the exit velocity, S, the exit area, p, the exit pressure, and p 
the atmospheric pressure. Furthermore, if the equivalent exit velocity 


Ve = Ve + Sire p) (3) 


is introduced, the thrust can be rewritten in the form 
T= BVz (4) 


While the equivalent exit velocity of a rocket engine operating in a 
vacuum (p=0) is constant, this is not true for flight in a resisting 
medium owing to the atmospheric pressure term. In fact, inspection of 
Eq. (3) shows that, for a constant geometry chemical rocket, the equiva- 
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lent exit velocity depends on both the altitude and the propellant mass 
flow (the control parameter of the engine). It must be noted, however, 
that there are many rocket designs in which the relative increase of the 
equivalent exit velocity with the altitude is less than 20%. In this case, 
it is permissible to approximate Vg with a constant average value, at 
least as far as preliminary design computations are concerned. Since this 
point of view yields a considerable simplification in the analysis, it is 
retained throughout the entire chapter. 


1.2 Integration problem. After a drag function of the form D = 
D (h, V, L) is assumed and it is considered that, for a constant equivalent 
exit velocity, the thrust function has the form T = T (8), the equations 
of motion involve one independent variable, the time, and seven de- 
pendent variables (X, hk, V, y, m L, B). Consequently, there are two 
degrees of freedom, which is logical since the trajectory can be changed 
by controlling the elevator position and the engine power setting. Thus, 
for a given set of initial conditions for X, h, V, y, m, infinite trajectories 
exist, more specifically, one trajectory for each arbitrarily preseribed 
pair of functions L(t), B(t) or equivalent conditions. In this connection, 
the following sections consider the integration of the equations of motion 
for several types of lift and mass flow programs having particular interest 
in the flight of air-to-air missiles, sounding rockets, and rocket-powered 
aircraft. 


2. SHORT RANGE NONLIFTING MISSILES 


A category of flight paths of interest for air-to-air missiles is that flown 
with zero lift and constant mass flow. These trajectories are now investi- 
gated with the aid of the simplifying assumptions 


cos Y S 1, sin Y & Y, mgsin Y & T (5) 


the last of which means that the weight component on the tangent to the 
flight path is negligible with respect to the thrust. Consequently, the 
equations of motion are rewritten in the form 


X¥—V=0 
h—Vr=0 
py —~8¥z—D_ 4 (6) 
m 
>g 
ity 0 


m+p=0 
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and, after the time is eliminated and the velocity is selected as the new 
independent variable, lead to the differential system 


dX _ mV 

dV BVz—D 

dh _ mVY 

dV BVge— D (7) 
ay _ mg 

dV V(8Vez — D) 

dm mB 

dV BVe—D 


whose integration must usually be performed by approximate methods. 
However, if the drag coefficient is assumed to be constant and if the 
variations in the flight altitude are so small that the air density can be 
regarded as constant, an analytical solution is possible for the mass- 
velocity relationship; furthermore, the distributions of path inclination, 
distance, and altitude versus the velocity can be obtained by simple 
quadratures (Refs. 4 and 5). 

In consideration of the previous hypotheses, it is convenient to intro- 
duce the dimensionless coordinates 


u = 


(8) 


wre 
| 
šh Sle AB Sls 


= 


where m; is the initial mass and where the reference velocity 


_ /28VeE 
VR=4 le pS (9) 
is the limiting velocity which the missile can achieve with the prescribed 


thrust. If the ratio of the limiting velocity to the equivalent exit velocity 
and the initial thrust-to-weight ratio are denoted by 





Ver __ BVE 


Vr’ Ti = ho (10) 
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Eqs. (7) can be transformed into the dimensionless set 





whose general integral is given by 


d M 
du T;(l = u?) 
dn _ puy 
du  T:(l — u?) (11) 
GY i a 
du ru — u?) 
du _ Ha 
du l—~—x«? 
T- = Ala, u) 
Sr! = Bla, u) + C2 
t (12) 
Yi = 
On = C(a, u) + C3 


nT? 
@ = C3B(a, u) — D(a, u) + C4 


where C, through C, are constants. The functions A, B, C, D are de- 


fined as 


— aj2 
Ala, u) = (3 


Beu) = | Atau 


— u2 
ol—u 


c,w — | Aw ae 


ul — u? u 


D(a, u) = Í Ala, wC la, u) a, wee, u) u du 


(13) 


where u, = 0.01 is an arbitrary lower limit of integration. These func- 
tions are plotted in Figs. 1 through 4 for several values of the parameter 
a; typical values of this important parameter range between zero and 
two, depending on the thrust per unit frontal area and the altitude at 
which the air-to-air missile is launched. 

An important problem concerning an air-to-air missile is that of the 
optimum burning program, that is, the problem of obtaining the maximum 
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range while transferring the missile from one combination of mass and 
velocity to another. Since this problem cannot be solved with the present 
limited approach, it is reconsidered in those sections of Volume 2 which 
deal with variational methods. However, it can be anticipated that the 
particular burning program investigated here has more than a passing 
interest, since the optimum flight path generally includes parts flown 
with maximum thrust, parts flown with constant velocity, and parts flown 
with zero thrust, depending on the end-conditions which are prescribed. 
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3. ASCENT OF A SOUNDING ROCKET 


A category of trajectories which are of particular interest for sounding 
rockets is that flown vertically with a constant mass flow (Refs. 1 and 2). 
After the condition y = 7/2 is imposed, the kinematic relationship in the 
horizontal direction can be integrated to give X = Const. Furthermore, 
the equation of motion on the normal to the flight path leads to LD = 0 at 
all time instants. The remaining equations are written in the form 


h—-V=0 
V+g—V2—P (14) 
m+8=0 


where D is the drag function evaluated at zero lift. 
After the time is eliminated and the mass is selected as the new inde- 
pendent variable, the following differential system is obtained: 


d Y, av__Vs,1(,,D 
dm 6’ m° m +3(0+2) a 


and involves only two unknown functions, that is, the functions h(m) 
and V(m). Considerable insight into the solutions of this system can be 
obtained if it is assumed that the drag coefficient is constant and that the 
relative density is related to the altitude by the exponential law 


s= xp (— 4) (16) 


where A is a constant (see Appendix). For this case, it is appropriate to 
introduce the dimensionless quantities 


m h y Va 
w=) n= > u = ——) ug = — (17) 
mi A V9 V9 
and observe that the drag per unit initial weight is given by 
Dip tee, ene _ CopoSdg 
vag = Kowexp(—a), Ko = “ae (18) 


where Kp is the drag factor at zero lift. Consequently, Eqs. (15) are 
transformed into the dimensionless set 


dn _ _ YE 

du Ti (19) 
du uE us| Kpu’ exp ca 

wre as a 2E |i SES SEX 

dp at rs = H 
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whose integration must generally be accomplished by means of approxi- 
mate methods. At any rate, if the initial conditions 


u=], m=u=0 (20) 


and the burnout conditions 

Me=1—¢ (21) 
are assumed, where { is the propellant mass ratio, it is clear that the 
burnout velocity and altitude must satisfy the functional relationships 


Uc = Uc(Ti, Kp, ¢, Uz) (22) 
ne = nel(Ti, Kp, §, up) 


which are plotted in Figs. 5 and 6 versus the initial thrust-to-weight 
ratio for several values of the drag factor.* 

Assume, now, that the powered phase is followed by a coasting phase, 
and consider the problem of determining the peak altitude reached 
by the rocket, that is, the altitude corresponding to zero velocity. Since 
the analysis of Chapter 13 is applicable to the present problem, the 
following functional relationship holds: 


K 
ny = nf (ne, ver T— | > -) (23) 
Consequently, after Eqs. (22) and (23) are combined, the peak altitude 


* All the computations presented in this chapter assume that uz = 11.8, which 
corresponds to an equivalent exit velocity of approximately 10,000 ft sec—1. 
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is given by 


n = ng (Ti; Kp, 5 ug) (24) 


and is plotted in Figs. 7 and 8 as a function of the initial thrust-to-weight 
ratio for several values of the drag factor* and the propellant mass ratio. 


* For a family of geometrically similar rockets, the parameter Kp is inversely 
proportional to a characteristic dimension / and, therefore, increases as the size 
of the rocket decreases. 
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The most important conclusion of the previous analysis is that, while 
the peak altitude in a vacuum (Kp =0) is a monotonically increasing 
function of the initial thrust-to-weight ratio, the peak altitude in a 
resisting medium is maximized by a particular value of the initial thrust- 
to-weight ratio. This optimum value is approximately 4 for a small 
rocket (Kp = 0.4) and 8 for a large rocket (Kp = 0.1) with a propellant 
mass ratio of 0.5. 

Incidentally, the existence of an optimum value for the initial thrust- 
to-weight ratio can be intuitively justified as follows. For low values of 
the thrust, the rocket accelerates slowly and, hence, there is a heavy 
propellant penalty paid in overcoming the gravitational force. On the 
other hand, for large values of the thrust, the rocket accelerates rapidly 
and, hence, there is a heavy propellant penalty paid in overcoming the 
aerodynamic force. Thus, the optimum value of the thrust is the one 
which supplies the best balance between the penalty paid because of the 
gravitational force and that paid because of the aerodynamic drag. This 
result is quite different from the one which was shown in Chapter 15 for 
a rocket operating in a vacuum; in fact, should the aerodynamic drag be 
absent, the best way to use the propellant would be to consume it in the 
shortest possible time, that is, at the highest possible rate. 


4. SOME APPROXIMATE PERFORMANCE OF 
ROCKET-POWERED AIRCRAFT 


In this section, a rocket-powered aircraft operating with constant 
propellant mass flow is considered, and the propellant mass ratios required 
to perform certain typical maneuvers are calculated. An approximate 
theory can be readily developed if it is assumed that the induced drag 
is negligible with respect to the zero-lift drag and that the zero-lift drag 
coefficient is constant (Refs. 3 and 6). 

After the time is eliminated and the mass is selected as the new inde- 
pendent variable, the equations of motion can be written in the form 





dX — —_ Vceosy 

dm B 

dh _ _ Vsiny 

aa B (25) 
a = (o sin Y — SVr Dp p) 

dy 


1 L 
= (ocr — 2) 


& 
3 
D 
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Furthermore, after combining the second and the third of Eqs. (25) and 
eliminating the path inclination, one obtains the differential relationship 


am — (av + yah) (26) 


The functions g and & are defined as 


B Bg 
= ——_, SF 2 
e= -D VGVa =D) 20) 
and, owing to the neglect of the induced drag, depend on the velocity and 
the altitude only. If Eq. (26) is integrated between the endpoints of 
the trajectory and if £ denotes the propellant mass ratio, the following 
result is obtained (Ref. 6): 


$= 1 — exp (—I) (28) 
where 


r= [/ (av + yah) (29) 


Thus, the determination of the propellant mass ratio requires that the 
line integral (29) be calculated; in turn, the calculation of this integral 
requires that the velocity-altitude distribution V(h) be specified. In 
this connection, two typical maneuvers are now investigated, that is, 
climbing flight with constant velocity and climbing flight with constant 
dynamic pressure. 


4.1 Climbing flight with constant velocity. For a climbing trajectory 
flown with constant velocity, the line integral (29) reduces to the form 


I= f ydh (30) 


where the function is supplied by Eq. (27). Generally speaking, this 
integral must be evaluated by approximate methods; however, an ana- 
lytical solution is possible if an exponential atmosphere is assumed. In 
fact, after the coordinates (17) are introduced and the dimensionless 


variable 
_ [2BVr 
c= NODS% Gp 


is defined, the following expression is derived: 





f 
_1 | _dé 


UUE Ji Ee — u? 


(32) 
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Fic. 9. Propellant mass ratio required for constant velocity climb. 


which implies that 


2 2\ 1/uug 
Ef — u 
I = log (= — w) 
i 


(33) 


Consequently, the propellant mass ratio necessary to transfer the rocket- 
powered aircraft from the initial point to the final point is given by 


2 _ 4,2\1/uu, 
r=1-(4=4) = (34) 


2 — y2 
E; u 


Notice that the end-values of the parameter e satisfy the relationship* 


$ = exp (4) (35) 


where An denotes the altitude increment between the endpoints. Hence, 
Eq. (34) can be rewritten in the functional form 


t = ¢(u, An, Ei, up) (36) 


which is plotted in Fig. 9 versus the dimensionless climbing speed for 
several values of the altitude increment. For each altitude increment, 


* Typical values of the parameter é; range between 1 and 10, depending 
on the superficial thrust BV,;/S and the altitude at which the climbing maneuver 
is initiated. 
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there exists a climbing speed which minimizes the propellant consumption. 
This optimum is must satisfy the transcendental equation 


2u(e7 — ef 
o$ a ata 0 (37) 


and, in consideration of Eq. (35), has the form 


u = u (An, €) (38) 


which is plotted in Fig. 10. The corresponding propellant mass ratio is 
indicated in Fig. 11. 

The main conclusion of the previous analysis is that the optimum 
climbing speed increases with the altitude increment and the superficial 
thrust but is independent of the equivalent exit velocity (and hence, 
independent of the specific propellant consumption). On the other hand, 
the propellant mass ratio decreases with the superficial thrust; hence, 
the use of high thrusts has a beneficial effect on the constant velocity 
climb. 


4.2 Climbing flight with constant dynamic pressure. The case of a 
climbing trajectory flown with constant dynamic pressure is now in- 
vestigated. This means that the line integral (29) is to be calculated 
subject to the constraint 


pV? = Const (39) 
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After assuming an exponential atmosphere, introducing the dimensionless 
coordinates of the previous section, and observing that the ratio €/u is 
constant, one can rewrite this line integral in the form 


ta 


2 f 

€ 2 
am Saf (1+3)au 
which implies that 


where 


(40) 


I= F(ey, Us, Up) = F (e; Ui, ur) 


F(e, u, ur) = 1 


(41) 
e ( 2) 
-atals 


< (42) 
Consequently, the propellant mass ratio necessary to transfer the vehicle 
from the initial condition to the final condition is given by 


¢ = 1 — exp [F (ei ui, uz) — Fle, uy, uz)] 
and, after the relationship 


(43) 
zu An 
& u exp ($2) 
is considered, can be written in functional form as 


(44) 


f= tlu; An, €i, UE) 


(45) 
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This function is plotted in Fig. 12 versus the dimensionless initial velocity 
for several values of the altitude increment. For each altitude increment, 
there exists an initial climbing speed which minimizes the propellant 
consumption. This optimum speed must be a solution of the biquadratic 
equation 4 
€i 


utelatt) — 28 =0 (46) 


Ef 
and, in consideration of Eqs. (44), can be written in the form 


Us = Us (An, €) (47) 


which is plotted in Fig. 13. The corresponding propellant mass ratio is 
indicated in Fig. 14. 

The main conclusion of the previous analysis is that the optimum 
initial velocity (and, hence, the optimum dynamic pressure) decreases 
with the altitude increment, increases with the superficial thrust, and 
is independent of the equivalent exit velocity (and, hence, independent of 
the specific propellant consumption). On the other hand, the propellant 
mass ratio decreases with the superficial thrust, although not as sharply 
as in the constant velocity case. 

Comparison of the constant velocity climb and the constant dynamic 
pressure climb shows that, for the same increase in potential energy, the 
constant velocity climb requires less propellant. However, the reader 
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should not be misled by this result, since the constant dynamic pressure 
climb is accompanied by an increase in kinetic energy. Consequently, a 
more interesting comparison of these climbing techniques is that based 
on the change in energy height, where the energy height is defined as 


y2 


(48) 
in a dimensional form and 
u? 
t= ats (49) 


in a dimensionless form. When this new variable is introduced, the pro- 
pellant mass ratio required for a constant dynamic pressure climb takes 
the form 


t= t(u;, Ane, €i, ur) (50) 


and is plotted in Fig. 15 as a function of the initial velocity for several 
values of the energy height increment. Comparison of Figs. 9 and 15 
shows that, for the same energy height increment, the best constant 
velocity climb is still slightly better than the best constant dynamic 
pressure climb. At any rate, owing to the arbitrariness of these climbing 
programs, neither of them yields a truly optimum path. The exact deter- 
mination of the velocity-altitude distribution V (h) which minimizes the 
propellant expenditure belongs to the realm of the Calculus of Variations; 
consequently, it will be considered in Volume 2. 
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4.3 Remark. After the command program has been specified (e.g., 
constant velocity or constant dynamic pressure), the equation of motion 
on the tangent to the flight path supplies the sine of the path inclination. 
It is obvious that the climbing path is physically possible if, and only if, 
sin y < 1 everywhere. Should this inequality be violated along some por- 
tion of the trajectory (this is possible for relatively high values of the 
initial thrust-to-weight ratio), then, for that portion, the prescribed 
velocity-altitude distribution must be replaced by that corresponding to 
a vertically ascending path. 


EXERCISES 


1. Consider an air-to-air missile flying in a homogeneous atmosphere 
in such a way that hypotheses (5) are satisfied. Assuming that the thrust 
is equal to the drag at all time instants, show that the equations of motion 
can be integrated to yield 


V = Cı 
X = Vt+ C2 

t 1 
y= —-F+6, (51) 


h gt” 
= — 5+ Cavi + C4 


where C, through C, are constants. Furthermore, if the atmosphere is 
homogeneous and the drag coefficient is constant, prove that the required 
mass flow is constant, so that m = C; — Bt, where C; is a constant. 

2. Consider a rocket-powered aircraft in level flight with constant 
propellant mass flow. Assume that the induced drag is negligible with 
respect to the zero-lift drag and that the zero-lift drag coefficient is con- 
stant. Starting from the line integral (29) and using definitions (8) 
through (10), show that the propellant mass ratio which is required to 
accelerate the aircraft from a given initial condition to a given final 
condition is given by 





A(a, us) 
E= 1 Feu) i 
where 
a aj2 
dais (G = #) (53) 


3. Consider a rocket-powered aircraft which climbs with constant pro- 
pellant mass flow and constant tangential acceleration, so that both the 
mass and the velocity are linear functions of the time. Neglect the 
induced drag with respect to the zero-lift drag; furthermore, assume that 
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the zero-lift drag coefficient is constant and that the atmosphere is ex- 
ponential.. Using the dimensionless coordinates (16) and (17) and de- 
noting by 7 the thrust-to-weight ratio, show that the reciprocal of the 
relative density and the dimensionless time 6 = t\/g/A satisfy the linear 
differential equation 


d(i/o) , A(@) 
Sag ge Oe = (54) 
where 
ý __ CopSr 
A(é) =u (Z — r) , Bé) = a (55) 
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APPENDIX 


PROPERTIES OF THE ATMOSPHERE 


1. INTRODUCTION 


The description and comparison of the performance of all types of 
vehicles become meaningful only if all the data are referred to an 
established set of conditions. Thus, it is important that a standard atmos- 
phere be defined, even though the vertical distribution of the physical 
properties of the atmosphere depends on the latitude, the longitude, and 
the time. 

For the altitude region between sea level and h = 6.5 X 104 ft, several 
attempts have been made to define a standard atmosphere. Early analy- 
ses (see, for example, Ref. 1) were based on the simplifying assumptions 
of constant acceleration of gravity and constant molecular weight. These 
hypotheses are not valid at the altitudes which are of interest today be- 
cause of recent developments in aeronautics and astronautics. At these 
altitudes, a more sophisticated approach to the computation of the atmos- 
pheric properties is required, in the sense that the variation of both the 
acceleration of gravity and the molecular weight with the altitude must 
be taken into account (Refs. 2 through 4). With this point of view in 
mind, general equations, applicable to an arbitrary atmosphere, are intro- 
duced; a model atmosphere is then defined; and, finally, some useful 
engineering approximations, valid for particular cases, are presented. 


2. FUNDAMENTAL EQUATIONS 


There are two basic equations which must be satisfied by the gas com- 
posing any atmosphere. One is the aerostatic equation 


dp = —pg dh (1) 


which, if it is assumed that the air is at rest with respect to the Earth, 
links the pressure differential dp, the density p, the acceleration of 
gravity g, and the altitude differential dh. The other is the equation of 
state 


p = pké (2) 


which sets forth a relationship between the pressure, the density, and the 
temperature @ of a gas whose characteristic constant is R. 
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If quantities evaluated at sea level are denoted by the subscript o and 
the geopotential altitude is defined as 


h 
as i gdh (3) 
JoJo 
the aerostatic equation can be rewritten in the form 
dp = —pg. dH (4) 


On the other hand, if it is observed that the characteristic constant R is 
inversely proportional to the molecular weight m and if the molecular 
temperature is defined as R 


Mo pp 
ae OE (5) 


the equation of state becomes 
p = pRoT (6) 
A mathematical consequence of Eqs. (4) and (6) is the set of differ- 
ential equations 


dp _ Go 2- (g jZ 
p a: l Ror dH, P ba Ro + a T (7) 
where i 
7 
a= JH (8) 


is the gradient of the molecular temperature with respect to the geo- 
potential altitude. From these equations, it appears that the concept of 
molecular temperature combines usefully the concepts of temperature and 
molecular weight. In fact, by specifying the distribution of the molecular 
temperature versus the geopotential altitude 7(H), the pressure and the 
density can be determined; this means that it is not necessary to prescribe 
the individual functional variations of the temperature and the molecular 
weight. However, the molecular weight-geopotential height relationship 
is necessary in order to determine the static temperature with Eq. (5). 
Furthermore, the distribution of the acceleration of gravity versus the 
geometric altitude is necessary in order to determine the relationship 
between the geopotential and geometric altitudes by means of Eq. (3). 


3. MODEL ATMOSPHERE 


In connection with the previous discussion, the most complete set of 
empirical data available today is known as the ARDC Model Atmos- 
phere,* and its basic assumptions are the following (Ref. 4): 


* The symbol ARDC stands for Air Research and Development Command of 
the United States Air Force. 
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(a) The space immediately surrounding the Earth is divided into 
eleven concentric layers, in each of which the gradient of the molecular 
temperature with respect to the geopotential altitude is constant. 

(b) For the six layers belonging to the lower atmosphere (region be- 
tween sea level and 3 x 10° ft), the composition of the air is constant, so 
that the molecular weight is constant. 

(c) For the five layers belonging to the upper atmosphere (region 
between 3 x 10° ft and 2.3 x 10° ft), the composition of the air is vari- 
able, and the molecular weight is represented by inverse trigonometric 
functions of the geopotential altitude. 

(d) The acceleration of gravity varies with the altitude according to 
the inverse square law 





2 
9 = po (- J) (9) 


where r, = 20.9 X 10° ft is the radius of the Earth. 

In the light of hypothesis (a), the integration of Eqs. (7) and (8) 
leads to the following solutions for the molecular temperature, the static 
pressure, and the density: 





T = aH + Cy 
a £ 04 p = Cor else) (10) 
p = Car ti +olaRol 
r= C4 
= 2 _ Go 
a=0 p = Cs exp ( Rar #) (11) 





Pp = Ce exp (= Be H) 


where C, through Ce are integration constants. These solutions, in combi- 
nation with hypotheses (b) and (c), determine how the static tempera- 
ture @ (and, hence, the speed of sound a and the dynamic viscosity p) 
varies with the geopotential altitude. Finally, if Eqs. (3) and (9) are em- 
ployed, the relationship between the geopotential and geometric alti- 
tudes* is given by 





To 
H= ae z (12) 


* The geopotential altitude of the model atmosphere is always smaller than 
the geometric altitude. However, these altitudes become identical in the flat 
Earth model, in which r, = œ. 
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3.1 Description of tables. Since the data relative to the upper atmos- 
phere are still uncertain and probably subject to modification, the tables 
of this appendix are limited to the lower atmosphere, where the compo- 
sition of the air is constant. Concerning the upper atmosphere, the reader 
is referred to Ref. 4. 

Table 1 lists the properties of the atmosphere at sea level, including the 
speed of sound and the dynamic viscosity. Table 2 contains a definition 
of layers I through VI, with the subscript 1 denoting the lower boundary 
of each layer and the subscript 2, the upper boundary. Incidentally, the 
geopotential altitudes bounding each layer are expressed by rather un- 
usual numbers only because they were originally defined in the metric 
system; in this system, the limiting geopotential altitudes are 0, 11, 25, 
47, 53, 79, and 90km. Finally, Table 3 gives the distributions of tem- 
perature, speed of sound, dynamic viscosity, density, and pressure as 
functions of the geopotential altitude. 


3.2 Remark. Although this appendix stems directly from Ref. 4, an 
important conceptual difference is to be stressed. In Ref. 4, the inde- 
pendent variable is the geopotential 


G= f'gdh (13) 


which is dimensionally an energy per unit mass and, with reference to the 
British Engineering System, is measured in standard geopotential feet.* 
However, in the interest of simplicity and in order to streamline the dis- 
cussion of the model atmosphere, the independent variable considered 
here is the geopotential altitude, which is dimensionally a length and is 
measured in feet. Since the numerical value of H in feet equals the 
numerical value of G in standard geopotential feet, the tables of Ref. 4 
are readily converted into those of the present appendix by means of the 
simple substitution of H for G and ft for ft’. 


4. ENGINEERING APPROXIMATIONS 


There are numerous problems in which the distributions of density and 
pressure of the ARDC Model Atmosphere can be replaced by a somewhat 
simplified model. In this connection, a few important approximations are 
now indicated. 


4.1 Exponential atmosphere. For the preliminary design of rocket- 
powered vehicles, it is frequently useful to approximate the pressure and 


* The standard geopotential foot is defined as 1 ft’ = 32.174 ft? sec™?, 
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the density by either of the following sets of exponential laws: 


P _H Po _H 

Po exp ( z) ‘ Po exp ( z) 

or (14) 
P th Po — 4 
=w] i) 2-a- 


In the altitude interval between sea level and 2.5 x 10° ft, the suggested 
values for the constants are 


A, = 23,600 ft, Az = 23,000 ft 
A3 = 23,800 ft, Aq = 23,200 ft 
and lead to a maximum relative error of about 25%. 


4.2 Isothermal atmosphere. If the static temperature is assumed to be 
ideally constant, Eqs. (14) are still valid, providing that the numerical 
constants for the density and the pressure are identical. If the following 
values are employed: 


Ai = A2 = 23,300 ft, A3 = A4 = 23,500 ft 


the upper limit to the relative error is about 30% in the altitude interval 
between sea level and 2.5 x 105 ft. 


4.3 Constant gravity atmosphere. The performance analysis of aircraft 
powered by air-breathing jet engines is mainly concerned with the atmos- 
pheric region below 10° ft. For this region, the hypotheses g/g, = 1 is 
acceptable and implies that 

H=h (15) 


The relative error involved in the computation of the density and the 
pressure increases as the altitude increases, becoming approximately 2% 
at the upper boundary of the region under consideration. 
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TABLE 1 


PROPERTIES OF THE MopeL ATMOSPHERE AT Sea LEVEL 


Quantity 


Ratio of specific heats 
Molecular weight 
Acceleration of gravity 
Air constant 
Temperature 
Molecular temperature 
Speed of sound 
Dynamic viscosity 
Density 

Pressure 


Symbol | Numerical value 


1.4 
2.8966 X 10! 
3.2174 X 10! 
1.7165 X 10° 
5.1869 X 10? 
5.1869 X 10? 
1.1164 X 103 
3.7373 X 10-7 
2.3769 < 10-3 
2.1162 X 108 





TABLE 2 


ft sec—? 

ft? sec~? °R-1 
°R 

°R 

ft sec 7! 

Ib sec ft—? 

Ib sec? ft—4 

Ib ft? 


Layers CoMPosING THE Mopret ATMOSPHERE 


36,089 


82,021 
154,199 
173,885 
259,186 


154,199 
173,885 
259,186 
295,276 
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TABLE 3 


405 


DISTRIBUTION OF TEMPERATURE, SPEED OF SounD, DYNAMIC VISCOSITY, 
DENSITY, AND PRESSURE IN THE MopEL ATMOSPHERE 


0.7519 
0.7519 
0.7519 
0.7519 
0.7519 
0.7519 
0.7519 
0.7519 
0.7519 
0.7519 
0.7519 
0.7613 
0.7772 
0.7931 
0.8089 
0.8407 
0.8724 


8.617 X 1071 
7.385 
6.292 
5.328 
4.481 
3.741 
3.099 
2.971 
2.462 
1.936 
1.522 
1.197 
9.414 X 1072 
7.403 
5.821 
4.578 
3.600 
3.267 
2.798 
2.167 
1.687 
1.320 
8.196 X 10-3 
5.179 


8.320 X 107! 
6.877 
5.643 
4.595 
3.711 
2.970 
2.353 
2.234 
1.851 
1.455 
1.145 
9.000 X 10-7? 
7.078 
5.566 
4.377 
3.442 
2.707 
2.456 
2.130 
1.684 
1.338 
1.068 
6.890 X 107? 
4.518 





(Continued) 
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TABLE 3 (Continued) 


3.327 X 10-3 




























3.008 X 10-8 





140 0.9359 0.9674 0.9494 | 2.170 2.031 
150 0.9676 0.9837 0.9746 | 1.436 1.389 
154.199 0.9809 0.9904 0.9851 | 1.212 1.189 
160 0.9809 0.9904 0.9851 | 9.786 X 10-4 | 9.600 x 10-4 
170 0.9809 0.9904 0.9851 | 6.771 6.641 
173.885 0.9809 0.9904 0.9851 | 5.868 5.756 
180 0.9518 0.9756 0.9621 | 4.811 4.579 
190 0.9042 0.9509 0.9238 | 3.430 3.102 
200 0.8566 0.9255 0.8845 | 2.402 2.058 
210 0.8090 0.8995 0.8442 | 1.648 1.333 
220 0.7614 0.8726 0.8029 | 1.105 8.412 x 10-5 
230 0.7138 0.8449 0.7604 | 7.219 X 10-5 | 5.153 
240 0.6662 0.8162 0.7167 | 4.580 3.052 
250 0.6186 0.7865 0.6718 | 2.810 1.738 
259.186 0.5749 0.7582 0.6293 | 1.733 9.964 x 10-6 
260 0.5749 0.7582 0.6293 | 1.647 9.467 
270 0.5749 0.7582 0.6293 | 8.783 X 10-§ | 5.050 
280 0.5749 0.7582 0.6293 | 4.684 2.693 
290 0.5749 0.7582 0.6293 | 2.498 1.436 





1.793 





295.276 1.031 
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